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Abstract Motivated by a problem in the evolution of sensory systems where
gains obtained by improvements in detection are offset by increased costs, we
prove several results about the dynamics of replicator equations with an n ! n
game matrix of the form: Aij = aibj " ci. First, we show that, generically, for this
class of game matrix, all equilibria must be on the 1-skeleton of the simplex, and
that all interior solutions must limit to the boundary. Second, for the particular
ordering, a1 < a2 < · · · < an and b1 > b2 > · · · > bn, which is most natural in
the study of the evolution of sensory systems, we show that topological restric-
tions require a unique local attractor in every face of the simplex. We conjecture
that the unique local attractor for the full simplex is, in fact, a global attractor,
and prove this for n # 5. In a separate argument supporting the conjecture, we
show that there can be no chain recurrent invariant set entirely contained in the
1-skeleton of the simplex. Finally, we discuss the special, non-generic case and
give a local description of the dynamics when there is an interior equilibrium.

Mathematics Subject Classification (2000) 91A06 · 91A22 · 91A28 · 91A40 ·
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1 Introduction

Our motivation for studying the game described in this paper is a problem in the
evolution of sensory systems (A. Sornborger and M. Adams, in preparation).
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Sensory systems are well known to be extremely accurate in detecting envi-
ronmental signals. The human eye can detect light down to an intensity level
(set by thermal noise in rhodopsin molecules) close to that of an individual
photon [1–3]. Bats are known to be able to discriminate between echoes that
are received 10–50 ns apart [4]. In fact, bats are so good at echolocation that
insects have evolved complex avoidance methods including ultrasonic click
generation to confuse echolocating bats, turning and powered dives and desta-
bilization of their flight trajectory to make their flight path less predictable [5].
de Ruyter van Steveninck, Bialek, and collaborators have shown, in a series
of papers [6–9], that the blowfly calculates a running estimate of the motion
signal that discriminates between different motions with precision close to that
set by photodetector noise and that there is evidence that the structure of the
fly’s computation has the same form as the theoretically optimal computation.
For an excellent exposition on the application of signal detection and analy-
sis, coding theory and information theory to the understanding of information
processing by sensory systems, see [10].

Theoretical investigations of the evolution of signalling have largely focused
on communication between animal senders and receivers [11–14]. In the the-
oretical setting of game theory, investigators have devised models for systems
in which both senders and receivers of signals exist in a noisy environment.
Because of its importance, these studies have often focused on the implications
of noisy signalling for sexual selection [15].

In this paper, we will investigate the effect that noise in sensory system mea-
surements has on the viability of an organism. Other things being equal, sensory
systems of varying accuracy will induce varying costs on an organism. Higher
accuracy will typically come at a higher cost. However, high accuracy will result
in more effective outcomes for the organism. Our problem is to determine the
overall co-evolution of a group of such populations. Examples of questions
of interest are: Can there be more than one population in equilibrium? Do
asymptotic solutions depend on initial conditions?

To study these questions we use the replicator framework of evolutionary
game theory [16–18]. In this framework a population is divided into n compo-
nents, each using a different strategy to succeed. The components of $x % Rn

describe the fractions of the total population that use these different strate-
gies. Thus $x is constrained to lie in the (n " 1)-dimensional simplex, !n"1,
given by

n!

i=1

xi = 1, 0 # xi # 1. (1)

The replicator equations [16], which describe the evolution of $x are given by

dxi

dt
= xi[(A$x)i " $xTA$x], (2)
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where A is an n ! n matrix, called the game matrix. The (ij)th component,
Aij, of A describes the incremental effect on the fitness of the ith population
component after an encounter with the jth population component.

To determine a game matrix for our question, we cast the problem in the
following terms: suppose there are n populations competing against each other
in pairs. Each population makes observations with fixed signal-to-noise ratio.
The gain made by an organism depends on the accuracy of the measurement
it makes. Each observation is made for a fixed cost. The payoff is determined
in the following way: if two interacting organisms make correct measurements,
they split the fixed gain; if neither makes a correct measurement, neither gains;
if only one of the two makes a correct measurement, then the organism that
makes the correct measurement takes the fixed gain. If organism j is a member
of a population that uses a strategy that makes a correct measurement with
probability Pj and organism k’s population strategy gives probability Pk, then,
on average, the gain to organism j will be PjPkG/2, for encounters where the
gain, G, is split. For encounters that organism j wins, the gain will be Pj(1"Pk)G.
Organism j also pays cj for its measurement, therefore the expected value of
organism j’s total payoff when competing with organism k is Pj(1"Pk/2)G"cj.
Arranging such payoffs for n populations we find a game matrix of the form
Pi(1 " Pj/2)G " ci. Setting ai = Pi, and bj = (1 " Pj/2)G, we are motivated to
study replicator dynamics when the game matrix A is a rank two matrix with
the special form

Aij = aibj " ci, (3)

where the ai, bi, ci are all non-negative real numbers. If we let $a denote the
column vector with $aT = (a1, a2, . . . , an) and similarly $b and $c with $bT =
(b1, b2, . . . , bn) and $cT = (c1, c2, . . . , cn) we can write

A = $a$bT " $c $uT, (4)

where $u is the column vector with every component equal to 1, i.e., $uT =
(1, 1, . . . , 1).

In the case that n = 2 the replicator equations can be reduced to a single
differential equation since x2 = 1 " x1. In our setting, denoting x1 simply by x,
we get the equation

dx
dt

= "" x(x " 1)

"
x " #

"

#
, (5)

where " = (a1 " a2)(b1 " b2) and # = "b2(a1 " a2) + (c1 " c2).
This equation has equilibria at x = 0, 1, and #/" and the nature of these

equilibria is determined by the sign of " and the value of #
" . Of course the

equilibrium #/" is only interesting for us when it lies between 0 and 1. In the
motivating case described above, where ai = Pi and bi = (1 " Pi/2)G, we can
assume that the indices are ordered so that P2 > P1 and then we see that
" = "G/2(P2 " P1)

2 is negative. It then follows that the equilibrium x = 0 is
an attractor as long as #/" < 0, and a repeller otherwise. Similarly, the equilib-
rium x = 1 is an attractor when #/" > 1, and a repeller otherwise. Finally, when
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0 < #/" < 1, then the equilibrium at #/" is an attractor. Writing the condition
0 < #/" < 1 in terms of the probabilities we get

0 < (c2 " c1) " G
"

1 " P1

2

#
(P2 " P1) <

G
2

(P2 " P1)
2, (6)

or, equivalently,

G
"

1 " P1

2

#
(P2 " P1) < (c2 " c1) < G

"
1 " P2

2

#
(P2 " P1). (7)

In particular, we note that if (c2 " c1) < G
$

1 " P1
2

%
(P2 " P1) then x lim-

its to zero as time increases, i.e. the second strategy dominates if its cost is
not too much higher than the cost for the first strategy. On the other hand, if
(c2 " c1) > G(1" P2

2 )(P2 "P1), then x limits to one, i.e. the second strategy fails
if the cost becomes too high. In the middle ground, the interior equilibrium is
the attractor, the cost for the second strategy to interact with its own type is
sufficiently high to make it better for that strategy to sometimes interact with
the first strategy, but not high enough to kill off the second strategy entirely.
This is a classic Hawk–Dove game.

For these two competing populations with different measurement fidelities,
one dominating population is generally the rule, but for a range of measurement
cost differences, (c2 " c1), a mixed evolutionarily stable state is also possible.
Biologically, the mixed state is possible because of the splitting of the gain
when both parties make a correct measurement. In this case, a player making
accurate measurements can take advantage of players making less accurate
measurements and take the whole gain, G, more of the time.

