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quadratic as a squared linear expression. Then, from the equation in standard form, read
off the center and radius. For the sphere here, we have

,r2+yz+zz+3x—4z+l 0

(2 +3x) + y2 + (2 - 42) = -1

) 3Vt et (2 —ao o (22 2y o (3 L (—4)
(.t +3x+(2>)+y +<.. 4~+(2> =-1+ 5 2 7
- ]
(x+%) +y2+(z—2)2=—l+g+4=24—1.
From this standard form, we read that x, = =3/2,y, = 0,2 = 2, and a = \/§-1/2,The
center is (—3/2, 0, 2). The radius is \/2—1/2. &

EXAMPLE 5  Here are some geometric interpretations of inequalities and equations
involving spheres.

(@ P*+y+722<4 The interior of the sphere x* + y? + 72 = 4,

b) 2+y+2<4 The solid ball bounded by the sphere x? + y2 +

2} = 4. Alternatively, the sphere x> + y? + 72 =
4 together with its interior.

© 2+y2+22>4 The exterior of the sphere x> + y? + 72 = 4,
d 2+ +22=4,2<0 The lower hemisphere cut from the sphere x? +
y* + 22 = 4 by the xy-plane (the plane z = 0).

Just as polar coordinates give another way to locate points in the xy-plane (Section
11.3), alternative coordinate systems, different from the Cartesian coordinate system
developed here, exist for three-dimensional space. We examine two of these coordinate
systems in Section 15.7.

ise‘S |

etric Interpretations of Equations Geometric Interpretations of Inequalities and Equations
i Exercises 1-16, give a geometric description of the set of points in In Exercises 17-24, describe the sets of points in space whose coordi-
#ce whose coordinates satisfy the given pairs of equations. nates satisfy the given inequalities or combinations of equations and
b X=2 y=3 2.x=-1, z= inequalities.
81=0, z=0 dx=1 y=0 17.0.x=0, y=20, z=0 b. x=0, y=0, z=0
-X2+\2-_-4 z=0 6. 2 +v =4 7 =-2 18. a. 0=sx=1 bh.0=x=1 0=sy=|]
Pi2=y y= 8. ¥+22=1 x=0 €« 0=x=1l 0=ys], 0sz=1
-x3+.\2+zz___]‘ =0 19 a X +y +22=<1 b. 2+y*+22>1

P2 2=25 y=—4 20.a. XX +y’ <=1, z= b & +3E=1;, z=3
Bey2yz+32=25 z=0 ¢ x>+ y* =1, norestriction onz

CHy-1p+2=4, y=0 Mal=sx+y+d=4

x2+\2:4‘z:‘, b.X2+y+22=<1, z=0

x4 - P T S— 22, 2. x=y, z=0 b. x =y, no restriction on z
=R - B.ay=x z=0 b.x=<), 0=:z=2

2R 24. a. z =1 —y, norestriction on x

b.z=y, x=2
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In Exercises 25-34, describe the given set with a single equation or

with a pair of equations.

25, The plane perpendicular to the
a. x-axis at (3,0, 0) b. y-axis at (0,—1,0)
c. z-axis at (0, 0,-2)

26. The plane through the point (3, —1, 2) perpendicular to the
a. x-axis b. y-axis ¢, Z-axis

27. The plane through the point (3, —1, 1) parallel to the
a. xy-plane b. yz-plane

28. The circle of radius 2 centered at (0, 0, 0) and lying in the

¢, xz-plane

a. xy-plane ¢. xz-plane

29. The circle of radius 2 centered at (0, 2, 0) and lying in the

b. yz-plane

a. xy-plane  b. yz-plane c. plane y = 2
30. The circle of radius 1 centered at (—3, 4, 1) and lying in a plane

parallel to the

a. xy-plane b. yz-plane c. xz-plane

31. The line through the point (1, 3, —1) parallel to the

a. x-axis b. y-axis c. z-axis

32. The set of points in space equidistant from the origin and the
point (0, 2, 0)

33. The circle in which the plane through the point (1, 1, 3) perpen-
dicular to the z-axis meets the sphere of radius 5 centered at the
origin

34. The set of points in space that lie 2 units from the point (0, 0, 1)
and, at the same time, 2 units from the point (0, 0, 1)

Inequalities to Describe Sets of Points

Write inequalities to describe the sets in Exercises 35-40.

35. The slab bounded by the planes z =0 and z = 1 (planes
included)

36. The solid cube in the first octant bounded by the coordinate
planes and the planes x = 2,y = 2,and z = 2

37. The half-space consisting of the points on and below the xy-plane

38. The upper hemisphere of the sphere of radius | centered at the
origin

39. The (a) interior and (b) exterior of the sphere of radius 1 centered
at the point (1, 1, 1)

40. The closed region bounded by the spheres of radius 1 and radius 2
centered at the origin. (Closed means the spheres are to be
included. Had we wanted the spheres left out, we would have
asked for the open region bounded by the spheres. This is analo-
gous to the way we use closed and open to describe intervals:

closed means endpoints included, open means endpoints left out.
Closed sets include boundaries; open sets leave them out.)

Distance
In Exercises 41-46, find the distance between points P, and P;.

4. (1,1, 1),  P(3,3,0)
2. P(-1,1,5), Py2.5.0)
43. P(1,4,5)., P4,-2,7)

4. P(3,4.5), P(2.3,4
45. P(0,0,0), P(2,-2,-2)
46. Pi(5,3,-2), P0,0,0)
Spheres

Find the centers and radii of the spheres in Exercises 47-5().
47. x+2P+y+(z—-27=8

48. (x — 12 + (_\»+ %)A+(:+3)3=25

49. (x— V2P + (y- V2§ + (z+ V22 =2
50. xl+<_v+%):+(:_%>2=|_;§

Find equations for the spheres whose centers and radii are givep jg
Exercises 51-54. '

Center Radius
51. (1,2.3) V14
52. (0,—1,5) 2
1 2 4
- ("'5'“3) 9
54. (0,-7,0) 7

Find the centers and radii of the spheres in Exercises 55-58.
5. X +y+22+4x—4z=0

§6. > +y*+ 2 —6y+ 8 =0

57. 22+ 2y + 222+ x+y+2z2=9

58. 3 +3y* +32+2y—22=9

Theory and Examples 4
59, Find a formula for the distance from the point P(x, y, z) to the =

a. Xx-axis. b. y-axis. €. z-axis.

