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Crystal skeletons: Combinatorics and axioms

Anne Schilling

Department of Mathematics, UC Davis
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Motivation

Fα – Gessel quasisymmetric functions indexed by compositions α

sλ – Schur functions indexed by partitions λ

Goal

f symmetric function
Given quasisymmetric expansion

f =
∑
α|=n

cαFα

find the Schur expansion

f =
∑
λ⊢n

bλsλ
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Motivation

Quasisymmetric expansions are known in various settings,
where Schur expansions are still elusive:

LLT polynomials

modified Macdonald polynomials

plethysm of Schur functions

characters of higher Lie modules (Thrall’s problem)
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LLT polynomials

modified Macdonald polynomials

plethysm of Schur functions

characters of higher Lie modules (Thrall’s problem)



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Motivation
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History

On symmetric functions

2010 Egge, Loehr, Warrington

2018 Garsia, Remmel

f =
∑
α|=n

cαFα −→ f =
∑
α|=n

cαsα

plus straightening

2019 Gessel gave sign-reversing proof of this formula
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History

Using graphs and representation theory

2007 Assaf dual equivalence graphs

2014 Roberts axioms for dual equivalence graphs

2017 → Cain, Gray, Guilherme, Malheiro, Ribeiro, Rodriguez,
Rodriguez quasicrystals and hypoplactic monoids

2023 Maas-Gariépy quasicrystals and crystal skeletons



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

History

Using graphs and representation theory

2007 Assaf dual equivalence graphs

2014 Roberts axioms for dual equivalence graphs

2017 → Cain, Gray, Guilherme, Malheiro, Ribeiro, Rodriguez,
Rodriguez quasicrystals and hypoplactic monoids
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Crystals

Combinatorial representation theory of sln (Kashiwara – Abel prize!!!)

Crystal: B(2, 1)

1 1
2

1 2
2

1 1
3

1 3
2

1 2
3

2 2
3

1 3
3

2 3
3

1

2

1

2 2

1

2

1

Schur function s(2,1)
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Quasi-crystals

Group tableaux by standardization – labeled by descent composition

Crystal: B(2, 1)

α
=
(2
, 1
)

α
=
(1
, 2
)

1 1
2

1 2
2

1 1
3

1 3
2

1 2
3

2 2
3

1 3
3

2 3
3

1

2

1

2 2

1

2

1

∗

∗

Schur function s(2,1) = F(2,1) + F(1,2)
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Crystal skeletons

Contract quasi-crystals to a point

Crystal: B(2, 1) Crystal skeleton: CS(2, 1)

α
=
(2
, 1
)

α
=
(1
, 2
)

1 1
2

1 2
2

1 1
3

1 3
2

1 2
3

2 2
3

1 3
3

2 3
3

1

2

1

2 2

1

2

1

∗

∗

1 2
3

1 3
2

I = [1, 3]

Schur function s(2,1) = F(2,1) + F(1,2)
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Gessel’s quasisymmetric functions

Gessel’s quasisymmetric functions (1984)

Fα =
∑
β≼α

refinement

Mβ with Mβ =
∑

i1<i2<···<iℓ

xβ1

i1
xβ2

i2
· · · xβℓ

iℓ

Example

F(1,2,1) =M(1,2,1) +M(1,1,1,1)

=x1x
2
2x3 + x1x

2
2x4 + x2x

2
3x4 + · · ·

+ x1x2x3x4 + x1x2x3x5 + · · ·
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Schur functions

SYT(λ) set of standard Young tableaux of shape λ
T ∈ SYT(λ) (French notation), λ ⊢ n

Definition

i is a descent in T if i + 1 is in higher row of the tableau
d1 < d2 < · · · < dk descents in T

Des(T ) = (d1, d2 − d1, . . . , dk − dk−1, n − dk)

Example

T =
7
3 5
1 2 4 6

descents{2, 4, 6} Des(T ) = (2, 2, 2, 1)

Theorem (Gessel 1984)

sλ =
∑

T∈SYT(λ)

FDes(T )



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Schur functions

SYT(λ) set of standard Young tableaux of shape λ
T ∈ SYT(λ) (French notation), λ ⊢ n

Definition

i is a descent in T if i + 1 is in higher row of the tableau
d1 < d2 < · · · < dk descents in T

