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Alternating Harmonic Series Sum
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Intervals of Convergence
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Chapter 10: Infinite Sequences and Series

It can be shown that the series also converges to tan” ' x at the endpoints x = 1] but g

omit the proof.
Notice that the original series in Example 5 converges at both endpoints of the

nal interval of convergence, but Theorem 22 can guarantee the convergence of the g;
entiated series only inside the interval.

EXAMPLE 6

The series
A g f = P
R i

converges on the open interval —1 < r < 1. Therefore,

In(l +x) = ‘—dt—t—ﬁ+£—ﬁ+ : 1
n X . 1 4¢ 2 3 4 i heorem 2
2 3 4
s gz, Moo Xro Ko
=X 2+3 4’+
or

00 ]n~ln

1n(|+x)=2( ),, ! =] ¥l

It can also be shown that the series converges at x = 1 to the number In 2, but that was

guaranteed by the theorem.
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Exercises 3740, find the series” radius of convergence.

123-6-8 3nx"
=( 2:4:6:-(2n) \?
;(2'5'8-“(371—1)) x'
®  (p!)?
b 2 50

(Hint: Apply the Root Test.)

Exercises 41-48, use Theorem 20 to find the series’ interval of con-
rgence and, within this interval, the sum of the series as a function

o0
42. Y (e — 4y

n=0 n=0
X(x= 1) X (x+ )
G (21

hg the Geometric Series

In Example 2 we represented the function f(x) = 2/x as a power
series about x = 2. Use a geometric series to represent f(x) as a
 Power series about x = 1, and find its interval of convergence.,

Usea geometric series to represent each of the given functions as a
Power series about x = 0, and find their intervals of convergence.

a, ( — 5 =
A flx) e b. gx) 3
' R"Presem the function g(x) in Exercise 50 as a power series about
*=5, and find the interval of convergence.

1% Find the interval of convergence of the power series

x
22) ‘%xﬂ.
o
b. Represent the ies in pe : seri

$ power series in part (a) as a power series about
N - 3 and identify the interval of convergence of the new
Series. (Later in the chapter you will understand why the new
Mterva] of convergence does not necessarily include all of the
Wmbers in the original interval of convergence.)

10.7 Power Series
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Theory and Examples

53. For what values of x does the series

54

55.

57

58

1. _ | (PR N sl Ve wwes
l=3G=D+gx=-3P+ +<2>(x 3y +

converge? What is its sum? What series do you get if you differ-
entiate the given series term by term? For what values of x does
the new series converge? What is its sum?

If you integrate the series in Fxercise 53 term by term, what new
series do you get? For what values of x does the new series con-
verge, and what is another name for its sum?

The series

X x X 0 M

sinx=x—-S-+o -+ —--%X__ ...
3579
converges to sin x for all x.
a. Find the first six terms of a series for cos x. For what values
of x should the series converge?

b. By replacing x by 2x in the series for sin x, find a series that
converges to sin 2x for all x.

¢. Using the result in part (a) and series multiplication, calculate
the first six terms of a series for 2 sin x cos x. Compare your
answer with the answer in part (b).

. The series

R e

2
= I_ — — =
e—|+x+2!+3!+4!+5!+

converges to e* for all x.

a. Find a series for (d/dx)e*. Do you get the series for &*?
Explain your answer. )

b. Find a series for f e* dx. Do you get the series for ¢*? Explain
your answer.

¢. Replace x by —x in the series for e* to find a series that con-
verges to e for all x. Then multiply the series for * and ¢
to find the first six terms of a series for ¢~ « ¢*,

The series

22 1 62w
t =x+ S5+t et et
WETETLT ISR T
converges to tan x for —7 /2 < x < 7/2.
a. Find the first five terms of the series for In [ sec x|. For what
values of x should the series converge?
b. Find the first five terms of the series for sec>x. For what val-
ues of x should this series converge?
¢. Check your result in part (b) by squaring the series given for
sec x in Exercise 58.

The series

3

A

secx =1 + P =il
I+3+ %

6l 5,277 4.
720 " goea* *

converges to sec x for —7 /2 < x < 7/2,

a. Find the first five terms of a power series for the function
In|sec x + tan x|. For what values of x should the series
converge?
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b. Find the first four terms of a series for sec x tan x. For what
values of x should the series converge?