60. Find a formula for the distance from the point P(x, y, ) to the
a. xy-plane.

61. Find the perimeter of the triangle with vertices A(~1
B(1,-1,3), and C(3, 4, 5).

62. Show that the point P(3, 1, 2) is equidistant from the P
A(2,-1,3)and B4, 3, 1).

63. Find an equation for the set of all points equidistant froM %
planes y = 3and y = —1.

b. yz-plane. ¢. xz-plane.

oinl

64. Find an equation for the set of all points equidistant ffom‘
point (0, 0, 2) and the xy-plane. ;

2=

65. Find the point on the sphere x? + (y — 3)* + (z + 9
nearest

a. the xy-plane. b. the point (0, 7, —5).

66. Find the point equidistant from the points (0, 0, 0), (0, 4,
(3,0,0), and (2, 2, —3).
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and

The force vectors are then F; = (—33.08,47.24) and F, = (33.08, 27.76).

Exercises [} A4

Vectors in the Plane
In Exercises 1-8, let u = (3,-2) and v= (—2,5). Find the (a)
component form and (b) magnitude (length) of the vector.

1. 3u 2 —2¥

Jbuty 4. u—-v

5. 2u — 3v 6. —2u + 5v
3,4 i .12

7. 5u 4 5\ 8. 13ll + 13v

In Exercises 916, find the component form of the vector.
9. The vector i’_é where P = (1,3)and Q = (2,—1)

10. The vector OP where O is the origin and P is the midpoint of seg-
ment RS, where R = (2,—1) and § = (-4, 3)

11. The vector from the point A = (2, 3) to the origin

12. The sum of AB and CD, where A = (1,—1),B = (2,0),
C=(-1,3),and D = (-2,2)

13. The unit vector that makes an angle § = 27 /3 with the positive
x-axis

14. The unit vector that makes an angle # = —31 /4 with the positive
x-axis

15. The unit vector obtained by rotating the vector (0, 1) 120° coun-
terclockwise about the origin

16. The unit vector obtained by rotating the vector (1,0) 135° coun-
terclockwise about the origin

Vectors in Space

In Exercises 17-22, express each vector in the form v = v,i +
vj + nk.

17. Px_i’z if P, is the point (5,7,—1) and P, is the point (2, 9, —2)
18. AP, if P, is the point (1, 2, 0) and P, is the point (—3, 0, 5)

19. AB if A is the point (—7,—8, 1) and B is the point (~10, 8, 1)
20. AB if A is the point (1, 0, 3) and B is the point (—1, 4, 5)

2l. 5Su —vifu= (1,1,-1)andv = (2,0,3)

22, —2u + 3vifu= (-1,0,2) andv = (1,1,1)

75 cos 55°
sin 55° cos 40° + cos 55° sin 40°

IF2| -

_ _75c0s55°
= 5n(55° + 409 (55° + 40%) 43.18 N.

Geometric Representations
In Exercises 23 and 24, copy vectors u, v, and w head to taj 4
needed to sketch the indicated vector.

23.
w
u
v
au+y b.u+v+w
R B d u-w
24,
g
u >
w
au-v b.u—-v+w
G 2u—'V d u+v+w

Length and Direction 9
In Exercises 25-30, express each vector as a product of its length &
direction.

25, 2+ j — % 26. % — 2j + 6k
3. 4
27. 5k 2. 3i+ 3k
29 Lj- Ly L, 3 1,3 Kk
Ve V6o Ve Vi V3 V3



find the vectors whose lengths and directions are given. Try to do
e calculations without writing.

. pength Direction
r—
a2 i
‘b.\/-;‘ g
B 1 3,.4
b stk

6 7 e
‘d-7 7i—3i+3k

2 Find the vectors whose lengths and directions are given. Try to do
[ e calculations without writing.

Length Direction

a’l =)

b. V2 -tk

1 IR
da>0 ;l/—ii+\/L§j——\l/—gk

ind a vector of magnitude 7 in the direction of v = 12i — 5k.

4, Find a vector of magnitude 3 in the direction opposite to the
direction of v = (1/2)i — (1/2)j — (1/2)k.

jirection and Midpoints

in Exercises 35-38, find

g, the direction of 15.7’2 and

b. the midpoint of line segment P, P;.

. P(-1,1,5) P(2,5,0)
%. P(1,4,5 P4,-2,7
. P(3,4,5) P(2,3,9)

8. P(0,0,0) Py2,-2,-2)

IfAB =i + 4j — 2k and B is the point (5, 1, 3), find A.
%. If AB = —7i + 3j + 8k and A is the point (=2, 3, 6), find B.

eory and Applications
{l. Linear combination Let u=2i +jv=i+]j and w=
i — j. Find scalars @ and b such that u = av + bw.

42 Linear combination Let u=1i—2j,v=2i +3j, and w=
i + j. Write u = u, + u,, where u, is parallel to v and u, is
parallel to w. (See Exercise 41.)

. Velocity An airplane is flying in the direction 25° west of north
at 800 km /h. Find the component form of the velocity of the air-
plane, assuming that the positive x-axis represents due east and
the positive y-axis represents due north.

- (Continuation of Example 8.) What speed and direction should
the jetliner in Example 8 have in order for the resultant vector to
be 500 mph due east?

Consider a 100-N weight suspended by two wires as shown in the

accompanying figure. Find the magnitudes and components of
the force vectors F, and F,.