Des(T ) = (d1, d2 − d1, . . . , dk − dk−1, n − dk)

Example

T =
7
3 5
1 2 4 6

descents{2, 4, 6} Des(T ) = (2, 2, 2, 1)

Theorem (Gessel 1984)

sλ =
∑

T∈SYT(λ)

FDes(T )



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Schur functions

SYT(λ) set of standard Young tableaux of shape λ
T ∈ SYT(λ) (French notation), λ ⊢ n

Definition

i is a descent in T if i + 1 is in higher row of the tableau
d1 < d2 < · · · < dk descents in T

Des(T ) = (d1, d2 − d1, . . . , dk − dk−1, n − dk)

Example

T =
7
3 5
1 2 4 6

descents{2, 4, 6} Des(T ) = (2, 2, 2, 1)

Theorem (Gessel 1984)

sλ =
∑

T∈SYT(λ)

FDes(T )



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Schur functions

SYT(λ) set of standard Young tableaux of shape λ
T ∈ SYT(λ) (French notation), λ ⊢ n

Definition

i is a descent in T if i + 1 is in higher row of the tableau
d1 < d2 < · · · < dk descents in T

Des(T ) = (d1, d2 − d1, . . . , dk − dk−1, n − dk)

Example

T =
7
3 5
1 2 4 6

descents{2, 4, 6} Des(T ) = (2, 2, 2, 1)

Theorem (Gessel 1984)

sλ =
∑

T∈SYT(λ)

FDes(T )



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Schur functions

Theorem (Gessel 1984)

sλ =
∑

T∈SYT(λ)

FDes(T )

Example

s(4,2) = F(4,2) + F(3,3) + F(3,2,1) + F(2,4) + F(2,3,1) + F(2,2,2)

5 6
1 2 3 4

4 5
1 2 3 6

4 6
1 2 3 5

3 4
1 2 5 6

3 6
1 2 4 5

3 5
1 2 4 6

+F(1,4,1) + F(1,3,2) + F(1,2,3)

2 6
1 3 4 5

2 5
1 3 4 6

2 4
1 3 5 6
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Schur functions

Theorem (Gessel 1984)

sλ =
∑

T∈SYT(λ)

FDes(T )

Example

s(4,2) = F(4,2) + F(3,3) + F(3,2,1) + F(2,4) + F(2,3,1) + F(2,2,2)

5 6
1 2 3 4

4 5
1 2 3 6

4 6
1 2 3 5

3 4
1 2 5 6

3 6
1 2 4 5

3 5
1 2 4 6

+F(1,4,1) + F(1,3,2) + F(1,2,3)

2 6
1 3 4 5

2 5
1 3 4 6

2 4
1 3 5 6
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Quasicrystal

4
1 2 4

4
1 1 2

3
2 3 3

4
1 4 4

4
2 2 2

2
1 4 4

3
1 1 3

3
1 2 4

3
1 3 3

2
1 1 4

2
1 2 3

2
1 1 1

4
3 4 4

3
2 2 4

4
2 3 3

4
1 1 1

3
1 4 4

4
1 1 4

4
1 2 3

4
2 2 4

3
2 4 4

2
1 3 4

3
1 1 2

3
1 2 3

2
1 2 2

3
2 2 3
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quasi-Yamanouchi tableau:
highest element in quasicrystal component

Characterization:
Assaf, Searles 2018, Wang 2019
when i appears, some instance of i is higher
than some instance of i − 1 for all i

QYT(λ) is set of quasi-Yamanouchi tableaux
of shape λ

Example

4
2 3
1 2 2 3

and
3
2 4
1 1 2 3

quasi-Yamanouchi

4
3 3
1 1 2 2

not quasi-Yamanouchi
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quasi-Yamanouchi tableaux II

Standard tableaux and quasi-Yamanouchi tableaux correspond via
(de)standardization:

5
3 7
1 2 4 6

3
2 4
1 1 2 3

Bijection
destandard: SYT(λ) → QYT(λ)

Schur function
sλ =

∑
T∈QYT(λ)

Fwt(T )
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Results: Combinatorics of crystal skeleton

Crystal skeleton CS(λ)