¢. Check your result in part (b) by multiplying the series for
sec x by the series given for tan x in Exercise 57.

59, Uniqueness of convergent power series

a. Show that if two power series E:i(,a,,x" and E:ZO b,x" are
convergent and equal for all values of x in an open interval
(—c. ¢), then a, = b, for every n. (Hint: Let
fx) = Thepax" = 3 ob,x". Differentiate term by term
to show that a, and b, both equal f*(0)/(n!).)

108 Taylor and Maclaurin Series

b. Show that if 3" a,x" = 0 for all x in an open interyg
(—¢, ¢), then a, = 0 for every n.

60. The sum of the series X" (n*/2") To find the sum of 2

series, express 1 /(1 — x) as a geometric series, differemiam . g

sides of the resulting equation with respect to x, multiply of

sides of the result by x, differentiate again, multiply by agag
and set x equal to | /2. What do you get? -

We have seen how geometric series can be used to generate a power series for a few funy
tions having a special form, like f(x) = 1/(1 — x) or g(x) = 3/(x — 2). Now we expay
our capability to represent a function with a power series. This section shows how
tions that are infinitely differentiable generate power series called Taylor series. In
cases, these series provide useful polynomial approximations of the generating function
Because they are used routinely by mathematicians and scientists, Taylor series are cof
sidered one of the most important themes of infinite series.

Series Representations

We know from Theorem 21 that within its interval of convergence / the sum of a po¥
series is a continuous function with derivatives of all orders. But what about the other W&
around? If a function f(x) has derivatives of all orders on an interval, can it be expressed?
a power series on at least part of that interval? And if it can, what are its coefficients?

We can answer the last question readily if we assume that f(x) is the sum of a pow

series about x = a,

fx) = Dax = a)
n=0

with a positive radius of convergence. By repeated term-by-term differentiation within ¥
interval of convergence /, we obtain

f'(x) = a, + 2a)(x — a) + 3ay(x —a)* + -+
f'(x) = 1+2a; + 2+3a3(x — a) + 3+da,x —aP + -+,
f"(x) = 1:2+3a3 + 2+3+4a(x — a) + 3+4-5a(x —a)* + -,
with the nth derivative, for all n, being
f“(x) = nla, + asum of terms with (x — a) as a factor.

Since these equations all hold at x

f’(a) = a,,

and, in general,

ay + ay(x — a) + ay(x — a)* + -+

T BT =g

+ na(x —ay" '+,

a, we have

f"(a) =1- 2(12. f"'(a) =12 3(13.

f"(a) = nla,.



630 Chapter 10: Infinite Sequences and Series

EXAMPLE 4 It can be shown (though not easily) that

v /0, x=0
. . 0, = 0 fx) = v -
i e VE x#0 ) _
(Figure 10.19) has derivatives of all orders at x = 0 and that f"(0) = 0 for all
means that the Taylor series generated by f at x = 0 is :
, f"(O) N f(n)(O)
- Ly, JOFFOR TR e T
-2 -1 0 ] 2 ,
= 0g F s & R
FIGURE 10.19 The graph of the con- = 410 i P,
tinuous extension of y = ¢/ is so flat

at the origin that all of its derivatives there 1 ne series converges for every x (its sum is 0) but converges to f(x) only at x = () That!
are zero (Example 4). Therefore its Taylor the Taylor series generated by f(x) in this example is not equal to the function ) ol
series, which is zero everywhere, isnot the  the entire interval of convergence.

function itself.
Two questions still remain.

1. For what values of x can we normally expect a Taylor series to converge to its gener
ing function?
2. How accurately do a function’s Taylor polynomials approximate the function og
given interval?

The answers are provided by a theorem of Taylor in the next section.