45,

46.

47,

49.

50.

51,

12.2 Vectors 717

Consider a 50-N weight suspended by two wires as shown in the
accompanying figure. If the magnitude of vector F, is 35 N, find
angle @ and the magnitude of vector F,.

Consider a w-N weight suspended by two wires as shown in the
accompanying figure. If the magnitude of vector F; is 100 N, find
w and the magnitude of vector F.

. Consider a 25-N weight suspended by two wires as shown in the

accompanying figure. If the magnitudes of vectors F, and F, are
both 75 N, then angles « and B are equal. Find a.

Location A bird flies from its nest 5 km in the direction 60°

north of east, where it stops to rest on a tree. It then flies 10 km in

the direction due southeast and lands atop a telephone pole. Place

an xy-coordinate system so that the origin is the bird's nest, the

x-axis points east, and the y-axis points north.

a. At what point is the tree located?

b. At what point is the telephone pole?

Use similar triangles to find the coordinates of the point Q that

divides the segment from Pj(x;, yi. 7)) t© Ps(x5, ¥5, ) into two

lengths whose ratio is p/q = 1.

Medians of a triangle Suppose that A, B, and C are the corner

points of the thin triangular plate of constant density shown here.

a. Find the vector from C to the midpoint M of side AB.

b. Find the vector from C to the point that lies two-thirds of the
way from C to M on the median CM.

¢. Find the coordinates of the point in which the medians of
AABC intersect. According to Exercise 19, Section 6.6, this
point is the plate’s center of mass. (See the accompanying
figure.)
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C(l1,1,3)

—*M
4 >

A4,2,0)

52. Find the vector from the origin to the point of intersection of the

medians of the triangle whose vertices are

A(1;-1,2);; B2,1;3); and C(=1,2,-1).

1 2 .3 The Dot Product

®em. \\ ; polygon about its center?)

/,;B(l. 3,0) 55. Suppose that A, B, and C are vertices of a triangle

53. Let ABCD be a general, not necessarily planar, quadrilae,,
space. Show that the two segments joining the midpoinyg of ..' \
site sides of ABCD bisect each other. (Hint: Show thy the o3
ments have the same midpoint.)

54. Vectors are drawn from the center of a regular n-sided pol
. OR

the plane to the vertices of the polygon. Show that the sum of

vectors is zero. (Hint: What happens to the sum if yoy rolata"

and thyy q
and c are, respectively, the midpoints of the opposite sideg,

that Aa + Bb + Cc = 0.

5§6. Unit vectors in the plane Show that a unit vector in the pla
can be expressed as u = (cos#)i + (sin6)j, obtained by rotafi
i through an angle # in the counterclockwise direction, Expl
why this form gives every unit vector in the plane.

Length = |F| cos 0

FIGURE 12.19 The magnitude of the
force F in the direction of vector v is the
length |F|cos @ of the projection of F
onto v.

FIGURE 12.20 The angle between u
and v.

If a force F is applied to a particle moving along a path, we often need to know the mags
tude of the force in the direction of motion. If v is parallel to the tangent line to the path
the point where F is applied, then we want the magnitude of F in the direction of v. Figi
12.19 shows that the scalar quantity we seek is the length |F|cos 6, where 6 is the ang
between the two vectors F and v.

In this section we show how to calculate easily the angle between two vectors dired
from their components. A key part of the calculation is an expression called the dot pro
uct. Dot products are also called inner or scalar products because the product results if
scalar, not a vector. After investigating the dot product, we apply it to finding the projé
tion of one vector onto another (as displayed in Figure 12.19) and to finding the work dof
by a constant force acting through a displacement.

Angle Between Vectors

When two nonzero vectors u and v are placed so their initial points coincide, they form
angle 6 of measure 0 < # < 7 (Figure 12.20). If the vectors do not lie along the 5&
line, the angle 6 is measured in the plane containing both of them. If they do lie al({ﬂ
same line, the angle between them is 0 if they point in the same direction and 7 lf
point in opposite directions. The angle 6 is the angle between u and v. Theorem 1 gI*&
formula to determine this angle. '

THEOREM 1—Angle Between Two Vectors The angle 6 between two nonzer®
vectors u = (uy, Uy, tz) and v = (v, v, v3) is given by -

i 3 (u,v, + upvy + u3v3>
= cos .
ul|v|

We use the law of cosines to prove Theorem 1, but before doing so, we focus 8%°%
on the expression u,v, + u,v; + u3v; in the calculation for 6. This expression 18 the ®
of the products of the corresponding components for the vectors u and v.



724  Chapter 12: Vectors and the Geometry of Space

Exercises

Dot Product and Projections
In Exercises 1-8, find

a. v-u,|v|, |ul

b. the cosine of the angle between v and u

c. the scalar component of u in the direction of v
d. the vector proj, u.

v=2i—4j+V5k, u=-2+4j- V5k
v=0/5i+ @4/5Kk u=S5i+ 12j
v=10i + 11j — 2k, u=3j + 4k
v=20+10j - 11k, wu=2i+2j+k

v=35j-3k u=i+j+k
v=—i+]j, u=vr2'i+vl.ij+2k
v=S5i+j u=2+ V17

8 v=<‘L ¢> u:<¢ -¢>
V2' V3l V2' V3

Angle Between Vectors
Find the angles between the vectors in Exercises 9-12 to the nearest
hundredth of a radian.

%9u=2+j v=i+2-Kk

e

10 u=2i-2j+k v=23i+4k
L u=V3i-7, v=V3i+j-2%
12u=i+V2j—-Vk v=—-i+j+k

13. Triangle Find the measures of the angles of the triangle whose
verticesare A = (=1,0), B = (2,1), and C = (1, -2).

14. Rectangle Find the measures of the angles between the diago-
nals of the rectangle whose vertices are A = (1, 0), B = (0, 3),
C=3,4),and D = (4,1).