Vertices
1 Standard tableaux T
2 Descent compositions α

Edges
1 Dyck pattern intervals: odd length intervals I with |I | ⩾ 3
2 Cycles
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Results: Combinatorics of crystal skeleton

1 2 3
4 5
6

1 2 4
3 5
6

1 2 3
4 6
5

1 2 5
3 4
6

1 3 4
2 5
6

1 2 4
3 6
5

1 2 6
3 4
5

1 3 5
2 4
6

1 2 5
3 6
4

1 3 4
2 6
5

1 2 6
3 5
4

1 3 6
2 4
5

1 3 5
2 6
4

1 3 6
2 5
4

1 4 5
2 6
3

1 4 6
2 5
3

[2, 4]

[3, 5]

(34)
[4, 6]

(56)

[1, 5]

(543)

[1, 3](23)

[2, 4]

(34)

[4, 6]

(56)

[1, 3]

[2, 4]

(23)

[3, 5]

(45)

[3, 5]

[4, 6]

(45)

[1, 3]

(23)

[3, 5]

(45)

[1, 3]

[2, 4]

(23)

[4, 6]

(56)

[1, 3]

(23)

[3, 5]

[4, 6]

(45)

[1, 3]

(23)

[2, 6]
(654)

[2, 4]

(34)

[2, 4]

[3, 5]

(34)
[4, 6]
(56)



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Edges: Dyck pattern intervals

Definition

π ∈ Sn permutation

I = [i , i + 2m] ⊆ [n] interval of length 2m + 1 ⩾ 3

The interval I is a Dyck pattern interval of π if

P(π|I ) =
i i + 1 . . . i +m − 1 i +m

i +m + 1 i +m + 2 . . . i + 2m

Example

π = 524136. The interval I = [2, 4] is a Dyck pattern interval since
π|[2,4] = 243 and

P(π|[2,4]) = 2 3
4
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Edges: Cycles

Definition

cycle(π|I ) := (m + πp,m + πp − 1, . . . , πp)

πp is letter where fi acts in destandardization and I = [i , i + 2m]

Example

T =
1 2 3
4 5
6

destand(T ) =
1 1 1
2 2
6

π = 645123

Crystal operator f1 acts on rightmost 1 and hence πp = 3
Dyck pattern interval I = [1, 5]
Cycle cycle(π|I ) = (5, 4, 3)

(5, 4, 3) · T = T ′
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Crystal operator f1 acts on rightmost 1 and hence πp = 3
Dyck pattern interval I = [1, 5]
Cycle cycle(π|I ) = (5, 4, 3)

(5, 4, 3) · T = T ′



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Edges: Cycles

1 2 3
4 5
6

1 2 4
3 5
6

1 2 3
4 6
5

1 2 5
3 4
6

1 3 4
2 5
6

1 2 4
3 6
5
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3 4
5

1 3 5
2 4
6

1 2 5
3 6
4

1 3 4
2 6
5

1 2 6
3 5
4

1 3 6
2 4
5

1 3 5
2 6
4

1 3 6
2 5
4

1 4 5
2 6
3

1 4 6
2 5
3

[2, 4]

[3, 5]

(34)
[4, 6]

(56)

[1, 5]

(543)

[1, 3](23)

[2, 4]

(34)

[4, 6]

(56)

[1, 3]

[2, 4]

(23)

[3, 5]

(45)
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[4, 6]
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(23)
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(23)

[4, 6]

(56)
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[3, 5]

[4, 6]

(45)

[1, 3]

(23)

[2, 6]
(654)

[2, 4]

(34)

[2, 4]

[3, 5]

(34)
[4, 6]
(56)
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Length of descent composition

Theorem (BCDS’25)

Edge in CS(λ) (
T , α

) I−−−→
(
T ′, β

)
α of length ℓ ⇒ β of length ℓ− 1, ℓ or ℓ+ 1

I = [i , i + 2m] = I− ∪ {i +m} ∪ I+, I− ∪ {i +m} ⊆ α(j)

β = (α(1), . . . , α(j−2), ∗ α(j+2), . . . , α(ℓ))