ExerCisesm

Finding Taylor Polynomials 25 fx)=x*+x2+1, a=-2
In Exercises 1-10, find the Taylor polynomials of orders 0, 1, 2, and 3 2%

——— c f) =3 -+ 28 +x2-2, a=-1

27. f(x) =1/x%, a=1

L. fx)=¢€* a=0 2. f(x) =sinx, a=0 o o A . B
3 f@=Inx, a=1 4 fx)=In(l+x), a=0 0 fz"" B e‘/( _’”2‘ ‘
5. fW=1/x, a=2 6 f)=1/x+2), a=0 s J) = e g =
: 30. fx) =2 a=1
7. f(x) =sinx, a=m/4 8. f(x) =tanx, a=m/4 %1 5 y "
i 4 X) = 3 “+ : =
9. fW=Vx a=4 0. f)=Vi-x, a=0 Jiay = coa(Zi+(w/2)); 0= m/
2. fx)=Vx+1, a=0
Finding Taylor Series at x = O (Maclaurin Series) In Exercises 33-36, find the first three nonzero terms of the "
Find the Maclaurin series for the functions in Exercises 11-22. series for each function and the values of x for which the series
verges absolutely.
I 12, xe'
i 5 33. f(x) =cosx — (2/(1 — x))
B 14. T’—‘f— 34, f) = (1 - x + 2)&

15. sin 3x 16. sin 35, f(x) = (sinx)In(1 + x)
36. f(x) = xsin’x

17. Tcos (—x) 18. 5cos mx
- R Theory and Examples
19. coshx = £ t £ 20. sinhx = © —,, £ 37. Use the Taylor series generated by e at x = a to show tha!
2 (x — ay
21 x* - 26 — 5x + 4 ey oF | ) e~ ) g

:'»“
38. (Continuation of Exercise 37.) Find the Taylor series gcne"’_ g

Finding Taylor and Maclaurin Series e* at x = 1. Compare your answer with the formula in Exerc®

In Exercises 23-32, find the Taylor series generated by f at x = a. S )
39. Let f(x) have derivatives through order n at x = a. Show

. 3 _ b O " " . PSIGS” . y
B f)=x-2+4, a=2 Taylor polynomial of order n and its first n derivatives have
2. fr)=2x*+x2+3x—8, a=1 same values that f and its first n derivatives have at x = &

]



Approximation properties of Taylor polynomials Suppose
that f(x) is differentiable on an interval centered at x = @ and that
o) = by + by(x —a) + -+ + b,(x — a)" is a polynomial of
degree n With constant coefficients by, ..., b, Let E(x)=
,' £0) g(x). Show that if we impose on g the conditions

b 1) E@ =0

The approximation error is zero at x = a.

E(x) The error is negligible when
’ compared to (x — a)",

l, i) ey

: ~ then
f"(a)

g = fla) + f'(a)(x — a) + T(x —al + e

] 09 Convergence of Taylor Series

10.9 Convergence of Taylor Series 631

Thus, the Taylor polynomial P,(x) is the only polynomial of
degree less than or equal to n whose error is both zero at
X = a and negligible when compared with (x — a)".

Quadratic Approximations The Taylor polynomial of order 2 gen-
erated by a twice-differentiable function f(x) at x = a is called the
quadratic approximation of f at x = a. In Exercises 4146, find the
(a) linearization (Taylor polynomial of order 1) and (b) quadratic
approximation of f at x = ().
41. f(x) = In(cos x)

443. f(x) =1/V1 - 22

45. f(x) = sinx

42, f(x) = efin*
4. f(x) = coshx
46. f(x) = tanx

ing theorem.

In the last section we asked when a Taylor series for a function can be expected to con-
verge to that (generating) function. We answer the question in this section with the follow-

b such that

THEOREM 23—Taylor's Theorem If f and its first n derivatives 1 G O, )
are continuous on the closed interval between a and b, and f™ is differentiable
on the open interval between a and b, then there exists a number ¢ between a and

n( ) =
f®) = @ + £ @6 - a) + 520~ ap + -
f(n)(a) ., ﬁn*l)(c) .
t - a) tarnC-9 R,

]

|

Taylor’s Theorem is a generalization of the Mean Value Theorem (Exercise 45). There is a
proof of Taylor’s Theorem at the end of this section.
When we apply Taylor’s Theorem, we usually want to hold a fixed and treat b as an

independent variable. Taylor’s formula is easier to use in circumstances like these if we
change b to x. Here is a version of the theorem with this change.