The situation becomes much harder to analyze when there are three or more
competing strategies. Numerical experiments show that in this case the above
result is mirrored in the sense that generally one dominating pure strategy
will prevail, but that for some ranges of the parameters the evolutionarily sta-
ble state is a mixture of two strategies, all other strategies becoming extinct.
We conjecture that this is the general result for the n-strategy game described
above when the parameters ai are in increasing order and the parameters bi are
decreasing. We give a complete proof of this conjecture when n # 5 as well as
an outline of how a general inductive proof might proceed. It is interesting that
these results imply that one population cannot take advantage of more than
one other population at equilibrium.

A brief outline of the paper follows: In Sect. 2 we will show that when n > 2
these equations (generically) have no equilibria in the interior of the simplex
!n"1 and we will show that in this case, each solution curve will limit to the
boundary of the simplex. Since the restriction of the dynamics to a face of the
simplex preserves the form of the game matrix, we can then conclude that under
certain genericity assumptions, all equilibria must be on the 1-skeleton of the
simplex and that solutions in any face of dimension greater than two must limit
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to the boundary of that face. In Sect. 3, we analyze equilibria on the 1-skeleton
and derive explicit expressions for the eigenvalues. In the fourth section we will
prove that in the case that a1 < a2 < · · · < an and b1 > b2 > · · · > bn topolog-
ical restrictions require that there is a unique local attractor. (By restricting to
a face of any dimension we also have a unique local attractor for solutions in
that face.) In Sect. 5 we prove that if n # 5 then the unique local attractor of the
full simplex is indeed a global attractor and discuss how this proof might give a
general inductive argument. We also prove a separate result that helps to sup-
port the conjecture by showing that there can be no chain recurrent invariant
set entirely contained in the 1-skeleton of the simplex. In Sect. 6 we return to
the non-generic case and give a local description of the dynamics when there is
an interior equilibrium.

2 Interior equilibria

An equilibrium for the evolution Eq. (2) will exist at $v if, for all i = 1, . . . , n,

vi[(A$v)i " $vTA$v] = 0. (8)

If $v is in the interior of the simplex (denoted Int!n"1) it is always a Nash
equilibrium (see e.g. [17,18]). In this case vi &= 0 for all i, so we have,

(A$v)1 = (A$v)2 = · · · = (A$v)n = $vTA$v. (9)

We can rewrite this as
A$v = ($vTA$v)$u (10)

where, as above, $u is the (column) n-vector with every component equal to 1.
In the following, we will denote the ith row of a matrix M by $Mi. Then, if $v %

Int!n"1 is an equilibrium, we have (A$v)1 = $A1 · $v = $Ai · $v, for all i, thus $v will
be in the kernel of the matrix B with rows defined by $Bi = $A1 " $Ai.

For our setting, the matrix A has rows given by

$Ai = ai$bT " ci$uT. (11)

Thus, the ith row of B has the form

$Bi = (a1 " ai)$b " (c1 " ci)$u. (12)

Now, if $v % ker B, then $Bi · $v = 0 for all i. Using the fact that $u · $v = 1, we see
that $v % ker B implies

(a1 " ai)$b · $v " (c1 " ci) = 0 (13)
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for all i. This is equivalent to the condition

($b · $v)$a " $c + (c1 " a1$b · $v)$u = 0, (14)

which implies that the vectors $a, $c, and $u must be linearly dependent for an
equilibrium to exist in Int!n"1.

Since, when n > 2, the generic situation is that these vectors are linearly
independent, we can conclude that, generically, there are no interior equilibria
for our system. Indeed, since the restriction of the replicator equations to a face
of the simplex gives a replicator equation in lower dimensions with the game
matrix given by deleting the appropriate rows and columns, we can say that,
generically, there will be no equilibria on faces of dimension 2 or greater. That
is, the generic situation has equilibria only on the one or zero-dimensional faces
(the 1-skeleton). The genericity condition is that the projections of the three
vectors $a, $c, and $u to any of the three-dimensional subspaces of Rn spanned
by three coordinate vectors, {$ei, $ej, $ek}, are linearly independent. (The vector $ei
denotes the “standard” basis vector of Rn which has a 1 in the ith position and
zeroes elsewhere.)

We will return to study the non-generic case (in which the vectors $a, $c, and
$u are linearly dependent) in a later section. There we will give necessary and
sufficient conditions for the existence of interior equilibria and we will give
conditions for local stability.

Continuing in the generic setting, we will now show that, in this case, all
solutions must limit to the boundary of !n"1 as time increases to infinity. This
follows from the following general lemma:

Lemma 1 Assume there exists $$ % Rn satisfying $$ · $u = 0 and

($$TA)i > 0 (15)

for all i = 1, . . . , n. Then, for each solution, $x(t), to the replicator equations (2),
we have

lim
t'(

&

'
n(

j=1

xj(t)

)

* = 0. (16)

Proof Let % > 0 be defined by

% = min
x%!n"1

$$TA$x, (17)

and let $x(t) be a solution to the replicator equations in Int!n"1. Define the
function v(t) by

v(t) = "
n!

i=1

$i ln(xi(t)). (18)
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Differentiating with respect to time, and using the fact that
+n

i=1 $i = 0, yields

v̇(t) = "
n!

i=1

$iẋi(t)/xi(t) (19)

= "
n!

i=1

$i((A$x(t))i " $x(t)TA$x(t)) (20)

= "
n!

i=1

$i(A$x(t))i (21)

= "$$TA$x(t) (22)
< "%. (23)

This implies that limt'( v(t) = "( which in turn implies that
,n

j=1 x
$j
j (t)

limits to zero. Since the xj’s are all between zero and one, we have that xc
j # x

$j
j

where c = max{$1, . . . $n}. Thus,
$,n

j=1 xj(t)
%c

also limits to zero. )*

We now proceed to show that when the game matrix A has the form (4) then
we can always find $$ with $$ · $u = 0 satisfying (15). Using the form (4) for A, we
see that

($$TA)i = ($$ · $a)bi " $$ · $c. (24)

But since we are assuming that $a, $c, and $u are linearly independent, the hyper-
planes defined by $$ · $a = 0 and $$ · $c = 0 each bisect the hyperplane given by
$$ · $u = 0. On one side of the hyperplane $$ · $a = 0, the expression $$ · $a will be
positive and on the other side it will be negative, likewise for $c. Thus there is a
region where $$ · $a > 0 and $$ · $c < 0. Since we assumed that bi + 0 this yields
($$TA)i > 0 for all i as desired.

In an earlier version of this paper we mistakenly concluded from this lemma
that, in the most generic situation, the &-limit set of each solution must be
contained in some closed one-dimensional edge of !n"1 since the solutions on
any face of dimension two or greater will limit to the boundary of that face.
Fortunately for us, the referee pointed out that this need not be the case as
illustrated in the example in [19]. All numerical simulations we have done have
indicated that, indeed, for our case each solution limits to some point in the
1-skeleton of the simplex, but at this point we are unable to give a complete
proof of this conjecture. In Sect. 5 we will return to this question, proving the
conjecture when n # 5 and providing other partial results supporting the full
conjecture.

3 Equilibria on the 1-skeleton

In the above section we showed that, in the most generic case, our system has
equilibria only on the 1-skeleton of the simplex. In this section we will linear-
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ize the equations at an equilibrium point on the 1-skeleton to study the local
behavior of the solutions near the equilibrium.