ℓ : ∗ =

(
α(j−1), α(j) \ {i +m}, α(j+1) ∪ {i +m}

)
ℓ+ 1 : ∗ =

(
α(j−1), α(j) \ {i +m}, I+ ∪ {i +m}, α(j+1) \ I+

)
ℓ− 1 : ∗ =

(
α(j−1) ∪ I−, α(j+1) ∪ {i +m}

)
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β = (α(1), . . . , α(j−2), ∗ α(j+2), . . . , α(ℓ))

ℓ : ∗ =
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)
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Length of descent composition

Theorem (BCDS’25)

Edge in CS(λ) (
T , α

) I−−−→
(
T ′, β

)
α of length ℓ ⇒ β of length ℓ− 1, ℓ or ℓ+ 1

I = [i , i + 2m] = I− ∪ {i +m} ∪ I+, I− ∪ {i +m} ⊆ α(j)
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(
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Properties: Sn-branching

Theorem (BCDS’25)

CS(λ)[1,n−1]
∼=

⊕
λ−

CS(λ−)

1 2 3
4 5
6

1 2 4
3 5
6

1 2 3
4 6
5

1 2 5
3 4
6

1 3 4
2 5
6

1 2 4
3 6
5

1 2 6
3 4
5

1 3 5
2 4
6

1 2 5
3 6
4

1 3 4
2 6
5

1 2 6
3 5
4

1 3 6
2 4
5

1 3 5
2 6
4

1 3 6
2 5
4

1 4 5
2 6
3

1 4 6
2 5
3

[2, 4]

[3, 5]
(34)

[4, 6]
(56)

[1, 5]

(543)

[1, 3](23)

[2, 4]

(34)

[4, 6]
(56)

[1, 3]

[2, 4]
(23)

[3, 5]

(45)

[3, 5]

[4, 6]

(45)

[1, 3]

(23)

[3, 5]

(45)

[1, 3]

[2, 4]
(23)

[4, 6]
(56)

[1, 3]

(23)

[3, 5]

[4, 6]

(45)

[1, 3]

(23)

[2, 6]
(654)

[2, 4]

(34)

[2, 4]

[3, 5]
(34)

[4, 6]
(56)

# # &M

CRYSTAL
* S kLETON

For N = (3 ,
2

,
1)

isomorphic *
to Cs (3

,
2) BRANGO)

B #
TBRANOFD :

- remove E &

edges
with

intervals containing r isomorphic
to $ ((3

,
1

, 1)
↑ remove box

* *
containing

n from

TESYT(x) * E

e
isomorphic to

Cs()2 ,
2

,
10

* *

* *
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Properties: Sn-branching
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# # &M

CRYSTAL
* S kLETON

For N = (3 ,
2

,
1)

isomorphic *
to Cs (3

,
2) BRANGO)

B #
TBRANOFD :

- remove E &

edges
with

intervals containing r isomorphic
to $ ((3

,
1

, 1)
↑ remove box

* *
containing

n from

TESYT(x) * E

e
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Cs()2 ,
2

,
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Properties: Subcrystal

Theorem (BCDS’25)

CS(λ) contains crystal B(λ) as a subgraph.

1 2 3
4 5
6

1 2 4
3 5
6

1 2 3
4 6
5

1 2 5
3 4
6

1 3 4
2 5
6

1 2 4
3 6
5

1 2 6
3 4
5

1 3 5
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6

1 2 5
3 6
4

1 3 4
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5

1 2 6
3 5
4

1 3 6
2 4
5

1 3 5
2 6
4

1 3 6
2 5
4

1 4 5
2 6
3

1 4 6
2 5
3

[2, 4]

[3, 5]
(34)

[4, 6]
(56)

[1, 5]

(543)

[1, 3](23)

[2, 4]

(34)

[4, 6]
(56)

[1, 3]

[2, 4]
(23)

[3, 5]

(45)

[3, 5]

[4, 6]

(45)

[1, 3]

(23)

[3, 5]

(45)

[1, 3]

[2, 4]
(23)

[4, 6]
(56)

[1, 3]

(23)

[3, 5]

[4, 6]

(45)

[1, 3]

(23)

[2, 6]
(654)

[2, 4]

(34)

[2, 4]

[3, 5]
(34)

[4, 6]
(56)

&M

CRYSTAL
S kLETON

For N = (3 ,
2

,
1)

(SUB-ORYSTALD

#Sotho#I

to B((3 ,
2

,
1)

3

↳ include

TESYT(X)
with

1(Des(T))
= l(x)

(i . e .

minimal length)
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Properties: Subcrystal

Theorem (BCDS’25)
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Properties: Dual equivalence subgraph

Theorem (BCDS’25 proving conjecture of Maas-Gariépy)

The dual equivalence graph DE(λ) is a subgraph of CS(λ).

