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Math English Prop?
-

Sinfrooo) the brown dog No no = or verb ,

sih@EaPMydogisbrownL.Q Yes

sin CX) C 's The dog is brown. No andes , variable

sink) 52 The dog is brown Yes always true ,

or not brown .

PINP Jan 52022 will

be rainy in
Davis .

Yes hard to evaluate.

*foot and Yes ,
srncxl she

similar possible This sentence is false
.

No (paradox) ,but tricky.



In breakout rooms :

Find examples at proposition .

and not propositions .
(Maybe a sentence fan

which it is not clear .) ,

-

Building new propositions from
old ones .



If P and Q are propositions
write up for not P

Pr Q for P and Q CA) .

Pro fur P or Q
.

Summarize via a
truth table :
-

fQ/#PQnPvQnC'

'
'¥F÷t¥t¥÷.F F
-



call upv Q

and ~ [PnrQ]
P equivalent .#Eyeing . sentences:-[M

My dog is either net brown 0£ outside .
has propositional form:

~ Pv Q

My dog is both brown inside
-



~[PsnQ@
So as above these English sentences
are equivalent.
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T

F

TT

T

Names :

~ not , negation , denial

r and conjunction
v or

,

" disjunction



⇒ implies conditional , if - then -

⇐ iff
,

if and only if , biconditiond

-

P ⇒Q means if P then Q
w

-

antecedent Insequent .
Converse to P⇒Q

is ①⇒ p

contrapositive to P⇒Q is ⇒Cup)
,



Breakout rooms !
Find 2 Eng . sentences

⑤ ihIaedmezgonaeditmsmea.wnghigh@diff.pr
op . forms.

Oddo Find two diff equiv . prop. )forms in v . condit . and then



find Eng . sentencesmodelrytefes.ms#
Ex : P⇒ Q

w

[If in inside I am att- Zoom U,
~Q ⇒ up ( catsups .

If im not att Zoom im outside .

Ex : Im a studio at UC Dows P



Im a math major Q
,

p ⇒ Q

Q⇒ p
) clearly noteqa .

#equ
P⇐Q (P⇒Qno⇒p)
t
F F

F F

T T



Rules for getting equivalentpropositional forms :

Thmlol-I run P eg p

Pra ear Qnp

Palar) g ④radar

PNIQVR) eg. fPnQ)vlPnR)
Demyan n( PO

Q)

~ ( Pra) eq (up)vtQ) .



Ex: Find a prop . form fax
equiv to

~ ( P⇒ Q) without conditionals
(⇒ ,
#J,

Ahs : Truth Table :

÷
.



Another Ans: p⇒Q is eq .
to

~puQ
(from befad .

So NIP⇒Q) eq . N[nPvQ]

,⇒

8/Pn



Here a universe of discourse) is
the set over which all q#
quantifiers are taken.
( eg : the wear the teeunwise)

,

probkm.fi:1?9saiisC



Consider the denial of this $0
sentence :

Somebody
NAG I know dislikes chocolate

and likes coffee .

(Fx e-{ppl I know}) (PGA Qcx))
Not everyone I

know likes chocolate
or dislikes coffee .

~ ( Axe {ppl I know}) (PGA V - Q Cx) )



F is there exists :

( Tx EE) 1×2=1 )

Means there is some integer X

with XZI

or

In the
anrherae Zf .

G-x ) (x'=D .



In the universes below which active?

Pix) is r±=5'

y aduintegers-E.AE . -3, -25191143, . -- 3 ,

a R Reo Ehs.rs}

VEDRA T

¥:*:¥¥ E F F



Notation : F ! is there is exactly on.
(there exists a unique) .

Proof of Them 1. 3. 1. a :

Let u be any
universe .

The sentence ~ ( th ) Pex) is true in U

iff ( xx) LPGA is fofana
-
if and only

if



iff the truth set for P in U
is not all ofCliffthe truth set for NP in U

ia is not empty.

iff ⑦x) -Rx)

Thus ~ (tix) Phd is equ . to
Efx)- PhD

in any umber
se -
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Thin : If a is an odd integer

then a'tl is an even integer .

Proof : Assume that a is an odd integer .

Hence there is an integer n with

a = 2h41 .

Hence a't I = (2n-11771 = 4h24 4h + It I

= 2 [ 2nF 2h -11]
and It Zntl is an

integer .