In the general setting, if $v %!n"1 is an equilibrium point, we write $x = $v + $$,
where $$ · $u = 0. Putting $x = $v + $$ into the replicator equations, and retaining
only the terms that are first order in $$ we obtain the linearized equations

d$i

dt
= vi[(A$$)i " $vTA$$ " $$TA$v] + $i[(A$v)i " $vTA$v]. (25)

We now study these linearized equations when A has the form (4) and $v is an
equilibrium point on the 1-skeleton. The arguments can be carried out as easily
for a general game matrix A, and are included as an appendix.

Vertex equilibria

Each vertex of the simplex is always an equilibrium for any replicator system.
In our case, when A has the form (4), the linearization at the equilibrium point
$v = $ej takes the form

d$i

dt
= $i[(ai " aj)bj " (ci " cj)], (26)

when i &= j, and, for the jth term we get

d$j

dt
= ($c " bj$a) · $$. (27)

We can write these equations in matrix form, d$$
dt = L$$, where the matrix L

has rows
$Li = [(ai " aj)bj " (ci " cj)]$eT

i , (28)

when i &= j, and the jth row is

$Lj = ($c " bj$a)T. (29)

It is straightforward to check that

L$ei = [(ai " aj)bj " (ci " cj)]$ei " (aibj " ci)$ej, (30)

when i &= j, and
L$ej = "(ajbj " cj)$ej. (31)

In particular, if i &= j, we have

L($ei " $ej) = [(ai " aj)bj " (ci " cj)]($ei " $ej) (32)
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so the vectors $ei " $ej are eigenvectors with eigenvalues given by (ai " aj)bj "
(ci " cj), and also $ej is itself an eigenvector with eigenvalue "(ajbj " cj). Of
course the first set of eigenvectors correspond to the directions of the n " 1
edges emanating from the vertex, while the last eigenvector is skew to the plane
$$ · $u = 0 and so has no bearing on the restricted equations.

Edge equilibria

We now turn our attention to an equilibrium at an interior point of an edge. On
the edge between the vertices $ej and $ek the replicator equations reduce to the
single equation

dxj

dt
= xj[(A$x)j " $xTA$x] (33)

since xi = 0 when i &= j, k and xk = 1 " xj. For our particular form of the matrix
A, this becomes

dxj

dt
= xj(1 " xj)[(aj " ak)(xjbj + (1 " xj)bk) " (cj " ck)]. (34)

The condition for xj = ', 0 < ' < 1, to be an equilibrium for this equation
is then

(aj " ak)('bj + (1 " ')bk) " (cj " ck) = 0, (35)

i.e.

' = (cj " ck) " bk(aj " ak)

(aj " ak)(bj " bk)
. (36)

Thus the condition for the existence of an equilibrium on the edge between $ej
and $ek is

0 <
(cj " ck) " bk(aj " ak)

(aj " ak)(bj " bk)
< 1. (37)

Linearizing equation (34) at the equilibrium xj = ' yields

d$
dt

= $['(1 " ')(aj " ak)(bj " bk)] (38)

so we note that such an equilibrium attracts or repels along the edge according
to the sign of (aj " ak)(bj " bk). We can reorder the components of $x(t) so that
the ai’s are in increasing order. If we assume that the bi’s are also in increasing
order then the edge eigenvalue for any edge equilibrium will be positive. On
the other hand, if we assume that the bi’s are in decreasing order, as in the
motivating example of the introduction, then the edge eigenvalue for any edge
equilibrium will be negative. We will show in the next section that in the latter
case topological restrictions will prove that there is a unique local attractor.
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The full linearized system for an edge equilibrium is studied in the appendix.
There it is shown that in the general case, there is an eigenvector in each two-
dimensional face of the simplex !n"1 which has $ej and $ek as two of its vertices.
The eigenvalue for this eigenvector is given in our case by

µi = (ai " aj)('bj + (1 " ')bk) " (ci " cj), (39)

or, using (35),

µi = (ai " aj)

(aj " ak)
(cj " ck) " (ci " cj). (40)

4 Topological considerations

In this section we will use the Poincaré–Hopf Theorem (see [20–22]) to show
that if the edge eigenvalue of any edge equilibrium is negative, then there is a
unique local attractor for the replicator dynamics. In the section after this, we
will prove that when n # 5 this local attractor is indeed a global attractor, and
provide evidence that this is the case for all n.

The Poincaré–Hopf Theorem states that if M is a smooth Riemannian man-
ifold of dimension m, and X is a vector field on M with only finitely many
isolated equilibria, {vi}, then

!

vi

Ind($vi) = ((M), (41)

where Ind(vi) indicates the index of the equilibrium, and ((M) is the Euler
characteristic of M. The index of an isolated equilibrium vi of the vector field,
X, is given by the degree of the map from Sm"1 to Sm"1 given by restricting
X(x)/|X(x)| to a suitably small sphere around vi. When the linearization of the
vector field at the equilibrium, $vi, is diagonalizable with all eigenvalues having
nonzero real parts, then Ind($vi) = ("1)r, where r is the number of eigenvalues
with negative real parts. In the above statement M is allowed to have a smooth
boundary as long as X is either everywhere inward pointing or everywhere
outward pointing on the boundary.

Applying the Poincaré–Hopf Theorem to the replicator equations on !n"1
has two major obstacles. First of all, the simplex is a manifold with corners
(the boundary is not smooth), and, secondly, our vector field is everywhere
tangent to the boundary.1 To allay these problems we begin by choosing a
homeomorphism between the simplex !n"1 and the round ball Bn"1 which is

1 The referee of an earlier version of this manuscript has pointed out to us that there is another
approach to circumventing these problems in general by using a specific 2n to 1 map of a sphere to
the simplex to pull back the replicator equations to a smooth vector field on the sphere [23]. Our
method has the advantage that many of the indices of the equilibria become zero, so the counting
is easier.
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Fig. 1 The double of the
dynamics on triangle D is
given by gluing D to its
reflection, E, along the
boundary

a diffeomorphism on the interior of the simplex and restricts to a diffeomor-
phism on the interior of any face (of any dimension) of the simplex. By using
this diffeomorphism, we can transfer the flow of the replicator equations to
the ball and then differentiate to obtain a vector field on Bn"1 with the same
singularity structure as that of our original vector field. In particular any source
or sink of the original flow will give a source or sink for this new vector field
(and vice versa). It should be noted that the new vector field is probably only
continuous, but the Poincaré–Hopf Theorem works for continuous vector fields
(see e.g. [22]). For the rest of this section, we will study this vector field on Bn"1,
but continue to refer to its dynamics as the replicator dynamics.

To deal with the fact that the vector field is tangent to the boundary, we
consider two copies of the dynamics on Bn"1 glued together on the boundary
to form a dynamical system on the sphere Sn"1 (see Fig. 1). We refer to this
dynamical system on Sn"1 as the double of the dynamics on !n"1.

In the following, there is a second dynamical system for which we will want
to apply the Poincaré–Hopf Theorem, namely the restriction of the replicator
dynamics to Sn"2, the boundary of Bn"1. Since the original flow is tangent to
the boundary, this gives a continuous vector field on Sn"2. We will refer to this
flow as the boundary replicator flow.

Now, in our case, all of the equilibria lie on the boundary sphere. We need to
take some care in computing the indices of these equilibria for the two vector
fields since the resulting equilibria on Sn"1 and Sn"2 may be different from the
index of the vector field as determined in the n " 1-dimensional plane $x · $u = 1.
For example if a vertex equilibrium on !2 has one positive and one negative
eigenvalue, then the index in the plane $x · $u = 1 would be -1, but when we
restrict the vector field to the simplex!2 (or its boundary), the equilibrium can
be perturbed away, so that the index now must be zero (see Fig. 2).