15. Direction angles and direction cosines The direction angles
a, B, and y of a vector v = ai + bj + ck are defined as follows:
a is the angle between v and the positive x-axis (0 < a < 7)
B is the angle between v and the positive y-axis (0 < B < )
Y is the angle between v and the positive z-axis (0 < y < ).

<

¥
8
1
a. Show that E
a b . (
cosa = —, cosf =—, cosy = — 1
'V| l"l ‘Vi /
2 2 vl . v
and cos*a + cos*B + cos’y = 1. These cosines are cajjed a
the direction cosines of v. : :
b. Unit vectors are built from direction cosines §p,q,,
v = ai + bj + ck is a unit vector, then a, b, and ¢ are the
direction cosines of v.
16. Water main construction A water main is to be ConStrycty
with a 20% grade in the north direction and a 10% grade in g
east direction. Determine the angle 6 required in the water pga : [
for the turn from north to east. A
a
.
g | ;
/ o ‘ i
A e r
/// // €
/ // 6"
PARR

Theory and Examples
17. Sums and differences In the accompanying figure, it looks
if v, + v, and v, — v, are orthogonal. Is this mere coincident
or are there circumstances under which we may expect the sum
two vectors to be orthogonal to their difference? Give reasons fo
your answer.

18. Orthogonality on a circle  Suppose that AB is the diameter
circle with center O and that C is a point on one of the (W0 =2
joining A and B. Show that CA and CB are orthogonal.

C

19. Diagonals of a rhombus  Show that the diagonals of a o™
(parallelogram with sides of equal length) are perpendicular



il

perpendicular diagonals Show that squares are the only rect-
angles with perpendicular diagonals.

. When parallelograms are rectangles Prove that a parallelo-

is a rectangle if and only if its diagonals are equal in length.
(This fact is often exploited by carpenters.)

» piagonal of parallelogram Show that the indicated diagonal
- of the parallelogram determined by vectors u and v bisects the

angle betweenu and v if [u| = |v|.

v

3, Projectile motion A gun with muzzle velocity of 1200 ft/sec
- s fired at an angle of 8° above the horizontal. Find the horizontal

and vertical components of the velocity.

4, Inclined plane Suppose that a box is being towed up an

inclined plane as shown in the figure. Find the force w needed to
make the component of the force parallel to the inclined plane
equal to 2.5 Ib.

5. a. Cauchy-Schwartz inequality Since u-v = |ul|v|cos 6,

show that the inequality [uv| < |u||v| holds for any vectors
uand v.

b. Under what circumstances, if any, does |u - v| equal [u]|v|?
Give reasons for your answer,

2. Dot multiplication is positive definite Show that dot multipli-

cation of vectors is positive definite; that is, show that u+u = 0
for every vector u and that u+u = 0 if and onlyifu = 0.

4 Orthogonal unit vectors If u; and u, are orthogonal unit vec-

rsand v = au; + buy, find v+ u,.

% Cancellation in dot products In real-number multiplication, if

WV = uv, and u # 0, we can cancel the « and conclude that
Y1 = vy. Does the same rule hold for the dot product? That is, if
U'V; = u-v, and u # 0, can you conclude that V) = v;? Give
feasons for your answer.

 Using the definition of the projection of u onto v, show by direct

Calculation that (u — projy u) * proj, u = 0,

" Aforce F = 2i + J — 3k is applied to a spacecraft with velocity

Vector v = 3j — j. Express F as a sum of a vector parallel to v
and a vector orthogonal (o v.

1Uations for Lines in the Plane

ine perpendicular to a vector  Show that v = ai + bj is per-
Pendicular to the line ax + by = ¢ by establishing that the slope
OF the vector v is the negative reciprocal of the slope of the given

line,

12.3 The Dot Product 725

32. Line parallel to a vector Show that the vector v = ai + bj is
parallel to the line bx — ay = ¢ by establishing that the slope of

the line segment representing v is the same as the slope of the
given line.

In Exercises 33-36, use the result of Exercise 31 to find an equation
for the line through P perpendicular to v. Then sketch the line. Include
v in your sketch as a vector starting at the origin.

3B. P21, v=i+2j 4. P-1,2), v=-2i—j

35. P(=2,-7), v=-2i+j 36. P(11,10), v=2i—3j

In Exercises 37-40, use the result of Exercise 32 to find an equation
for the line through P parallel to v. Then sketch the line. Include v in
your sketch as a vector starting at the origin.

37. P(-2,1), v=i-j 38. P(0,-2), v=2i+3j

39. P(1,2), v=—i-2j 40. P(1,3), v=3i-2j

Work

41. Work along a line Find the work done by a force F = 5i
(magnitude 5 N) in moving an object along the line from the origin
to the point (1, 1) (distance in meters).

42. Locomotive The Union Pacific’s Big Boy locomotive could
pull 6000-ton trains with a tractive effort (pull) of 602,148 N
(135,375 Ib). At this level of effort, about how much work did
Big Boy do on the (approximately straight) 605-km journey from
San Francisco to Los Angeles?

43. Inclined plane How much work does it take to slide a crate 20 m
along a loading dock by pulling on it with a 200-N force at an
angle of 30° from the horizontal?

44. Sailboat The wind passing over a boat’s sail exerted a 1000-1b
magnitude force F as shown here. How much work did the wind
perform in moving the boat forward 1 mi? Answer in foot-pounds.

1000 Ib
magnitude
force F

Angles Between Lines in the Plane

The acute angle between intersecting lines that do not cross at right
angles is the same as the angle determined by vectors normal to the
lines or by the vectors parallel to the lines.
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Use this fact and the results of Exercise 31 or 32 to find the acute &7, A=y
angles between the lines in Exercises 45-50. :

45. 3x+y=5 Uk-y=4

=V3ix-1, y=-V3x+2

1 2 .4 The Cross Product

et =l
48. x+ Viy=1, (1-V3hx+(1+V3)y=3y
49. Ax—4y=3, x—y=17
50. 12x + 5y =1, 2x—2y=3

FIGURE 12.27 The construction of
uXxv.