There fore a2-lisaneueninteger.TT
geed. latin for : that which was

to be proved
-

Why is it true:
work backward and forward :

XZ- 7×-2 - to
Bnedf I Bpos,

A- neg I Apos{ ( or

gold ' '4←
x'- zoxrtlo

> o

I



{ fx-zICx-5
%) AA! Bae both pos or AIB are both neg

or
or x

> 5

-
X
'El or

- l E X E )

hence x@V
-

proof Plan : show x'El implies K2



then hence X -2<0 & x -5<0

hen (x -2) (x-5) so

tune 42-7×7-10
#

Try a similar approach to show;

Them : If x is a real number with

4<1 then x.2+6>57 .

-

Proof :



Assure Xsl .
Hence XL2.

Hence G-3)Ex-23>0 .

Hence X2t6 > 5x . q.e.ee .



210113 Another direct proof;
Def : If a and b are integers
ten a divides b if

⑦ neat ) with n.a=b
-

claim : If a.b and c are integers

and a divides both b and a

then a
divides b - c .



Proof: Assume a. b and a are integers

with a dividing b and c .

Hence there isas are integers n andm

with no a=b and m . a =c .

Hence n -m is an integer .

Hence : b- c = n - a - m-a = (n-m) .ee .

Therefore a divides b -c . 1qedI
.



Understand?

eeg 5=m 52=25 add so 5 odder

4=m 42=16 an an 4 eee V.

Logic: ( Fmea) PI Q
P is m2 is odd

Q is m is odd ,

use this.

orequv.ua/eutty:nQ=sn#
A e

. Assume? ~Q or m is even



or Ft with 2. t=m

Conclusion : up or m
' is even

ar Fs with 2. s=m
'

✓
Ideas : m2= (zzj2=4t2=2(2E) .-

an int.
-



Claim : Assume a is an integer .

4 does not divide a
'
- 2

.
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Recall 81.7 read often .

Claim② getting study;
Understand : eg : 62-2=34--2-17 not amultoflf

Logic : P is 4 divides AZ-z

( ta Ea) up

or for contradiction equiv !

~ [Cctaezt)
- P]⇒ [Q r -Q)
- YE.st¥q to chooseQ .

ask.ca?:eHPI=earnoF



Assume there is sane int. q

with 4 dividing at- z ]②
-

or • (IEEE)
4t=aZ- 2

⇒

Conal : Q and no still getto choose ,

↳ -

Ideas? htt = AZ -2

③§ 42-+2=2127 -D =a2

z
so a
' is even go by clan① a

" is even

so tune is E. c-27 with 2s=q

( so 4 t = ( 2532^-2 = 452-2

so 2=4/52-t)



⑤ I so I = 2652-t )
Q Tteg€④
✓

so lise.ve#- Q
① Know jlisnoteue.my ~ Q
-Q
-

Quote ! $1.7 Go over your proof and
'- check for things

not needd

• Make sure te order is
best

• Make sure it is compete .
-

Def : •write a e or a is rational
if Ipea ,

Z q
EIN with a = Pq .



Claim③ : If a is rational

aEfi!a#and the demi hater q
as small as possible

tan
- ais④
-

U: a= ,¥z = ¥ = F-
odd

✓

a = II.da a = ft '

I



L :HaeQDP⇒ Q VR
- - w
complicate § implies

or contrapositive: .

( the -00) yQvR) ⇒
up

as¢VaeQ1lnQ•nR#
-
Thun ( Pythagoreans n 230 BC)

of EQ



or VL is not rational
og,.gg#4OWisanrWWn

with n-41558N

Proof ? Take n=4.

Hence nil5=31
and 8 n = 32331 .

qed.



K2 -2mi-2mE"% zqz=2Czm%5=8m48m -12]!€
p
't = 12h52 = 4 KZ

so 4mt=2k ÷)1=2 bi - 4. m2- 4. m
so =z[k2-2mr€

⑧
✓

1 is even

know I is not even] To, ⑧



From § In 't tread often)

Always use complete sentences in a proof.

-

Multiple quantifiers:
① 2 ! both F and ttsorethg else .

② tf - Z- ar f - it -
.

Example : 3 possibly false statements
!



③ CT ! XEIR) XZ -4×+3=0

④ l l
l ' Il 4 I- 4

⑤ u .

'
a 5 . .