The following two lemmas describe the indices for the vertex and edge equi-
libria that we encounter. In each lemma, we let r denote the number of negative
eigenvalues for the original replicator equations with corresponding eigenvec-
tor lying in the plane $$ · $u = 0.
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Fig. 2 The left hand figure shows a saddle point in the plane with index 1. When these dynamics
are restricted to the simplex !2 and doubled to S2, the index becomes zero

Lemma 2 For the doubled replicator dynamics on Sn"1 a vertex equilibrium has
index ("1)r when r = 0 or n " 1, and index 0 otherwise. An edge equilibrium has
index ("1)r when r = 1 or n " 1, and 0 otherwise. (Recall that in our situation,
edge equilibria always have r > 0 since the eigenvalue in the edge direction is
negative.)

Proof We begin with the study of vertex equilibria. When r = 0, the equilib-
rium is a source and so solution curves emanate from that point in all directions.
Restricting to!n"1 and doubling, this property is preserved, i.e. the equilibrium
remains a source, and so the index is unchanged. When r = n"1 the equilibrium
is an attractor (sink) and the same argument as above works, with the arrow
directions changed. When r &= 0 or n " 1, then the argument is essentially given
above in Fig. 2. Namely, the stable and unstable manifolds for the equilibrium
will be contained in the boundary of the simplex; none of the trajectories in
the interior of the simplex are in the stable or unstable manifold. Thus when
we restrict to the simplex and double, the stable and unstable manifolds will
be contained in a codimension one submanifold. The other nearby trajectories
will be approximately parallel to this manifold so that the normal vector to the
manifold will not be in the image of the map on spheres described above. This
implies that the map has degree zero.

The argument for edge equilibria is essentially the same. If the eigendirec-
tions in the adjacent faces have eigenvalues of both signs, then the stable and
unstable manifolds are contained in the boundary of the simplex and the above
argument applies. On the other hand, if all of the eigenvalues in the adjacent
faces have the same sign, then the stable or unstable manifold extends into the
interior of the simplex. Restricting the flow to the simplex and doubling then
gives an equilibrium of the same topological type as the original equilibrium in
the plane $x · $u = 1. )*

Lemma 3 For the boundary replicator dynamics on Sn"2 a vertex equilibrium
has index 1 if r = 0, index ("1)n"2 if r = n " 1 and index 0 otherwise. An
edge equilibrium has index "1 if r = 1, index ("1)n"2 when r = n " 1, and 0
otherwise.

Proof Again, we begin with the vertex equilibria. As above, if r = 0 or n"1 the
equilibrium is a source or sink and remains so when restricted to the boundary.
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Fig. 3 A saddle - like equilibrium at a vertex of the simplex restricts to an equilibrium of index
zero on the boundary

Thus it has the index of a source or sink in dimension n " 2. On the other hand,
when r &= 0 or n " 1 the stable manifold in Sn"2 is an r-dimensional cone while
the unstable manifold is an (n " r " 1)-dimensional cone. Figure 3 shows one
of the two possible cases when n = 4 (so the boundary is S2). To see that the
index will be zero in this case, it is enough to note that through isotopies the
stable and unstable manifolds can be deformed to a single incoming ray and a
single outgoing ray.

Turning now to the edge equilibria, the cases that r = 1 or n " 1 are again
straightforward. If r = 1, the unstable manifold in !n"1 is an (n " 2)-dimen-
sional wedge which intersects the boundary in an (n"3)-dimensional set which
on Sn"2 looks like a hypersurface. The stable manifold is just the edge on which
the equilibrium lives and so we have the structure of a standard saddle equilib-
rium with only one negative eigenvalue, having index equal to "1. If r = n " 1
then the equilibrium is a sink, and remains so when restricted to the boundary,
so the index is ("1)n"2. If, on the other hand, 1 < r < n " 1 then the situation is
similar to the setting above. Here we will have a stable half plane of dimension
r and an unstable half plane of dimension n " r " 1. (See Fig. 4.) Again, since
these stable and unstable manifolds can be deformed away through isotopies,
the index must be zero. )*

Using these lemmas we can now prove

Theorem 1 Suppose that the game matrix (3) satisfies the genericity conditions of
Sect. 2 and that each edge equilibrium for the replicator equations has a negative
eigenvalue in the edge direction. Then the replicator equations have a unique
local attractor.

Proof From the above lemmas there are only four types of equilibria that con-
tribute to the sum in the Poincaré–Hopf Theorem, vertex equilibria with r = 0
or n " 1, and edge equilibria with r = 1 or n " 1. Let v+ denote the number
of vertex equilibria with all positive eigenvalues (i.e. r = 0) and let v" denote
the number of vertex equilibria with all negative eigenvalues (i.e. r = n " 1).
Likewise, let e+ denote the number of edge equilibria with all but one positive
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Fig. 4 If an edge equilibrium on the simplex has face eigenvalues of differing signs, then it restricts
to an equilibrium of index zero on the boundary

eigenvalue (r = 1) and let e" denote the number of edge equilibria with all
negative eigenvalues (r = n " 1). Then applying the above lemmas and the
Poincaré–Hopf Theorem to the doubled dynamics we get

v+ + ("1)n"1v" " e+ + ("1)n"1e" = ((Sn"1). (42)

And applying the Poincaré–Hopf Theorem to the boundary dynamics we get

v+ + ("1)n"2v" " e+ + ("1)n"2e" = ((Sn"2). (43)

Using the fact that for any sphere, ((Sm) = 1 + ("1)m, we get

v+ + ("1)n"1(v" + e") " e+ = 1 + ("1)n"1 (44)

and
v+ + ("1)n"2(v" + e") " e+ = 1 + ("1)n"2. (45)

Subtracting the second of these equations from the first yields

v" + e" = 1, (46)

thus there is exactly one local sink. )*

In the setting of this chapter, the replicator dynamics have a unique local
attractor, and any edge equilibrium is attracting along the edge. When n = 3 it
is not hard to find all possible dynamics of this type; they are shown in Fig. 5
(up to rotations and reflections).

5 Towards a global attractor

We conjecture that, in the most generic case, the unique local attractor found
in the previous chapter is in fact a global attractor. In this section we will prove
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Fig. 5 Up to rotations and reflections, all possible dynamics on the two simplex are shown

the conjecture in dimensions up to 4 (n = 5) and give some partial results for
a proof in general. To this end we need to study the &-limit sets of solutions to
our equations. We have shown in Sect. 2 that the &-limit set of a solution in any
subsimplex of !n"1 must be contained in the boundary of that subsimplex. Of
course this must be a closed, invariant, chain recurrent subset of the boundary.
Our approach to proving that our unique local attractor is a global attractor
will be to show that the only possible such subsets are points. Throughout this
argument it will be necessary to recall that in the most generic situation, every
subsimplex of !n"1 has an equilibrium which is the unique local attractor of
that subsimplex. Of course, unless this equilibrium is the unique local attractor
for!n"1, it will be repelling in directions outside of the subsimplex in question.

Theorem 2 Under the assumptions of the previous section, with n # 5, the only
invariant, chain recurrent subsets are equilibria. This implies that every interior
point limits to the unique local attractor.

Proof When n = 1 or 2 the dynamics are simple enough that the statement is
trivial. When n = 3 the proof is almost as easy since, in dimension 2, the exis-
tence of a nontrivial chain recurrent set in the boundary implies the existence
of an interior equilibrium.