Taylor's Formula

where

R,(x) =

If f has derivatives of all orders in an open interval / containing a, then for each
positive integer n and for each x in /,

f(x) = fla) + f'(a)(x — a) + fz('a) x—ay+---
(n)
+ fn('(l) (,I' o a)n o R"(X), (l)
nt 1)
) (s~ g™t for some ¢ between a and x. (2)

T+ 1)
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Equations (6) and (9) give

e f(ll? l)(C) i
f(b) = P(b) + T
This concludes the proof. -
We dqy
IS an
a,
'Sesm
Finding Taylor Series 38. If cos x is replaced by 1 — (x?/2) and |x| < 0.5, what estimate
1 Use substitution (as in Example 4) to find the Taylor series at x = 0 can be made of the error? Does 1 — (x*/2) tend to be too large,
€ Wi ¢ the functions in Exercises 1-10. or too small? Give reasons for your answer.
by, o 2. e 3. Ssin (~x) 39. How close is the approximation sinx = x when |x| < 1029
i , NG For which of these values of x is x < sin x?
(6) 4. sin (7) 3. cos 5x 6. cos (x‘ °/ 2) 40. The estimate V1 + x = 1 + (x/2) is used when x is small. Esti-
" pa 1 mate the error when |x| < 0.01.
7. In(1 +22) 8. tan”' (3x*) 9. z o ‘ .
’ 1 + 35 41. The approximation ¢* = | + x + (x2/2) is used when x is small.
1 Use the Remainder Estimation Theorem to estimate the error
0.5~ when |x| < 0.1.
nctiof 42. (Continuation of Exercise 41.) When x < 0, the series for ¢* is
: Use power series operations to find the Taylor series at x = 0 for the an alternating series. Use the Alternating Series Estimation Theo-
d bo functions in Exercises 11-28. rem to estimate the error that results from replacing ¢* by
’ 4 . 2 I + x + (x2/2) when —0.1 < x < 0. Compare your estimate
11, xe' 12. xsin x 13. 5 = 1 +cosx with the one you obtained in Exercise 41.
3
14, sinx — x + ;—’ 15. xcos mx 16. x*cos (x?) Theory and Examples
) 5 . . 43. Use the identity sin’x = (1 — cos 2x)/2 to obtain the Maclaurin
Wi 3P 3 ’ T o B A X s . " . . . . .
e knogg - cosx (Hint: cos’x = (1 + cos 24)/2.) series for sin’x. Then differentiate this series to obtain the
8. sin’x 19 x? 2. xIn(l + 2%) Maclaurin series for 2 sin x cos x. Check that this is the series for
s “l—2x ’ sin 2x.
i - 22. 2 2. xtan~! 52 44. (Continuation of Exercise 43.) Use the identity cos’x =
of (1 —x)? (1 —2) cos 2x + sin’x to obtain a power series for cosx.
G o 1 . 45, Taylor’s Theorem and the Mean Value Theorem Explain
 SIN X+ COS 2. &+ —— 26. ¢ ~ sin
e 1% —— how the Mean Value Theorem (Section 4.2, Theorem 4) is a spe-
x ial ¢ ,
jln(l T 28. In(1 +x - In(l — x) cial case of Taylor’s Theorem.
46. Linearizations at inflection points Show that if the graph of a
mdm . ) ' ' twice-differentiable function f(x) has an inflection point at
. e first four nonzero terms in the Maclaurin series for the func- x = a, then the linearization of f at x = a is also the quadratic
1005 In Exercises 29-34. approximation of [ at x = a. This explains why tangent lines fit
| ) . In(l + x 5 i i i
), and & idics AL ) 3. (tan! ) so well at inflection points. '
1) SUCH * 47. The (second) second derivative test Use the equation
C0s x+ sin x 33, etins 34. sin (tan”' x)
( ) ; f”(cl) 7
' : @) = f@ + f'@)x - a) + =5 — ay?
: =10 Estimates
g u Estimate the error if Py(x) = x — (x7/6) is used to estimate the

Value of sin x at x = 0.1.