- -

Brkoat Rm Questions :

⑦ which iscaoetrue ?

⑤ which want a proof by contradiction
?

⑥ ie
. .

" example ?



Claim : Nfl't ! XEIR) x'- 4×+5=0 ]
Proof : It suffices to show !

(sketch) ~ [ czxo.IR) xZ4x -15=0]

Computing : X
'-4*5=1×74×+41+1

= (x-a)
'
th

"

For contradiction : assume x c- IR and

XZ-4×+5=0 So 1×-2141=0
so (X-2)

2 8=-1 SO



Know (x -2)
2 20

Therefore (x-27220 and (x-D
' co

a contradiction so n XEIR) 42-4×+5=0
feel I



210122

Ex : a b gcdlaib) lcmlaib)

3 18 3 18

10 35 5 70
'

'

q , at 91 91
256 81 I 256 - 81



Def : Cpg 82 ex 1.6 )

If a,b and m are nonzero integers

then Lem la , b) = m iff

① a and b both divide m

( say m is a common multiple of
a and b)

every common multiple of
a aab

is at least m .

( Harbi m C- 27#o ) dem (a. b) =m#



[( F site 27) ( a.s=m) n Cb -t - m) T1

[ (V-eEZJflFuivEZ7J@sou-eInfb.v -- ed]
⇒ ceZmD
-

shortening strategy :
Def : ale ⇒ (FS EE) a.s=e

w

a divides e

Def: call a and b relatively prime
-



or coprime if carb) =L.

-

Approach to ⑨ :

U : a=2O b. ¥30 Igad420,3040
b

-9=116=13 godchild'd A tl43,

L: Italia b) p n Q
P is Pi A Pii
PiisIdiuidesboh.# always

true

Pii ang comme din- is at moots



Alc : f - r assume at Nyo
find (our choice) b

concluded, Pr
Q

.

I : og a -_ 20

choose b = 23
✓

÷: :*. .

"
a.

If I is a common div at

a and atl



I sit EE with

d.s=a od d. t=atl

So d. t - d. s - att
-9=1

a

dot - s)
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Ex :@ is a 1. in comb of 10 and 14.

Since : 2=10.3+14. f-2)

÷: :L:÷÷::
a. "

1=10 . Xt 14
.y = 2.[

5.X -17 - y]

so I is
odd and L is even .

a c.gg/rrgd.-

Ex of 1. 8.1 :



The smallest positron linear combination
of Io and 14 is 2

.

Also gcdllor 147=2 .

Ex : If a-40 ,
6=14 ten

14=10 . I +4 and 054210

Euclid's Alg . Example: from a-to, 6=14



14=10 . I + 4
--
10=4 . 2 1- /2]= rn
--
4=2 . 2
w

No
g.'I

qz=2
k=2 rg=2

QEZ



256 = 8N . 3 + 13

81 = 13 ' 6 3

13 I ¥ : 4 ④ ra= god 6256,81) ,

3 3

-
U: p=3

a=4 6=9

10=6 a=4 8=9 ab=36

2¥ p
du ab bot not a orb.

p is prime
must be used .



L:(V-a.b.pe#)lPnQ)=ylSvTI
Pis p is prime

- S⇒T

Qi , p/abT divides .

S is pla
T is plb

ff.fi?EIfjipno.msI=#



Ass : P ,
Q

,
vs

Conal : T

I: p is prime ] only divis are lord 'p

④ ab 3 so ③ab=pn STI.mn
.

PT a ] so gedlpoa) =/↳does not divide .

②Softp.x-a.y?Im....fYsns#nsxand-ygcdfpia) F"IEEomb. A panda
-



Playing with these : I

④
ate :P:*
fit

. ..
:÷ : ⑤

in
.

=p -xbtp.my
=p [xbtny ] so p

div b
.

✓
j



" chapter 2: Set Theory -

Notes Will consider set theory
using

first order logic .

② Also any first order logic
involves

sets ⑨ the universe U is a set.

⑥ If Pan is a proposition with
variable in a universe Is

ten the truth set of P is

{x ell I Pcx) tis true) )



Consider relationships between operations
on sentenceses and on sets .

Def : If A and B are sets teen

A- is a subset at B if

Atx)#c-A) ⇒ HEBB
.

In this case wrote A E B . venn

diag .

Lemma: If A is a set then

{I E A .