When n = 4 and 5 we use the argument that we believe should generalize
by induction. If n = 4 then !n"1 is a tetrahedron. Let us assume that we have
some nontrivial chain recurrent set, C, in the boundary of the tetrahedron. If
the unique local attractor of the tetrahedron is a vertex, then every point in the
interior of the three triangular faces adjacent to that vertex, and every point in
the interior of the three edges adjacent to the vertex, must be attracted to the
vertex. Then C cannot intersect these faces, for if it did, it would be attracted
to that vertex with no possible escape route. Thus C must be contained in the
triangular face opposite to the attracting vertex. But this has already been ruled
out with n = 3.

On the other hand, if the unique local attractor of the tetrahedron lies on an
edge, then every point in the interior of that edge and every point in the interiors
of the two faces adjacent to the edge must be attracted to that equilibrium, so,
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as above, C must be contained in the union of the two triangular faces opposite
that edge. Anticipating a more general argument, let us call these two triangular
faces F1 and G1. Notice that they intersect in an edge and that each has exactly
one vertex outside of this edge.

Now each of these two triangular faces has a unique local attractor of its
own. We let a1 be the unique local attractor of F1 and let b1 be the unique local
attractor of G1. These two attractors cannot both lie in the edge of intersection
of the two faces for they would then both be attractors along that edge. (Also
a1 &= b1, since, if they were the same point, that would be an attractor on the
whole tetrahedron.) So, at least one of these attractors is not in the intersection
of F1 and G1, say a1.

Now we know from the n = 3 case that every point in the interior of F1
and every point in any edge which includes a1 must limit to a1. As above, if
the chain recurrent set, C, intersects the attracting well of a1 then there would
be no escape, so it must be contained in the complement of this set. If a1 is
the vertex in F1 which is opposite to the face of intersection with G1 then this
implies that C must lie entirely in G1, a situation which we have already shown
to be impossible. If, on the other hand, a1 lies on an edge of F1, then we see
that the complement of the attracting well of a1 is given by G1 union an edge
of F1. We call this edge F2. Now this edge has an attracting equilibrium which
we call a2. For the same reasons as above, a2 &= b1 so they can’t both be in the
intersection of F2 and G1.

If a2 is not in the intersection, then the chain recurrent set, C, cannot intersect
F2 and so must lie entirely in G1. But again, we already know from the n = 3
case that this can’t happen. If, on the other hand, a2 does lie in the intersection
of F2 and G1, then b1 does not. The attracting set for b1 in G1 is the interior
of the triangular face G1 together with the interiors of any edges that include
b1. Thus the complement of this attracting set in G1 is either a single edge, or
two attached edges. In either case, since C cannot intersect the attracting set of
b1, C is now constrained to be contained in a union of two or three edges with
no possible circuit available. Thus there cannot be a nontrivial chain recurrent
set, i.e., the &-limit set of any point in the interior of the tetrahedron must be
some equilibrium point. But all of the equilibria that are not local attractors
have at least one repelling direction in the boundary, and so act like a saddle
for interior paths. Therefore the &-limit set of any point in the interior must be
the unique local attractor.

For the case n = 5 it is not hard to see that one can whittle away at !4 as
above by removing the attracting sets of local attractors for which there is no
escape. Keeping track of all of the cases becomes even more complicated than
the above case, so we will only give an outline of how this proceeds. As above,
assume that C is some nontrivial chain recurrent subset of the boundary of !4.
If the unique local attractor for the full four-dimensional simplex is a vertex,
then this vertex is the global attractor for the three tetrahedral faces sharing
this vertex. Since the set C cannot intersect this attracting set, it must be entirely
contained in the opposite tetrahedral face. Since we showed above that there
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are no nontrivial chain recurrent sets in the case n = 4 we can conclude C does
not exist.

On the other hand, if the unique local attractor for the four-dimensional
simplex is on an edge, we can conclude that the set C will have to be contained
in the union of the two tetrahedral faces which do not contain that edge. We
call these faces F1 and G1. As above, we need to argue that we can continue to
whittle away at this set until there is nowhere left for C to live. The two tetrahe-
dra, F1 and G1 each have a unique local attractor. (From above we know that
these are actually global attractors in their respective faces.) Let a1 denote the
attractor for F1 and b1 denote the attractor for G1. As above these are distinct
points and they cannot both lie in the intersection of F1 and G1. If, say, a1 is
not in the intersection then we have two cases to deal with. If a1 is the vertex of
F1 which is opposite to the face of intersection with G1 then C will have to be
entirely contained in the tetrahedron G1, again a case we have ruled out with
n = 4. If a1 is not this vertex then it must be on an edge, and we can argue
that C must now be contained in the union of G1 with a triangular face of F1.
Call this face F2 and denote its unique attractor by a2. Now either a2 or b1 does
not lie in the intersection of F2 and G1. If a2 is not in this intersection, then we
continue to whittle away at F2 until either it is entirely gone or we are stuck
with some face Fj of dimension 4 " j whose attractor aj lies in the intersection
of Fj and G1. At this point we start to work on G1. Its attractor, b1, is not in the
intersection with Fj, so if C is attracted to it, it cannot escape. Thus C must be
in the complement of the attracting set of this point also. This leaves C to live
in the union of one or two triangular faces of G1 together with Fj. Continuing
in this fashion it is not hard to be convinced that there is eventually not enough
room for C to have any true recurrence. )*
Remark 1 It seems quite likely that the above argument generalizes to an induc-
tion argument for all dimensions. The problem is that it is not obvious how to
prove that the process can always continue until the entire simplex has been
whittled away. In the above cases one can follow through all of the possibilities
to see that the process doesn’t get stuck, but in the general case it is conceivable
that there could at some point occur a chain of subsimplices F1, F2, F3, . . . , Fk
with the property that the attractor for Fj is in the intersection of Fj and Fj+1
when j = 1, . . . , k " 1, and the attractor for Fk lies in the intersection of Fk and
F1. In such a case, we would not be able to continue the above process. We
conjecture that such loops can never happen in the above process, but we have
not found a proof of this fact.

Finally, since we are unable to prove the conjecture in all dimensions, we
include the following result as further evidence of the conjecture’s truth.

Proposition 1 Given a general system of replicator equations on !n"1 with the
property that all equilibria lie on the 1-skeleton and that each subsimplex has a
unique local attractor, then the &-limit set of a solution cannot be a closed circuit
in the 1-skeleton of the simplex.

Proof Assume to the contrary that we have a solution whose &-limit set is a
closed circuit in the 1-skeleton. Let us say that it traverses the edges between
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vertices v1, v2, . . . , vk+1 in that order (and then returns to v1). These k + 1
vertices span a k-dimensional subsimplex of !n"1. For each j = 0, . . . , k, this

simplex has
"

k + 1
j + 1

#
j-dimensional subsimplices and each of these must have

a unique local attractor. If one of the vertices were a local attractor for some
j-dimensional face (j + 2), then, using one of the edges of that face which was
not in the original circuit would give a shorter circuit, leaving out all but two
of the vertices of that j-dimensional face. Thus, by assuming that our circuit
is minimal, we know that none of the vertices can serve as the local attractor
for any face of dimension 2 or greater. Therefore, each of the local attractors

must lie on one of the
"

k + 1
2

#
" (k + 1) edges that remain unused. For each

of these attractors we attach a valence equal to one less than the number of
negative eigenvalues the equilibrium has in the full k-dimensional simplex. For
instance, the attractor for the k-dimensional simplex itself will have valence
k " 1. This valence is equal to the number of two-dimensional faces for which
this equilibrium serves as the unique local attractor.