1 2 3
4 5
6

1 2 4
3 5
6

1 2 3
4 6
5

1 2 5
3 4
6

1 3 4
2 5
6

1 2 4
3 6
5

1 2 6
3 4
5

1 3 5
2 4
6

1 2 5
3 6
4

1 3 4
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5

1 2 6
3 5
4

1 3 6
2 4
5

1 3 5
2 6
4

1 3 6
2 5
4

1 4 5
2 6
3

1 4 6
2 5
3

[2, 4]

[3, 5]
(34)

[4, 6]
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[1, 5]

(543)

[1, 3](23)

[2, 4]

(34)

[4, 6]
(56)

[1, 3]
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(23)

[3, 5]
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[4, 6]
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[1, 3]

(23)
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(45)
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[2, 4]
(23)

[4, 6]
(56)
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(23)

[3, 5]

[4, 6]

(45)

[1, 3]

(23)

[2, 6]
(654)

[2, 4]

(34)

[2, 4]

[3, 5]
(34)

[4, 6]
(56)

&M

CRYSTAL
S kLETON

For N = (3 ,
2

,
1)

(DODQUINALIENCE

②RA

#MORI

to D((,

8
, 1)

↳ include edges
labeled by intervals

of length
3,

forget edge orientation



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Properties: Dual equivalence subgraph

Theorem (BCDS’25 proving conjecture of Maas-Gariépy)

The dual equivalence graph DE(λ) is a subgraph of CS(λ).
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Properties: Lusztig involution

Theorem (BCDS’25)

CS(λ) is symmetric under Lusztig involution: CS(λ) ∼= Ln(CS(λ)).
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Properties: Lusztig involution

Theorem (BCDS’25)

CS(λ) is symmetric under Lusztig involution: CS(λ) ∼= Ln(CS(λ)).
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Properties: Fans

Fans for length increasing edges:

1 2 3 4 8
5 6 7 9

1 2 3 4 7
5 6 8 9

1 2 3 4 6
5 7 8 9

1 2 3 4 5
6 7 8 9

[2, 8] [3, 7] [4, 6]

[7, 9] [6, 8]

[3, 5]

Nested intervals up

Length 3 intervals across

Length 3 loop on the right

Similarly for length decreasing edges.
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Fans for length increasing edges:

1 2 3 4 8
5 6 7 9

1 2 3 4 7
5 6 8 9

1 2 3 4 6
5 7 8 9

1 2 3 4 5
6 7 8 9

[2, 8] [3, 7] [4, 6]

[7, 9] [6, 8]

[3, 5]

Nested intervals up

Length 3 intervals across

Length 3 loop on the right

Similarly for length decreasing edges.
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1 2 3 4 5
6 7 8 9

[2, 8] [3, 7] [4, 6]

[7, 9] [6, 8]

[3, 5]

Nested intervals up

Length 3 intervals across

Length 3 loop on the right

Similarly for length decreasing edges.
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Axiomatic description

1 GLn-axioms:
▶ Strong Lusztig involution: G ∼= Ln(G ) and G[1,n−1]

∼= Ln−1(G[1,n−1])
▶ Subcrystal
▶ Fans

2 Sn-axioms:
▶ Lusztig involution: G ∼= Ln(G )
▶ Sn-branching
▶ Connectivity
▶ Fans

3 Local axioms:
▶ Commutation relations (à la Stembridge):

triangles, squares, pentagons, octagons + fans
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Local characterization of crystals

Local characterization of simply-laced crystals associated to
representations (Stembridge 2003)

Combinatorial theory of crystals
without quantum groups:
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Local characterization of crystals

Local characterization of simply-laced crystals associated to
representations (Stembridge 2003)

Combinatorial theory of crystals
without quantum groups:
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Local characterization of crystal skeletons

+ fans



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Local characterization of crystal skeletons

+ fans
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Applications

Thank you!
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Applications

Thank you!