In studying lines in the plane, when we needed to describe how a line was tilting, we o
the notions of slope and angle of inclination. In space, we want a way to describe et
plane is tilting. We accomplish this by multiplying two vectors in the plane together 14
a third vector perpendicular to the plane. The direction of this third vector te]l us §
“inclination” of the plane. The product we use to multiply the vectors together is the
tor or cross product, the second of the two vector multiplication methods, We study§
cross product in this section. i

The Cross Product of Two Vectors in Space

We start with two nonzero vectors u and v in space. If u and v are not parallel, they defg
mine a plane. We select a unit vector n perpendicular to the plane by the right-hand ry
This means that we choose n to be the unit (normal) vector that points the way your rig
thumb points when your fingers curl through the angle # from u to v (Figure 12.27). Th
we define a new vector as follows.

DEFINITION The cross product u X v(*u cross v”) is the vector

u X v =(|u||v|sin6)n.

Unlike the dot product, the cross product is a vector. For this reason it’s also called}
vector product of u and v, and applies only to vectors in space. The vector u X ¥
orthogonal to both u and v because it is a scalar multiple of n. 1

There is a straightforward way to calculate the cross product of two vectors from
components. The method does not require that we know the angle between them (as §&
gested by the definition), but we postpone that calculation momentarily so we can fof
first on the properties of the cross product.

Since the sines of 0 and 7 are both zero, it makes sense to define the cross produt
two parallel nonzero vectors to be 0. If one or both of u and v are zero, we also df
u X v to be zero. This way, the cross product of two vectors u and v is zero if and o;-,
u and v are parallel or one or both of them are zero. 3

Parallel Vectors

Nonzero vectors u and v are parallel if and only ifu X v = 0.

The cross product obeys the following laws.

Properties of the Cross Product

If u, v, and w are any vectors and r, s are scalars, then
22uxX(v+w=uXv+uXxXWV
4. (v+wXu=vyXu+wX8t
6. u X (vxXw =@ wyv-— TR

1. (ru) X (sv) = (rs)(u X v)
J.vXu=—uXy)
5. 0xXu=90
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The dot and cross may be inter-
changed in a triple scalar product

without altering is value.

Exercises-

Cross Product Calculations

In Exercises 1-8, find the length and direction (when defined) of

uXvandv X u,

Lu=2-2j—-k v=i—-k
2.u=2i+3j v=-i+t+}
Jbu=2i—-2j+4k v=-it+j—2k
du=i+j—-k v=0

5. u=2, v=-3j

6. u=ixXj v=jXxk

Chapter 12: Vectors and the Geometry of Space

parallelogram. The number |w||cos 6| is the parallelepiped’s height. Because of thi
geometry, (u X v)*w is also called the box product of u, v, and w. .

By treating the planes of v and w and of w and u as the base planes of the Parallelep;
ped determined by u, v, and w, we see that

uXv)w=(vXWw-u=(wXu)v,
Since the dot product is commutative, we also have
uXv)w=u+(vXw).

The triple scalar product can be evaluated as a determinant:

Uy uz|, Uy Uy uy
(uXv)w= ] = + k|w
Va W3 Vi N Vi W
Uy Uy U Uz U 75}
=W - tw
Vo W3 Vi V3 Vi W
U U U
=|lvy v W
W| Wy Wy

Calculating the Triple Scalar Product as a Determinant

Wy Uy i
Xv)w=|vy v n
Wy Wy W3

EXAMPLE 6  Findthe volume of the box (parallelepiped) determinedby u = i + 2j — Ki
v=-2i+ 3k, and w = 7j — 4k.

Solution Using the rule for calculating a 3 X 3 determinant, we find

1.2 =3
0 3 -2 = 0 :
uXvyw=|[|-2 0 3 =(l)‘7 _4|—(2)‘ 0 _i +(—1)’ 7"‘23
0 7 -4 4
Thcvolumcis|(u><v)'w| = 23 units cubed.
7.u=-8i—2j—4k, v=2i+2j+k
8.u—%i—%j+k. v=i+j+2k

In Exercises 9-14, sketch the coordinate axes and then include *5
vectors u, v, and u X v as vectors starting at the origin.

9. u=1i, v=j 10, u=i—-k v=j
Mu=i-k v=j+k 12 u=2-j v=i+2
B.u=i+j v=i-} 14 u=j+2k v=i
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" pxerciscs 15-18,
‘”CIe a. Find the area of the triangle determined by the points P, Q,
and R.
p. Find a unit vector perpendicular to plane PQR.
e P(.—1,2), 0(2,0,~1), R©0,2,1)
6 PO LD, 02,1,3), RG3,-1,1)
‘ P2.—2,1), 0(3,-1,2), R3,-1,1)
8 P(-2,2,0), Q00,1,-1), R(-1,2,-2)
Triple Scalar Products
Exercises 19-22, verify that (u X v)'w = (v X w)*u =
¥ u)*v and find the volume of the parallelepiped (box) deter-
mined by u, v, and w
u v w
9, 2i 2 2k
0. i—-Jjtk 2A+j—-2% ~14+ 2] -k
LA+ § 2i—] +k i+ 2k
M. i+j— 2k =1~k 2i +4j — 2k
Theory and Examples
, Parallel and perpendicular vectors Letu = 5i — j + k,v =
j — 5k,w = —15i + 3j — 3k. Which vectors, if any, are (a)
" perpendicular? (b) Parallel? Give reasons for your answers.
24, Parallel and perpendicular vectors Let u =i+ 2j -k
v=—i+j+k w=i+k r=—(m/2i- 7w+ (w/2k.
Which vectors, if any, are (a) perpendicular? (b) Parallel? Give
reasons for your answers.
In Exercises 25 and 26, find the magnitude of the torque exerted by F
—k on the bolt at P if [PQ| = 8in. and [F| = 30b. Answer in foot-
S pounds,
-4
" + Which of the following are always true, and which are not always
} true? Give reasons for your answers.
a [ul = Vu-u
bouw = ful
G uXx 0 =0 X u=»>0
d ux(u=0
CuXv=vXu
LuxX(v+w=uxv+uxw
‘ B (uXvy)yv=90
je the: b (uxv)w=u(vxw

* Which of the following are always true, and which are not always

Mue? Give reasons for your answers.
Luy=vyep b. u Xv=-—(vXu)

Cl-u)Xv=—uxv)

12.4 The Cross Product 731

d. (cu):v = u+(cv) = c(u*v) (any number c)
e. clu Xvy)=
f. uu=|u?