Now the unique local attractor for the k-dimensional simplex will also serve
as the unique local attractor for all of the k " 1-dimensional subsimplices that
include the edge on which the attractor sits. Call this edge e1. There are two
k " 1-dimensional subsimplices which do not have e1 as an edge. Thus we need
to have two edges, e2 and e3, with valence k " 2. We now argue that there must
be 3 edges with valence k " 3 and then we will argue by induction that there
must be j edges with valence k " j for j = 1, . . . , k " 1.

For valence k " 3, we note that there are
"

k " 1
k " 3

#
subsimplices of dimension

k"2 which contain the edge e1 and each of the two k"1 dimensional simplices
that did not include e1 contains k " 2 subsimplices of dimension k " 2 which
contain the edge e2 or e3. All of these subsimplices must be distinct since if
there were any repeats, then that subsimplex would have two local attractors,

thus we have accounted for
"

k " 1
k " 3

#
+ 2(k " 2) of the

"
k + 1
k " 1

#
subsimplices

of dimension k " 2. But this leaves
"

k + 1
k " 1

#
"

"
k " 1
k " 3

#
" 2(k " 2) = 3 such

simplices still uncovered. Thus we need to have three edges with valence k " 3.
Now we move to the induction argument. Suppose that for j = 1, . . . , h we

have j edges with valence k"j. We look at subsimplices of dimension k"h. There

are
"

k " 1
k " h " 1

#
of these which have e1 as an edge and there are 2

"
k " 2

k " h " 1

#

that have one of the two valence 2 edges and are contained in one of the two spe-
cial k"1 dimensional subsimplices corresponding to these edges. Similarly there

are j
"

k " j
k " h " 1

#
of the (k"h)-dimensional subsimplices that are accounted for

by the j edges of valence j. Thus, from the edges with valences from 1 through

h we account for
+h

j=1 j
"

k " j
k " h " 1

#
of the

"
k + 1

k " h + 1

#
simplices of dimension
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k " h. However, it is not too hard to prove by induction that

h!

j=1

j
"

k " j
k " h " 1

#
=

"
k + 1

k " h + 1

#
" (h + 1) (47)

leaving exactly h + 1 edges to be given valence k " h " 1.
To finish the proof, we now count up all the edges needed to account for all

of the faces. We need one edge with valence k " 1 and two edges with valence
k " 2 and so on, up until we finish with k " 1 edges with valence 1. This uses
k(k"1)

2 edges. We began with k+1 edges with no equilibria, and so in all we need
k2+k+2

2 =
"

k + 1
2

#
+ 1 edges. But there are only

"
k + 1

2

#
edges in the simplex.

)*

6 The non-generic case

We now return to the non-generic setting, in which the vectors $a, $c and $u are
linearly dependent.2 In this case we characterize when an interior equilibrium
occurs, show that in such a case there is a codimension 1 linear submanifold of
equilibria, and study conditions for the stability of these equilibria. We begin
with the following:

Theorem 3 Assume that the matrix A is given by (3) and that B is the matrix
whose ith row is given by (12). Assume also that equations (2) have an equilib-
rium $v % Rn satisfying $v · $u = 1 and vi &= 0, for all i, then B has rank zero or one.
Conversely, if we also assume that the vectors $B and $u are linearly independent,
then, whenever B has rank zero or one, it follows that (2) will have an equilibrium
$v % Rn satisfying $v · $u = 1 and vi &= 0, for all i.

Proof We have already seen that $v is an equilibrium with $v · $u = 0 and vi &= 0 if
and only if B$v = 0, i.e. (a1 "ai) $B · $v" (c1 "ci) = 0 for all i. Now, if $B · $v = 0, then
this implies that ci = c1 for all i and so all of the rows of B will be a multiple of
$BT and B has rank one. Next, if $B · $v &= 0, and ci = c1 for some i then we must
also have that ai = a1 for that same i. In particular, if this holds for all i, then B
is the zero matrix. On the other hand, for those i’s for which ci &= c1, we have
that the ratio a1"ai

c1"ci
= 1

$B·$v is independent of i. If we set this ratio equal to ) we

see that Bi = (c1 " ci)[) $BT " $uT] for all i. Thus, the matrix B has rank one, since
each row is a multiple of the vector ) $BT " $uT.

Conversely, if the matrix B has rank one and if there is some i so that
ci &= c1, then each row can be written in the form Bj = (c1 " cj)[) $B " $u] where
) = (a1 " ai)/(c1 " ci). In this case, if $v % ker B then $v · () $B " $u) = 0. Assuming

2 The referee of the first version of this paper has pointed out to us that in this case, the game
matrix A is equivalent to a game matrix of rank 1. This gives another approach to analyzing the
dynamics in this setting.
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now that $B and $u are non-collinear, it follows that ker B will have elements $v
with $v · $u &= 0, and vi &= 0 for all i. By rescaling such $v, it follows that ker B will
intersect the hyperplane given by $v · $u = 1.

Now, if ci = c1 for all i, then each row of B is a multiple of $BT and so B must
have rank one. Again, since $B and $u are linearly independent, we can find $v
with $B · $v = 0 satisfying the above criteria. Finally, if the rank of B is zero, then
all of the rows of A are the same, but in this case the replicator equations are
trivial, i.e., every point in Rn is an equilibrium. )*

From now on, we will assume that $c and $u are linearly independent and that
$v is an equilibrium with $v · $u = 1, and vi &= 0 for all i. Then, from above, we
know that the rows of B have the form

$Bi = (c1 " ci)[) $BT " $uT]. (48)

We now take up the question of when will this equilibrium be in the interior
of!n"1. If we let $R = ) $B " $u we have that any equilibrium $v with $v · $u = 1 and
vi &= 0 must be an element of $R,. This subspace intersects the simplex !n"1 if
and only if the vector $R has two components of opposite sign. The jth compo-
nent of $R is given by ()bj " 1) so this vector has components of opposite sign
only if the minimal component of ) $B is less than 1 and the maximal component
is greater than 1. When this condition is satisfied, there is an n " 2 dimensional
family, V, of equilibria in Int!n"1. In conclusion we have shown that

Theorem 4 Let the game matrix A be given by Aij = aibj " ci with ai, bi, and
ci non-negative real numbers for all i = 1, . . . , n. Assume that $c and $B are not
multiples of $u. Then the replicator equations (2) have an equilibrium $v % Int!n"1
if and only if:

1. There is a number ) > 0 so that (ai " a1) = )(ci " c1) for all i.
2. min{)b1, . . . ,)bn} < 1 < max{)b1, . . . ,)bn}.

Assuming that B satisfies the above conditions, we can give a complete
description of the interior equilibria when they exist. For simplicity of notation,
we will assume from now on that bn # bj # b1 for all j = 1, . . . , n so that
min{)b1, . . . ,)bn} = )bn and max{)b1, . . . ,)bn} = )b1.

Now, as long as )bi &= 1, a basis for R, is given by

$* j = (1 " )bj, 0, . . . , 0,)b1 " 1, 0, . . . , 0), j = 2, . . . , n, (49)

where the term )b1 " 1 appears in the jth position. Rescaling, we define

$+j = 1
)(b1 " bj)

$* j (50)
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so that $+j · $u = 1. Then any linear combination

$v =
n!

j=2

"j $+j (51)

will satisfy $v · $u = 1 if and only if

n!

j=2

"j = 1. (52)

As remarked above, R, will intersect the positive orthant when )bn < 1 <

)b1. In this case, we have that )b1 " 1 > 0 so that, for j + 2, the jth entry of $v
will be positive as long as "j > 0. On the other hand, the first entry of v1 > 0
requires

n!

j=2

"j(1 " )bj)

(b1 " bj)
> 0. (53)

Summarizing, we have

Theorem 5 Assuming that )b1 > 1 we see that the vector $v = +n
j=2 "j $+j is a

Nash equilibrium if and only if

1. "j > 0 for all j.