Estimate the error if Py =1 +x+ (x3/2) + (x/6) + (x*/24)
S used to estimate the value of * at x = 1/2.

* For dpproximately what values of x can you replace sin x by

* = (x*/6) with an error of magnitude no greater than 5 X 10749
Ve reasons for your answer.

to establish the following test.
Let f have continuous first and second derivatives and sup-
pose that f’(a) = 0. Then

a. f has a local maximum at a if f* = 0 throughout an interval
whose interior contains a;

b. f has a local minimum at a if f* = 0 throughout an interval
whose interior contains a.
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48. A cubic approximation Use Taylor’s formula with @ = 0 and
n =3 to find the standard cubic approximation of f(x) =
1/(1 — x) at x = 0. Give an upper bound for the magnitude of
the error in the approximation when |x| = 0.1.

49. a. Use Taylor's formula with n = 2 to find the quadratic approx-
imation of f(x) = (1 + x)* at x = 0 (k a constant).

b. If k = 3, for approximately what values of x in the interval
[0, 1] will the error in the quadratic approximation be less
than 1/100?

50. Improving approximations of =

a. Let P be an approximation of 7 accurate to n decimals. Show
that P + sin P gives an approximation correct to 3n deci-
mals. (Hint: Let P = 7 + x.)

E b. Try it with a calculator.
51. The Taylor series generated by f(x) = E:’:o a,x"is Sy @,x"

A function defined by a power series S =0a,x" with a radius of
convergence R > 0 has a Taylor series that converges to the
function at every point of (—R, R). Show this by showing that the
Taylor series generated by f(x) = E:ioa,,x" is the series
D n=0a,x" itself.

An immediate consequence of this is that series like

A A T TN,
xXsmx = x 3'+5! 7'+
and
4 5
v gy | 3 ‘E_, \'__
pie = 0. x +2!+3'+

obtained by multiplying Taylor series by powers of x, as well as
series obtained by integration and differentiation of convergent
power series, are themselves the Taylor series generated by the
functions they represent.

52. Taylor series for even functions and odd functions (ggnn‘nu-
ation of Section 10.7, Exercise 59.) Suppose that f(x) = X, -¢a,x"
converges for all x in an open interval (—R, R). Show that

a. If fiseven,thena; = a; = as = -+ = 0, i.e., the Taylor
series for f at x = 0 contains only even powers of x.
b. If fisodd, thenay; = @, = a4 = +++ =0, i.e., the Taylor

series for f at x = 0 contains only odd powers of x.

COMPUTER EXPLORATIONS
Taylor's formula with n = 1 and a = 0 gives the linearization of a
function at x = 0. With n = 2 and n = 3 we obtain the standard

]. O . ].O The Binomial Series and Applications of Taylor Series

quadratic and cubic approximations. In these exercises we eXPlope 1
errors associated with these approximations. We seek answerg e n'
questions: '

a. For what values of x can the function be replaced by each
approximation with an error less than 10727

b. What is the maximum error we could expect if we repjaee k
g 5 § ¢ 3 g
function by each approximation over the specified Intervg)y

Using a CAS, perform the following steps to aid in angy, it

questions (a) and (b) for the functions and intervals in Exercien
53-58.

Step 1: Plot the function over the specified interval.
Step 2: Find the Taylor polynomials P(x), P5(x), and Px)
x=0. '
Step 3: Calculate the (n + 1)st derivative f"*"(c) associ.
ated with the remainder term for each Taylor polynomial,

Plot the derivative as a function of ¢ over the specified inters
val and estimate its maximum absolute value, M.

Step 4: Calculate the remainder R,(x) for each polynomial,;
Using the estimate M from Step 3 in place of f"*"(¢), plot
R,(x) over the specified interval. Then estimate the values of
x that answer question (a).
Step 5: Compare your estimated error with the actual error
E,(x) = |f(x) = P,(x)| by plotting E,(x) over the specified
interval. This will help answer question (b).
Step 6: Graph the function and its three Taylor approxima

tions together. Discuss the graphs in relation to the informas
tion discovered in Steps 4 and 5.