(cu) X v =u X (cv) (any number ¢)

g (uXuu=0
h. (WX v)ru=v-(u xvy)

29. Given nonzero vectors u, v, and w, use dot product and cross
product notation, as appropriate, to describe the following.

a. The vector projection of u onto v

b. A vector orthogonal to u and v

¢ A vector orthogonal to u X v and w

d. The volume of the parallelepiped determined by u, v, and w
€. A vector orthogonaltou X vandu X w

f. A vector of length |u| in the direction of v

30. Compute (i X j) X j and i X (j X j). What can you conclude
about the associativity of the cross product?

31. Letu, v, and w be vectors. Which of the following make sense,
and which do not? Give reasons for your answers.
a (uXv)w
b. u X (v-w)
¢ uX(vxXw)
d. u*(v-w)

32. Cross products of three vectors Show that except in degener-
ate cases, (u X v) X w lies in the plane of u and v, whereas

u X (v X w) lies in the plane of v and w. What are the degener-
ate cases?

33. Cancelation in cross products Ifu X v =u X wandu # 0,
then does v = w? Give reasons for your answer.

34. Double cancelation If u # 0 and if uXv=u X w and
u*v = u-w, then does v = w? Give reasons for your answer.

Area of a Parallelogram
Find the areas of the parallelograms whose vertices are given in Exer-
cises 35-40.

35. A(1,0), BO,1), C-=1,0, DO,~1)

36. A(0,0), B(7,3), (€0,8), DQ,5)

37. A-1,2), B(2,0), C(7,1), D@,3)

38. A(-6,0), B(1,-4), C(3,1), D(4,5)

39. A(0,0,0), B(3,2.,4), CG5,1,4), D2,-1,0)
40. A(1,0,-1), B(1,7,2), C(@2,4,-1), D(0,3,2)

Area of a Triangle
Find the areas of the triangles whose vertices are given in Exercises
41-47.

41. A(0,0), B(-2,3), CG3,1)

42. A(-1,-1), B(3,3), C2,1)

43. A(-5,3), B(1,-2), C(6,-2)

4. A(-6,0), B(10,-5), C(-2,4)

45. A(1,0,0), B(0,2,0), C€(0,0,-1)
46. A(0,0,0), B(-1,1,—1), C€(3,0,3)
47. A(1,—1,1), B0, 1,1), C(1,0,—1)



732 Chapter 12: Vectors and the Geometry of Space

48. Find the volume of a parallelepiped if four of its eight vertices are 50. Triangle area Find a concise 3 X 3 determinant formyj,
A(0,0,0), B(1,2,0), C(0,-3, 2), and D(3,—4,5). gives the area of a triangle in the xy-plane having very

49. Triangle area Find a 2 X 2 determinant formula for the area (@, @y), (by, by), and (¢, ¢3).
of the triangle in the xy-plane with vertices at (0, 0), (a,, a,), and

(by, by). Explain your work.

1 2 5 Lines and Planes in Space

Po(.\’(). Yor 20)

X

FIGURE 12.35 A point P lies on L
through F, parallel to v if and only if P,P
1s a scalar multiple of v.

This section shows how to use scalar and vector products to write equations for lines, Jipa
segments, and planes in space. We will use these representations throughout the rest of e
book in studying the calculus of curves and surfaces in space. [

Lines and Line Segments in Space

space a line is determined by a point and a vector giving the dircction of the line.

Suppose that L is a line in space passing through a point Py(xy, yp, zy) parallel to a veee
tor v = vii + v,j + v3k. Then L is the set of all points P(x, y, z) for which I_’Ei’ is para
lel to v (Figure 12.35). Thus, P)P = tv for some scalar parameter z. The value of 1 .,,'
on the location of the point P ' along the line, and the domain of 7 is (00, 0).
expanded form of the equation PP = tv is

(x ! -xﬂ)i o s (\' — y())j = 5 (Z — q'))k = I(V]i + V2j + l’3k),
which can be rewritten as
xi+yj+zk=x(,i+y0j+zok+t(v,i+v2j+v3k). (1)

If r(r) is the position vector of a point P(x, y, z) on the line and r, is the position vectof
of the point Fy(xg, yp, Z9), then Equation (1) gives the following vector form for the equas
tion of a line in space. ‘

Vector Equation for a Line
A vector equation for the line L through Py(x,, y,, z,) parallel to v is

r)=r+tvy, —00<t<o00, (2)

where r is the position vector of a point P(x, y, z) on L and r, is the position
vector of Py(xg, Yo, Zo).

Equating the corresponding components of the two sides of Equation (1) gives 1 o
scalar equations involving the parameter r:

Parametric Equations for a Line

The standard parametrization of the line through Py(x,, y,. zo) parallel 10
V= Vli ) V2j "+ V_]kis

X=X T, y=ytt 2=+t —-0<t<00 A3)
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The points on the plane easiest to find from the plane’s equation are the i“lt‘frcem 4
we take P to be the y-intercept (0, 3, 0), then 8

PS=(1-0i+(-3)j+@3-0Kk
=i - 2j + 3k,
In| = V3 + 2P + (6) = V49 = 7.