Proof : ( tix) ( x at E3 )

50 (XE {3 ) is false

and implies HEA ) .
Henn Theatre : Ctx )@ xE{3)⇒ CXEA))

,

god .

-

°#'a
True : Example : A

-

- Er,s3



B = { S }

c = { s, -23
check - -

① {÷;
' Is !
x, Z

② ¥÷÷ :



③

④ False : Proof idea :

know : Bet so

C-x) (B8xEB)⇒x( c-
A)

¥÷÷÷¥¥¥¥:*



210129J
Claim: {XEIRI Ix-131=5- txt }

= {-4,1} .
Pf plan :@check : £ in 9 try 1h31 5-111=4t .

② Need to show : AIB and BEA .

• Assume XEA ad show XEB

•A - r --
- XEB ' '

' ' X C- Fl

⑤ : A=LHS=Ex#RI - . . } B=RHs=E4iB.

To show BEA just plug both .
to show AEB2x1olsuggests cases: ✓

ya - z g - LxtD=5tX or *= -8 art-4

- 35 X C O X-13 =Jt X or 3=5 no solar
①CX '

r y-13=5-* or 2*-2 ✓



Proof : cheek: {-4,13 E EXERT txt31=5-1×1 }
If x =L then txt31=5 - 1×1=4 ✓ .

If 9=-4 ten txt'd -5-1-91=1 V

qed .

Check: 44,232 Exe 11211×+31=0 - hag
"

"

B A

Assume XEA
.

Either coax or -K X Eo

or XL -3
.

If Osx then • Xt3=5-X so D= If B

If -31×10 ten x. +3 =5tX SO 3=5
a contradiction . so XEB .



If XC -3 ten
- X-3=5- X so 7=-4 C- B

.

Therefore XEB
. qeet
-

Problem: which is true;

① If AaksBBa7EtsatYJ=a)
② If A- { Bae sets ta .

A EB iff A -B =D.

Ansi Approach :



① AtB
② A B) false .

For ② Find a counterexample :

set A- { 13 13=823 .

compute : A- D= { 13 = A) RIFLE
but AIB . 3. Iatse

.



210201

A- = 2*3 B=B3

⇐ { 43 D=

A- xB= {tix,#
23
.

( x D= { C4#i3 .

(Auc)xCBoDJ= EM, 14,31, 3

so AxB=c×D={}
1*12*1,6480

but #c) HBO D) = 64,333



Asside : 13×133 = { }

Note: For any
set B

{3×13=53 ( o - b -0)
V

Ex :{B) x 133=163.383
Note : If A has a elements

and B has b elemeets

tea AXB has a. b
elements .

Note : { 3 E B for any setB .



Proof that f- AaB ,
GD sets )

ALXBJUCCXD) E (Auch ( BOD)

Assume : ix. y) is in Ax B

so x is in A and y is in B .

Hence since AEAUC ad BE BUD

also have XE Auc ad y E
BUD.

Theaefre (Xiy) is 1h (Aoc) x ( BUD) .

If Cay) is in c xD he similarly .

(x , y)
is in C. Auc) x ( BUD) .

Exel.



Def: If Cl is a family of sets .
write UA for tee union

Aed

so xeay.at iff IAEA
) XEA

If A- (Aal Leo} is an indexed family
of sets ten xe

Aa iff

(Fact ) XEA,



Ex : ① : ay.aA=¥.!g= {his. 4.53

② ¥gB=aY.ca?a=Co.5)DeSixe?a.AiffCV-AEd)xeAxta?oAaiftC-Vdc-o) XEA,



210203

Proof Planning: r

U: na 12=1
h=2 22=11-3

U

n=3 3271£15 -

L : In c- IN) Pln's y correct logic
fer

induction
.

I : To show the formula for n=4



42--13+112=312.3-7
¥5 - =Itzy5TTt 12.3-11 )

= It 3+5 + 7 ✓
.W

Or more generally,
2.4 - I

( htt)2= (http =42yy
=:C -13-1 - - - -tfn- l )) + (zntl)
= I -13-1 - n s . + (Lentil - 1)

Got Ponti) using Pcn)



Claim : For every
natural number n

it is true that n -13 < 5h?
with

Proof: check the base cases net

which is It 3 €5.12
which is true

.