1 3
53. f(x) = e x| =3
54. f(x) = (1 + x)*2, -% =x=2
55. f(x)=x21|, |x| =2
56. f(x) = (cos x)(sin2x), |x| =2
57. f(x) = e*cos2x, |x| =1
58. f(x) = esin2x, |x| =2

We can use Taylor series to solve problems that would otherwise be intractable. FOf_
ple, many functions have antiderivatives that cannot be expressed using familiar functio®s
this section we show how to evaluate integrals of such functions by giving them as Th :
series. We also show how to use Taylor series to evaluate limits that lead to indetef™
forms and how Taylor series can be used to extend the exponential function from o p
complex numbers. We begin with a discussion of the binomial series, which comes frof®
Taylor series of the function f(x) = (1 + x)™ and conclude the section with Table *
which lists some commonly used Taylor series.

10



sin 6,

bi fOr al

ises 1-10.
(+ x)\2 2. (1 +x)'3 3. (1-x7
-2 4

(1 — )72 [ 4 (l + ;) 6. (1 -~ 31)

7, (1+ )2 8. (1 + x2)153
12 X

+ 3 10.
g’ (I x) /1 + x

Gind the binomial series for the functions in Exercises | 1-14.
1+ 12. (1 + )

il -gf

pproximations and Nonelementary Integrals
o Exercises 15-18, use series to estimate the integrals’ values with an
gror of magnitude less than 1075, (The answer section gives the inte-

mals’ values rounded to seven decimal places.)

.;A “ il 2‘.)3

0.5 1
7, / = dx 18.
0 1 + 0

se series to approximate the values of the integrals in Exercises
9-22 with an error of magnitude less than 10*.

(,‘l‘, 0.1
/ i dx 20./ e dy
0 0

0.1 |
/ VI + ¥ dx 22./143‘&(&
0 0 X

¥ Estimate the error if cos £ is approximated by | —
integral |, 0' cos 2 dt.

4 8
%+‘%inthe

= 3 o8
 Estimate the error if cos /7 is approximated by 1 — é + ‘% - (L,'I'

in the integral f(,l cos Vrdt.

¥ Exercises 2528, find a polynomial that will approximate F(x)
Oughout the given interval with an error of magnitude less than

- x
1 F(-U:/sinﬂd:, [0,1]
JO
“ X
F(X):/,Zeﬂ-'d" [0.[]
0

- F(")=/ tan"'rdr, (a) [0,05] (b) [0,1]
0

Fx) < / Y W [0,05]
0

, (b) [0,1]

the first four terms of the binomial series for the functions in

645

10.10 The Binomial Series and Applications of Taylor Series

Indeterminate Forms
Use series to evaluate the limits in Exercises 29-40).

e — (1 +. - e
29, lim=—C +¥ 30. lim&—¢
=0 % 0
1 —cost— (2/2) sinfl — 6 + (6%/6)
R .l ) MY fim—— - * \¢'/6)
=0 2 80 f°
y —tan'y tan"'y — siny
33. Iim'&,' 34. lim%
y—0  y3 =0 ycosy
35, lim 2 (e V7 — 1) 36. lim (x + 1)sin —!
00 r—00 it l
In(1 + ¥? -
B, Gt 38, lim = —4_
—0 | — cosx =2 In(x - 1)
in 3x? In(1 + x*
39, lim 303 gy DAL

—0 | — cos 2x =0 x-sinx?

Using Table 10,1
In Exercises 41-52, use Table 10.1 to find the sum of each series.

1 1 |
4l.l+l+’2—!+3—!+4—!"
1Y (Y, (1Y, (1),
42.<4)+(4>+<4>+ i +
3¢ 3¢ 36
QB 1-——+2___2 ...
. £:21 7 44.4) 4.6
1 | | |
Ut —e-—y
2 2:22 3.2 4.8
LA G LN
CI datEs Fagt
2 23 23 27
6. 5-—+—_ 2
3 33735 3.9
9. 3+ + 5+ x6 4+ ...
32 3t 3646
bl
49. X — x5+ 57— 0 4 41l — ...
3 2% 235 4
50.x‘—213+3!——"3—r W'—
SL =1+ 232 +483 —5¢4 + ...
S I B
52.l+2+3+4+5+~~-