The distance from § to the plane is

— n
= B
= |(d—-2j+ 3k)-(%i # %j L gk>l
k2 o8 I 1T
a v B 7‘ -

Angles Between Planes

The angle between two intersecting planes is defined to be the acute angle between
normal vectors (Figure 12.42).

EXAMPLE 12
%+ y=2=75

Find

Solution The vectors

are normals to the planes. The angle between them is

FIGURE 12.42 The angle between two
planes is obtained from the angle between
their normals.

0

Exercises

Lines and Line Segments
Find parametric equations for the lines in Exercises 1-12.

1. The line through the point P(3,—4,—1) parallel to the vector
i+j+k

. The line through P(1,2,—1) and Q(—1,0, 1)

. The line through P(-2, 0, 3) and Q(3, 5, -2)

. The line through P(1, 2, 0) and Q(1, 1, 1)

. The line through the origin parallel to the vector 2j + k

SN s W

. The line through the point (3,—2,1) parallel to the line
x=1+2y=2—-tz=3t

-

. The line through (1, 1, 1) parallel to the z-axis

8. The line through (2,4,5)
Ix+T7y—5z=21

perpendicular to the plane

n =

the angle between the planes 3x — 6y — 2z = 15

-6 -2k my=2i+j- 2k

= cos™! <ﬁﬁ)

cos™! . 4
21

1.38 radians.

U

About 79 degrees

9. The line through (0,—7,0) perpendicular to the P*%
x+2y+2:=13

10. The line through (2, 3, 0) perpendicular to the vectors ¥ = i ),
2j + 3kand v = 3i + 4j + 5k '
11. The x-axis 12, The z-axis

Find parametrizations for the line segments joining the points I .
cises 13-20. Draw coordinate axes and sketch each segment, 1

ing the direction of increasing  for your parametrization.

13. (0,0,0), (1,1,3/2) 14. (0,0,0), (1,0,0)
15. (1,0,0), (1,1,0) 16..3, 1,:0), L 1.h)
1% (O, 1,1); (0,—1,:1) 18. (0,2,0), (3,0.0)
19. (2,0,2), (0,2,0) 20. (1,0,—1), (0,3,0)



planes
4 d equations for the planes in Exercises 21-26.
11

s, The plane through F£y(0, 2, 1) normalto n = 3i — 2j — k

The plane through (1, —1, 3) parallel to the plane
x+y+z=17
53 The plane through (1, 1,-1), (2,0, 2), and (0, =2, 1)

o4, The plane through (2, 4, 5), (1,5, 7), and (-1, 6, 8)
»5, The plane through Py(2, 4, 5) perpendicular to the line

x=35+8 y=1+3 z=4

6, The plane through A(1, -2, 1) perpendicular to the vector from
.~ theoriginto A

37, Find the point of intersection of the lines x = 2 + 1, y = 3t + 2,
;=4+3 and x=5+2,y=2s+4,z=—45s — 1, and
then find the plane determined by these lines.

38, Find the point of intersection of the lines x = 1,y = —f + 2,
z=t+l,and x=25+ 2,y =15+ 3,7= 55 + 6, and then
~ find the plane determined by these lines.

p Exercises 29 and 30, find the plane containing the intersecting

), Ll:x =

=1+t y=2+1¢ z=1-¢t —-00<t<o0
Lix=1—-4s, y=1+42, z=2-25 -0<s5<00
LLl:x=1 y=3-3 1=-2-1 -—-o<t<oo
LZ:x=1+s, y=4+5 z=—1+s5 —-0<s<00

. Find a plane through Py(2, 1,—-1) and perpendicular to the line of
intersection of the planes 2x + y — z = 3, x + 2y+2z=2.

Find a plane through the points P(1, 2, 3), Py(3, 2, 1) and perpen-
dicular to the plane 4x — y + 2z = 7,

 Exercises 33-38, find the distance from the point to the line.

8. 0,0,12; x=4dt, y=-2 z=2

M. 00,0 x=5+3, y=5+4, z=-3-5
v (2,1,3); x=2+2, y=1+6t z=

Q2 L-1); x=2 y=1+2 z=2%
*B-14) x=4-1 y=3+2% :--5+73%

¥ Exercises 39-44, find the distance from the point to the plane.
P 2-3,4), 1+ 2y +2:=13

:‘ 0,00, 3x+2y+6z=6
B 0.1,1), 4y+3;=-12
fr B 223), 2%+y+22=4

 0~1,0, 2+y+2=4
(,0,~1), —4x +y+z=4

> Fing the distance from the plane x + 2y + 6z = 1 to the plane
*+2 + 6z = 10.

*Find the distance from the line x=2+1y=1+1,
©==(1/2) = (1/2)t to the plane x + 2y + 6z = 10.
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Angles
Find the angles between the planes in Exercises 47 and 48.
7. x+y=1, Ux+y-27=2

48. Sx +y—2z=10, x—2y+3z=-1

Use a calculator to find the acute angles between the planes in Exer-
cises 49-52 to the nearest hundredth of a radian.

® U+ +2=3 A-2ph-z=5

50. x+y+z=1, z=0 (thexy-plane)
SL2x+2y—2z=3, x+2y+z=2
52. 4y + 3z = —12, Ix+2y+6z=6

Intersecting Lines and Planes
In Exercises 53-56, find the point in which the line meets the plane.

SB.x=1-t1 y=31, z=1+1¢ 2—-y+3z=46
. x=2, y=3+2%, z=-2-12 6x + 3y — 4z =-12
5. x=1+4+2, y=1+5, z=13 xty+z=2
56. x=-1+3t, y=-2, z=5 2% —3z=17

Find parametrizations for the lines in which the planes in Exercises
57-60 intersect.

