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Ideation
· Invariant subspaces In (Vo ....k)
· dim.(In (V,o...0V)

-> #highest weight elements ofweight o
in B,0... 0Bi -:dimur (B,0...0 Br)

· Symmetric group Sir act on V,...V
by permuting tensor positions

· Action of long cycle on In (40.... Unl
corresponds to promotion on Fur (B, 0 ...Br)Westburn2016



· In (B,0....Br), promotion and

g-deformation isq
E(b)

gives cyclic sievingtheBul
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itualcrystals
Embedding of algebras X&y
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Embedding of root and weight lattice:
wit is versiti
2? Unfo
Ycrystal of typewith crystaloperatecrystal-

Virtual crystal ei =Tr Viej
operators jeGij

fi =ibis j Ui



&efinition A virtual crystal VIIis a subsct s.t.
(V)Iis a crystal associated to representation
(v) j(b) =dj) (b) Vj.j'e6(i)

Y;(3) =yj)(b) aligned
Both are multiples of Ji
Define (i(b) =jj(6) Uber
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Y:(x) =jy,(b) je6(i)



ISS Vu[e] >[r3A isclosed under ei, fi
and :(b) =max(k(ei4(b) +()

4:(b) =max(k/fiR(b) + 13
Example
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promotion

Crystal commuter (Henriques, Kamnitzer 2006)
G: BoB -BnBee
b0c(y(y()0y(b))

Lusztiginvolution
y:Bx

=Bx

y maps highest weight
to lowest weight

maps fi to eis
with wo(ai)=-xi)

-/
long element



Definition
C crystal, see or highest weight element
Then

pr(z) =Gcon,c(u)
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powdonand rotation
cd:Inr(tB8n)-> chord diagrams
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eof construction

M:Inr(BPM) -> chord diagrams
constructed in two ways:
· fillings of promotion - evacuation diagrams

Lenard 2008 -> pr and not intertwine

· Fomin growth diagrams Femin 1986

Krattenthaler Zoob
-injectivity

using
virtual crystals
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Geicsieving phenomenon
introduced by Reiner, Stanton, White Look
as generalization of gil phenomenon by
Stembridge.
Def Ifinite set

cyclicgroupacting
e

f(g) cz[q]
Then (X,C,1) exhibits the cyclicsieving phenomenainif 1 x29 =f(34)

filed pt set under ad



Cyclic sieving phenomenon for
tableaux

· ocillatingof Dyck patsare
using the promotion action.

Polynomial f(9) requires the energy function.
Local energy:

B affine crystal
H:BoB -Z

H(ei(6,0b2)) =H(b,0b) +(+1
=0

do(b.) ;Yo(b)
- I i=0

I -(b) - Yo(b)
o else
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orgyfunction
E: BON - Z

N- 1

E(b,0...0br) =iiA(bigbix)
E

-> analogue of major index

pagmial
E(b)
ifr,w(q) =g*
jes02m
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w+(b) =0

ei(b) =0 isr



isn [PPSS2022]

4set of highest weight elements ofweight
Zero in1902, B minuscule

Can cyclicgroup of side
zw given by action

of promotion on B02n

->(X,Can, fur(g)) exhibits cyclebeenen
Fontains, Kamnitzer 2014
Fourier, Littelmann 2007

Fourier, S., Shimozone 2007

Westbury 2016



Listere (see also Hopkins 2020)
In type Br (X, Cen,gniw(q)) exhibits the
cyclic sieving phenomenon with

gn,w(q) =I
Sw,

isisjam [itj]q

[m]g =1 +q +q2+ ..- +gm
-

q- deformation of A of t-fans of Dych
paths



mple

+3,z(g) =q+99+298+q4+3q6+q+2q4+q+qt)

95,2(q) =919! +9i+298 +q4 +2q6 +q +2q4+q+q2

=>93,2(g) =20,219) mod196-1)
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