Theory and Examples

53. Replace x by —x in the Taylor series for In (1 + x) to obtain a
series for In(1 — x). Then subtract this from the Taylor series for
In (1 + x) to show that for |x| < 1,

I'+% 2 L )
Inj— —2<x+3+5+ )

= =

54. How many terms of the Taylor series for In(1 + x) should you
add to be sure of calculating In (1.1) with an error of magnitude
less than 107%? Give reasons for your answer.
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55. According to the Alternating Series Estimation Theorem, how
many terms of the Taylor series for tan™' | would you have to add
to be sure of finding 7 /4 with an error of magnitude less than
107%? Give reasons for your answer.

56. Show that the Taylor series for f(x) = tan'x diverges for
[x] > 1.

@ 57. Estimating Pi About how many terms of the Taylor series for

tan™"x would you have to use to evaluate each term on the right-
hand side of the equation

g | | |
= - o 1S . ; I 2
7 = 48 tan T + 32 tan 57 20 tan 739

with an error of magnitude less than 107? In contrast, the con-
vergence of E,,i,( 1/n?) to m?/6 is so slow that even 50 terms
will not yield two-place accuracy.

58. Use the following steps to prove that the binomial series in Equa-

tion (1) converges to (1 + x)™.

a. Differentiate the series
=1+ 3 (")
= \k

mf(x)
4 = — -] < i
f'(x) [+ I <3<

to show that

b. Define g(x) = (1 + x)™™ f(x) and show that g'(x) =
¢. From part (b), show that

fx) = (1 + x™

59. a. Use the binomial series and the fact that

%sm Ix= (1 —x2)2
to generate the first four nonzero terms of the Taylor series
for sin”'x. What is the radius of convergence?

b. Series for cos 'x Use your result in part (a) to find the first
five nonzero terms of the Taylor series for cos ' x.

60. a. Series for sinh'x Find the first four nonzero terms of the
Taylor series for

sinh“x=/x dt
o V1 + tz'

[ﬂ b. Use the first three terms of the series in part (a) to estimate
sinh™'0.25. Give an upper bound for the magnitude of the
estimation error,

61. Obtain the Taylor series for 1/(1 + x)* from the series for
=1/(1+ %),
62. Use the Taylor series for 1/(1 — x?) to obtain a series for
/(1 — x?)2
63. Estimating Pi The English mathematician Wallis discovered
the formula

~N o

7 _2:4:4:6:6-8-
4 3:5:5:7+7+

3

Find 7 to two decimal places with this formula.

64. The complete elliptic integral of the first kind is the integrg)

d
o VI — k2sin’f
where 0 < k < 1 is constant,

a. Show that the first four terms of the binomial series for
1/V1 — xare

1 1:3, , 1:3:5

G TV S TV RY S

x3 4 .-

(1-x""=1+

b. From part (a) and the reduction integral Formula 67 at the
back of the book, show that

e 2+ (e (12 (128 ]

65. Series for sin'x Integrate the binomial series for (1 — xz)-l

to show that for |x| < 1,

tS5ecce@n-1 X+
4:6+--+(2n) 2n+1

66. Series for tan 'x for |x| > 1 Derive the series

EUNTES. S e (e 5
tan”'x ) x+3x3 5x5+ x> 1
=1 =_E_l _]-__1- & s
e d 2 x 3 §¢° - k
by integrating the series
6.
Lo_ 1,1 _1_ 1.1 1.,

1+ 2 1+0/2) 22 ¢ ¢

in the first case from x to 00 and in the second case from —00 10X

Euler’s Identity
67. Use Equation (4) to write the following powers of ¢ in the forl

a + bi.
W Rl b. em/4 c. e/ 10,
68. Use Equation (4) to show that
o 4 6 0 _ ,-if '
cosd=5T1€" ang g = L5, L
2 2i

69. Establish the equations in Exercise 68 by combining the formé
Taylor series for ¢ and e .
70. Show that
a. cosh i = cos 6, b. sinh i = isin 6.