2.
+n

j=2
"j(1")bj)

(b1"bj)
> 0.

To study the stability of these equilibria, we linearize the replicator equations
at an interior equilibrium. Using the special form of our game matrix (3), we
have

AT = $B $aT " $u $cT. (54)

Thus we see that
AT($v) = ($a · $v) $B " ($c · $v)$u. (55)

From this it follows that

$vTA($$) = $$TAT($v) (56)
= ($a · $v)( $B · $$), (57)

where we have used the fact that $$ · $u = 0.
We also have that A($$) = ( $B · $$)$a, where again we have used that $$ · $u = 0.

Thus we see that for this family of game matrices the linearized equations (25)
become

d$i

dt
= vi[ai( $B · $$) " ($a · $v)( $B · $$)] (58)

= vi(ai " $a · $v) $B · $$. (59)
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This can be written in matrix form

d$$
dt

= E$$, (60)

where the ith row of the n ! n matrix E is given by

$ei = vi(ai " $a · $v) $B. (61)

This matrix is rank one. Its n " 1 dimensional zero eigenspace is given by
,0 = $B, and its nonzero eigenvalue is

' = $B · $- , (62)

where $- is the eigenvector whose ith component is

-i = vi(ai " $a · $v). (63)

Notice that $- satisfies the constraint $- · $u = 0 since $v · $u = 1.
From above,

' =
n!

i=1

aibivi " ( $B · $v)($a · $v). (64)

Since $v is a Nash equilibrium, we know that $v · () $B"$u) = 0. From this it follows
that $v · $B = 1

) . Thus we have

' =
n!

i=1

ai

"
bi " 1

)

#
vi (65)

= 1
)

n!

i=1

ai()bi " 1)vi. (66)

Thinking of $B and $v fixed, this gives a linear condition on $a for the positivity
of '. Thus lambda is negative precisely when $a falls in the negative half space,
H, defined by H = {$x|$x · $. < 0}, where $. is the vector given by.i = ()bi "1)vi.
Of course the Nash equilibrium condition says that $. · $u = 0 so we know that
$. is not in either the positive or negative orthant. Thus, H will intersect the
positive orthant, but will not include it entirely.

7 Conclusions

Our original motivating problem in the evolution of sensory systems led us
to studying game matrices of the special form, (4), with a1 < a2 < · · · < an
and b1 > b2 > · · · > bn. Numerical experiments show that, in this case, the
dynamics always limit to a global attractor on the 1-skeleton of the simplex.
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We have proven this to be the case when n # 5 and given an outline of how an
inductive proof might proceed for the general case. A natural question, now,
is to ask what will be the winning strategy. Often, when generating random
matrices of this form, it turns out that there is a dominating strategy. In this
case it is easy to pick the winner. On the other hand, when there is no dom-
inating strategy, it seems hard to predict the outcome without computing the
eigenvalues of the linearized dynamics. It would be nice to have some a priori
game theoretic explanation of which strategy or strategies will survive without
involving explicit computation of the eigenvalues.

There are several questions left open in the context of this work (besides the
obvious question of completing the proof of the conjecture). First, it would be
interesting to do similar analyses for other orderings of the bi’s. We have done
some numerical experimentation with the case that both the ai’s and the bi’s are
increasing. In this case the edge eigenvalue of an edge equilibrium is positive
so these equilibria cannot be stable. On the other hand, numerical experiments
seem to indicate that in this setting there is still no recurrence (i.e. the&-limit set
of every solution is a point). That is, it appears that either one pure strategy is a
global attractor, or there is a generalized coordination game between a subset
of the pure strategies, initial conditions determining which strategy ultimately
wins. The topological analysis of Sect. 4 can be used in this setting to show that
there is a unique local source in every face but there can be many local sinks.
By reversing time, the singularity structure of this system becomes the same as
that studied above, thus a proof of the conjecture on non-recurrence for either
system would suffice.

Another series of questions that arise involve whether or not this type of
analysis can be generalized to matrices more general than the form (4). Many
of the results in this paper can actually be proven when A is a general rank 2
matrix, i.e. A = $a$BT + $c$dT. For example, in the generic setting, one still finds
that all of the equilibria are on the 1-skeleton. Because of this, one might hope
that again there are no nontrivial chain recurrent sets and so solutions always
limit to an equilibrium. In higher rank cases one would expect to find equilibria
generically in higher dimensional faces. In the rank 3 setting there exist matrices
that give dynamics with limit cycles (for example the rock-paper-scissors game)
so the analysis becomes much more complicated at this juncture. Still, it might
be interesting to try to determine if the dynamics for rank 3 game matrices have
some identifiable characteristics which distinguish them from the dynamics for
higher rank game matrices.

8 Appendix

In this appendix we give the complete analysis of the linearization of the repli-
cator equations at an equilibrium on the 1-skeleton of the simplex.
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Vertex equilibria

We begin by studying the linearized equations at the vertex equilibrium, $v = $ej,
for j = 1, . . . , n. In this case, Eqs. (25) give us

d$i

dt
= $i[(A$ej)i " $eT

j A$ej], (67)

when i &= j, while the equation for $j is

d$j

dt
= "$$TA$ej. (68)

Letting Aij denote the (ij)th entry of A, we have Aij = $eT
i A$ej, and so the

above equations become

d$i

dt
= $i(Aij " Ajj), (69)

when i &= j, and
d$j

dt
= "(A$ej) · $$. (70)

We can write these equations in matrix form, d$$
dt = L$$, where the matrix L

has rows
$Li = (Aij " Ajj)$eT

i , (71)

when i &= j, and the jth row is

$Lj = "(A$ej)
T. (72)

It is straightforward to check that

L$ei = (Aij " Ajj)$ei " Aij$ej, (73)

when i &= j, and
L$ej = "Ajj$ej. (74)

In particular, if i &= j, we have

L($ei " $ej) = (Aij " Ajj)($ei " $ej) (75)

so the vectors $ei " $ej are eigenvectors with eigenvalues given by Aij " Ajj, and
also $ej is itself an eigenvector with eigenvalue "Ajj. Of course the first set of
eigenvectors correspond to the directions of the n " 1 edges emanating from
the vertex, while the last eigenvector is skew to the plane $$ · $u = 0 and so has
no bearing on the restricted equations.

In the case that our game matrix A is given by (4), the n " 1 relevant eigen-
values are given by (ai " aj)bj " (ci " cj), as mentioned in Sect. 3.
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Edge equilibria

If $v is an equilibrium at an interior point of an edge, it can be written in the
form

$v = '$ej + (1 " ')$ek, (76)

for some j and k and ', with 0 < ' < 1. Since vi = 0 when i &= j, k, the condition
(8) for this to be an equilibrium reduces to

'Ajj+(1"')Ajk = 'Akj+(1"')Akk = ('$eT
j +(1"')$eT

k )A('$ej+(1"')$ek). (77)

Notice that the first equality is linear in ' so there can be at most one equilibrium
on any given edge. Solving for ' yields

' = Akk " Ajk

Ajj + Akk " Ajk " Akj
, (78)

so the condition for existence of an equilibrium on the edge between $ej and $ek
is that

0 <
Akk " Ajk

Ajj + Akk " Ajk " Akj
< 1. (79)

(The second equality in (77) is actually a consequence of the first, so it gives
no further restrictions on the coefficients of A for the existence of such an
equilibrium.)