Sl.x+y+z=1 x+y=2

58. 3x—6y—2:=3, A+y—27=2
9 x-2y+4z=2 x+y-2=5
60. 5x -2y =11, 4y-5;=-17

Given two lines in space, either they are parallel, they intersect, or
they are skew (lie in parallel planes). In Exercises 61 and 62. deter-
mine whether the lines, taken two at a time, are parallel, intersect, or
are skew. If they intersect, find the point of intersection. Otherwise.
find the distance between the two lines.

6L Llix=3+2, y=—1+4, z2=2 -1,
Lh:x=1+4ds,y=1+252=-3+4s:

-0 <t <00

-0 < 5y < 00

L3x=3+2ry=2+4+r2=-2+2r, -0<r<oo
62. Lix=1+2 y=-1-1 z=3 -0<t<0o0

L2:x=2-5 y=35 z=1+s5 -0<gs<00

L3x=5+2r, y=1—-r, z=8+3r, -0<r<o

Theory and Examples

63. Use Equations (3) to gencrate a parametrization of the line
through P(2, -4, 7) parallel to v, = 2i — J + 3k. Then generate
another parametrization of the line using the point P(=2,-2,1)
and the vector v; = —i + (1/2)j — (3/2)k.

. Use the component form to generate an equation for the plane
through Py(4, 1, 5) normal to n; = i — 2j + k. Then generate
another equation for the same plane using the point P5(3,-2,0)
and the normal vector n, = —V/2i + 2V/2j — \/2k.

Find the points in which the line x = | + 2ty =—1—1¢,
z = 3r meets the coordinate planes. Describe the reasoning
behind your answer.

65.

Find equations for the line in the plane z = 3 that makes an angle
of 7 /6 rad with i and an angle of /3 rad with j. Describe the
reasoning behind your answer.

67. Isthelinex = 1 — 2,y =2+ 5t,7 = -3 parallel to the plane

2x + y — z = 8? Give reasons for your answer,
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68

. How can you tell when two planes Ajx + Byy + Ciz = D, and
Ayx + Byy + Gz = D, are parallel? Perpendicular? Give rea-
sons for your answer.

69. Find two different planes whose intersection is the line
x=1+1ny=2-tz=3+2 Write equations for each
plane in the form Ax + By + Cz=D.

70. Find a plane through the origin that is perpendicular to the plane
M: 2x + 3y + z = 12 in a right angle. How do you know that
your plane is perpendicular to M?

71. The graph of (x/a) + (v/b) + (z/c) = 1 is a plane for any non-

zero numbers a, b, and c. Which planes have an equation of this
form?

72. Suppose L, and L, are disjoint (nonintersecting) nonparallel

lines. Is it possible for a nonzero vector to be perpendicular to
both L, and L,? Give reasons for your answer.

73. Perspective in computer graphics In computer graphics and

perspective drawing, we need to represent objects seen by the eye
in space as images on a two-dimensional plane. Suppose that the
eye is at E(xg, 0, 0) as shown here and that we want to represent a
point P;(x;, y,, z,) as a point on the yz-plane. We do this by pro-
jecting P, onto the plane with a ray from E. The point P, will be
portrayed as the point P(0, y, z). The problem for us as graphics
designers is to find y and z given E and P,.

a. Write a vector equation that holds between EP and E_‘i’, . Use

the equation to express y and z in terms of xy, x,, y;, and z,.

]. 2 .6 Cylinders and Quadric Surfaces

b. Test the formulas obtained for y and z in part (a) by invesy
gating their behavior at x; = 0 and x; = xg and by seejp -
what happens as x, — 0. What do you find? ¢

> ra

E(xg. 0,0)

X

74. Hidden lines in computer graphics Here is another typicg
problem in computer graphics. Your eye is at (4, 0, 0). You ap
looking at a triangular plate whose vertices are at (1,0, 1), (1, 1,0)
and (-2, 2, 2). The line segment from (1, 0, 0) to (0, 2, 2) passe§
through the plate. What portion of the line segment is hiddes
from your view by the plate? (This is an exercise in finding integ
sections of lines and planes.)

Fl

ing curve.

Up to now, we have studied two special types of surfaces: spheres and planes. In this se¢
tion, we extend our inventory to include a variety of cylinders and quadric surfaces. Quad®
surfaces are surfaces defined by second-degree equations in x, y, and z. Spheres are qué I
surfaces, but there are others of equal interest which will be needed in Chapters 14-16.

Cylinders

z Generating curve

,/,, /A o / / / 4
// AL,
/,(////// 7, ////7/\. .‘|
) \
p, "

/S 7/
{</ / ;Z/; "/ / any value of z, the point Q(x,, %% z) lies on the cylinder because it lies O’U the )— :
/\ 4\/,///7/ 7\ X = Xo,y = x,° through P, parallel to the z-axis. Conversely, any point Q(xg, X+ 2) ¥ a3 4
. %7 Lines through y-coordinate is the square of its x-coordinate lies on the cylinder because it lies on =2
/ generating curve o o gl s-iixic (Fi
it 85 sl Xo, ¥ = Xo° through Py parallel to the z-axis (Figure 12.44).

A cylinder is a surface that is generated by moving a straight line along a given P a0
(in the yz-plane) curve while holding the line parallel to a given fixed line. The curve is called a generali
curve for the cylinder (Figure 12.43). In solid geometry, where cylinder means ci
cylinder, the generating curves are circles, but now we allow generating curves 0
kind. The cylinder in our first example is generated by a parabola.

EXAMPLE 1 Find an equation for the cylinder made by the lines parallel to the Z% f
that pass through the parabola y = x?, z = 0 (Figure 12.44). '

Solution The point Py(xg, X%, 0) lies on the parabola y = x7 in the xy-plane. Thefs 2

Regardless of the value of z, therefore, the points on the surface are the points V=
GURE 12.43 A cylinder and generat-  coordinates satisfy the equation y = x*. This makes y = x? an equation for the €Y
Because of this, we call the cylinder “the cylinder y = x

|

f o

2 »