71. By muluplymg the Taylor series for ' and sin x, find the "
through x° of the Taylor series for e*sinx. This series is &8
imaginary part of the series for

e et = e{lﬁu

Use this fact to check your answer. For what values of ¥ $7°%
the series for e*sin x converge? :

72, When a and b are real, we define e“*®* with the equation

elavib = pux. pibx = g¥(co5 hx + isin bx).



Differentiate the right-hand side of this equation to show that

d

B (a+ib)x — : (a+ib)x
e = (a + ib)e -
dx )

. Thus the familiar rule (d/dx)é™ = ke holds for k complex as
well as real.

" Use the definition of ¢ to show that for any real numbers 6, 6,
g and 65,

. ei"eial = e:(a.»a..)' b. e—iﬂ = l/e"“.

{, What is an infinite sequence? What does it mean for such a
sequence to converge? To diverge? Give examples.

» What is a monotonic sequence? Under what circumstances does
such a sequence have a limit? Give examples.

3. What theorems are available for calculating limits of sequences?
Give examples.

What theorem sometimes enables us to use I'Hopital’s Rule to
calculate the limit of a sequence? Give an example.

5, What are the six commonly occurring limits in Theorem 5 that
arise frequently when you work with sequences and series?

6, What is an infinite series? What does it mean for such a series to
converge? To diverge? Give examples.

7. What is a geometric series? When does such a series converge?
Diverge? When it does converge, what is its sum? Give examples.

8, Besides geometric series, what other convergent and divergent
series do you know?

. What is the nth-Term Test for Divergence? What is the idea
behind the test?

0. What can be said about term-by-term sums and differences of
convergent series? About constant multiples of convergent and
divergent series?

I. What happens if you add a finite number of terms to a convergent
series? A divergent series? What happens if you delete a finite
tumber of terms from a convergent series? A divergent series?

% How do you reindex a series? Why might you want to do this?

terms converge? Diverge? Why study series of nonnegative terms?

What is the Integral Test? What is the reasoning behind it? Give
in example of its use.
5

* When do p-series converge? Diverge? How do you know? Give
r Xamples of convergent and divergent p-series.

_Vthal are the Direct Comparison Test and the Limit Comparison
®St? What is the reasoning behind these tests? Give examples of
€ir use,

' ,Whal are the Ratio and Root Tests? Do they always give you the

i ! 5 <
"f()nnauon you need to determine convergence or divergence?
Ve examples.
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74. Two complex numbers a + ib and ¢ + id are equal if and only if
a = ¢ and b = d. Use this fact to evaluate
/e‘“cos bx dx and /e‘“sin bx dx
from

@tibw gy = @ = 0b aiipn
euu dx— 3 2e4al + C'
a*+ b

where C = C, + iC; is a complex constant of integration.

Questions to Guide Your Review

18. What is absolute convergence? Conditional convergence? How
are the two related?

19. What is an alternating series? What theorem is available for
determining the convergence of such a series?

20. How can you estimate the error involved in approximating the
sum of an alternating series with one of the series’ partial sums?
What is the reasoning behind the estimate?

21. What do you know about rearranging the terms of an absolutely
convergent series? Of a conditionally convergent series?

22. What is a power series? How do you test a power series for con-
vergence? What are the possible outcomes?

23. What are the basic facts about
a. sums, differences, and products of power series?
b. substitution of a function for x in a power series”?
¢. term-by-term differentiation of power series?
d. term-by-term integration of power series”
Give examples.

24. What is the Taylor series generated by a function f(x) at a point
x = a? What information do you need about f to construct the
series? Give an example.

25. What is a Maclaurin series”

26. Does a Taylor series always converge to its generating function?
Explain.

27. What are Taylor polynomials? Of what use are they?

28. What is Taylor's formula? What does it say about the errors
involved in using Taylor polynomials to approximate functions?
In particular, what does Taylor's formula say about the error in a
linearization? A quadratic approximation?

29. What is the binomial series? On what interval does it converge?
How is it used?

30. How can you sometimes use power series o estimate the values
of nonelementary definite integrals? To find limits?

31. What are the Taylor series for 1/(1 — x), 1/(1 + x), &, sinx,

cos x, In(1 + x), and tan"'x? How do you estimate the errors
involved in replacing these series with their partial sums?