When $v is an equilibrium on the edge between $ej and $ek, the Eqs. (25) reduce
to

d$i

dt
= $i['(Aij " Ajj) + (1 " ')(Aik " Ajk)], (80)

when i &= j, k, while the equations for $j and $k are

d$j

dt
= '[(1 " ')($eT

j " $eT
k )A$$ " $$TA('$ej + (1 " ')$ek)], (81)

d$k

dt
= (1 " ')["'($eT

j " $eT
k )A$$ " $$TA('$ej + (1 " ')$ek))], (82)

where we have used the second equality in (77) to derive the first of these
equations.

Writing these equations in matrix form, d$$
dt = M$$, the matrix M has rows

$Mi = ['(Aij " Ajj) + (1 " ')(Aik " Ajk)]$eT
i , (83)

when i &= j, k, and the jth and kth rows are

$Mj = '[(1 " ')($eT
j " $eT

k )A " [A('$ej + (1 " ')$ek)]T], (84)

$Mk = (1 " ')["'($eT
j " $eT

k )A " [A('$ej + (1 " ')$ek)]T]. (85)
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From this we see

M $ei = ['(Aij " Ajj) + (1 " ')(Aik " Ajk)]$ei

+'[(1 " ')(Aji " Aki) " ('Aij + (1 " ')Aik)]$ej

+(1 " ')['(Aki " Aji) " ('Aij + (1 " ')Aik)]$ek

for i &= j, k, while

M $ej = '[(1 " ')(Ajj " Akj) " ('Ajj + (1 " ')Ajk)]$ej

+(1 " ')['(Akj " Ajj) " ('Ajj + (1 " ')Ajk)]$ek,

and

M $ek = '[(1 " ')(Ajk " Akk) " ('Akj + (1 " ')Akk)]$ej

+(1 " ')['(Akk " Ajk) " ('Akj + (1 " ')Akk)]$ek.

The subspace of Rn spanned by {$ej, $ek} is invariant so we look for two eigenvec-
tors in this span. Using (77) we find that one eigenvector is the edge direction

$/0 = $ej " $ek, (86)

with eigenvalue

µ0 = '(1 " ')(Ajj + Akk " Ajk " Akj). (87)

The other eigenvector in this span is

$/, = ['(1 " ')(Ajk " Akk) " '('Ajj + (1 " ')Ajk)]$ej

"['(1 " ')(Ajj " Akj) + (1 " ')('Ajj + (1 " ')Ajk)]$ek,

with eigenvalue
µ, = "('Ajj " (1 " ')Ajk). (88)

Generally, $/, · $u &= 0, so this eigenvector is skew to the dynamics of interest.
To find the other eigenvectors of M we notice that the three-dimensional

spaces spanned by {$ei, $ej, $ek}, for i &= j, k, are also invariant. Thus, for each i
there will be an eigenvector tangent to the two-dimensional face of !n"1 with
vertices $ei, $ej, $ek. It is not necessary to write down this eigenvector explicitly, but
one should note that its eigenvalue is simply the coefficient of $ei in M$ei, i.e.

µi = '(Aij " Ajj) + (1 " ')(Aik " Ajk), (89)

for i &= j, k.
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The above computations were done without use of the specific form of the
game matrix, A. If we now assume that A is given by (3) we find that

µ0 = '(1 " ')(aj " ak)(bj " bk), (90)

and
µi = (ai " aj)('bj + (1 " ')bk) " (ci " cj). (91)

References

1. Hecht, S., Shlaer, S., Pirenne, M.H.: Energy, quanta, and vision. J. Gen. Physiol. 25, 819–840
(1942)

2. van der Velden, H.A.: Over het aantal lichtquanta dat nodig is voor een lichtprikkel bij het
menselijk oog. Physica 11, 179–189 (1944)

3. Barlow, H.B.: Retinal noise and absolute threshold. J. Optic. Soc. Am. 46, 634–639 (1956)
4. Simmons, J.A., Ferragamo, M., Moss, C.F., Stevenson, S.B., Altes, R.A.: Discrimination of jit-

tered sonar echoes by the echolocating bat, Eptesicus fuscus: the shape of target images in
echolocation. J. Comp. Physiol. A 167, 589–616 (1990)

5. Dudley, R.: The biomechanics of insect flight: form, function, evolution. Princeton University
Press, Princeton (2000) p. 316

6. de Ruyter van Steveninck, R., Bialek, W.: Real-time performance of a movement sensitive
neuron in the blowfly visual system: coding and information transfer in short spike sequences.
Proc. R. Soc. Lond. Ser. B 234, 379–414 (1988)

7. de Ruyter van Steveninck, R., Bialek, W.: Reliability and statistical efficiency of a blowfly
movement-sensitive neuron. Philos. Trans. R. Soc. Lond. 348, 321–340 (1995)

8. de Ruyter van Steveninck, R.R., Bialek, W., Potters, M., Carlson, R.H., Lewen, G.D.: Adaptive
movement computation by the blowfly visual system, in Natural and Artificial Parallel Compu-
tation. In: Waltz, D.L. (ed.) Proceedings of the Fifth NEC Research Symposium, Philadelphia,
SIAM 21–41 (1996)

9. de Ruyter van Steveninck, R.R., Bialek, W., Potters, M., Carlson, R.H.: Statistical adaptation
and optimal estimation in movement computation by the blowfly visual system. In: Proceedings
IEEE Conference Systems Man and Cybernetics (1994) pp. 302–307

10. Bialek, W.: Thinking about the brain. Lectures at Les Houches Session LLXV arXiv: phys-
ics/0205030 (2002)

11. Maynard Smith, J.: Honest signaling—the Philip Sidney game. Anim Behav 42, 1034–1035
(1991)

12. Johnstone, R.A.: Conspiratorial whispers and conspicuous displays: games of signal detection.
Evolution 52, 1554–1563 (1998)

13. Johnstone, R.A.: Efficacy and honesty in communication between relatives. Amer. Nat. 152
45–58 (1998)

14. Wiley, R.H.: Errors, exaggeration, and deception in animal communication. In: Real, L.A. (ed.)
Behavioral Mechanisms in Evolutionary Ecology, pp. 157–189 . University of Chicago Press,
Chicago (1994)

15. Wiley, R.H.: Sexual selection and mating systems: trade-offs for males and females. In: App-
ollonio M, Festa-Bianchet M, Mainardi D (eds.) Vertebrate Mating Systems, pp. 8–46. World
Scientific, London (2000)

16. Taylor, P., Jonker, L.: Evolutionarily stable strategies and game dynamics. Math. Biosci. 40,
145–156 (1978)

17. Hofbauer, J., Sigmund, K.: Evolutionary Games and Population Dynamics. Cambridge
University Press, Cambridge (2002)

18. Weibull, J.: Evolutionary Game Theory. MIT, Cambridge (1995)
19. Akin, E., Hofbauer, J.: Recurrence of the Unfit. Math. Biosci. 61, 51–62 (1982)
20. Guillemin, V., Pollack, A.: Differential Topology. Prentice Hall, Englewood Cliffs, New Jersey

(1974)



384 M. R. Adams, A. T. Sornborger

21. Abraham, R., Marsden, J., Ratiu, T.: Manifolds, Tensor Analysis and Applications. Addison-
Wesley, Reading (1983)

22. Morse, M.: Singular Points of Vector Fields under General Boundary Conditions. Amer. J.
Math. 51, 165–178 (1929)

23. Akin, E.: The Geometry of Population Genetics. Springer, Berlin Heidelberg New York (1979)


	Analysis of a certain class of replicator equations
	Abstract
	Introduction
	Interior equilibria
	Equilibria on the 1-skeleton
	Topological considerations
	Towards a global attractor
	The non-generic case
	Conclusions
	Appendix