Assume for induction that n
-1355N

?

hence 55ha)2=5n't I + font 9

> 5h't I > n-13+1 = (htt) -13 .
Therefore by PMI tee claim holds .

Geer .



Bad Proof:
Claim: Any group of n horses

.

are all the same color .

" proof " C look for error) .

Check the base case
with hay

which is that any one
horse

is one color and is true .

Assume for induction that



any group of n horses

are all the same color .

"
I

'Yaa:&.gr.gr?.naiY ÷
he saw color and tee last n
else all the same color and
tease two groups both contain he

middle horses so all ntl

horses are all tee scene color .

Therefore by PMI tee claim holds .
free-



Proof Plan :
Consider this an inductive
statement : In EIN ) Jae27

with gink
base case with n-I
is At f- an integer :

sine 02=12 ,
1242

and if I al Zz ten at > 2 u.



Assume for induction that

for any nsm A Ezra
.

Hence: Assume for contradiction
trot I be# with ÷ =D

.

So b' = 2 (m-1112 so b
'
is even

so b= 2k is even

so 442=2(mtl)Z

So 2b2= Cm-1112 so dntDZ is even
so Mtl = 2. r is even



so her = her =÷, -_ of

but r Em contradicting the
met
4 - inductm hypothesis .'

2
For



226205J
Proof sketch fer

Cla.m① :

U : Note gedl 1,11=1
gcdll;D =/
god (43)

=)

gcdc ?? =/,
L :(V- new) Pen)

with Pln) being : gcdtfn.fm ) =/
CIA ! Use induction ?

.

• Check n=1 base case .

②



•Assamepcnlandshowpcntd.IO
PMI

( Assume Vk En have Plk) )
audshwPCt

GPMI

I : ged ( 13,8 ) = god (
8+5,8)

Pls ± god ( 5,8) =/
-

PE)-
More generally : god ( Fn" ,fn+z) - gedlfn.ci , fntitfn)



I gcdlfna.fr) ftind hyp V.

-

claim② : If fn are the Fibonacci

numbers then fan is divisible by 3 .
-

Sketch Sr ② :

assisi : i¥ : :4
3 dir 3 dir

L:(then ) Pen)



here : Pcn) is 3 divides fun
Alc ! Use induction :

base case NII ( fy=3 ) ✓

Assume for induction pin)
conclude Ponti) .

I : funny= fun , I f4n+s+
f
4h-12

=f4h+ztf4n,,tf4ht2
= 2 fun-12-1 f4hH
= 2(f4n+itf4h)tf4htI



= 3 fight, t 2f4h
and by tee incl . bhogp. fun=3 - s

so funny = 3 ( fun , -125 ) .



210208-
Ex: 82.3 : set families proof:
Prove that if A {Aa / a ← 03
( loa) and T E D .

Cthen Lfp Aa - Lotta
Proof: Assume ae ¥, Aa.

Hence (Faer ) with a c- Aa .



and since MED we have LEO .

Therefore a E ¥ Aa . god.
-
Thin 2.5. 2: ( Division Algorithm:3 :
If ocmsnanreinaturul numbers then

there are unique q and r with

n= g. Mtr and OE r Lm
.

Proof of uniqueness ;
Assume osm In and n= qeomtr



and n = If @Mtr and of ram

and o EF em ,

Hence : -m c F -r em .

Also o -- n-n = (q- g) om # br - F )
Hence f-r = Cf-g) am

so FMI = g- Tf .
Since - I < If it is an integer

Se hae II -_0 .

Hence F- r=o= lq-qT.im .

Therefore F=r and §=q- qed .



210212 Notation around Relations :

Def: If A and Bare sets

then a relation fromAtoB_
is a subset R E A x B .

write : aRb or a is related to b

if carb) E R

a
RIB or a is not related to b

if Carb) E R



The domain of a relation R

from A to B is

Dom CR)=EaeAKTbeB) aRb}
and tee range is

Rang CR) = { be Blffaettt apb}

A relation from A- to A is a relation ont
.

Ex: The identity relation on A is Iifa.aeAxA) .

The inverse to a relation R



from A to B is tee relation

R
"

from B to A with

R" = { ( b.a) I laid ER} .

Note : Ij
'
= IA

Def ! It R " • Hatim
from A to B and I

S is a relation Sor

from B to C.

Then te composition relation



So R '= I can) eAx a KF beB) LaRb) n lbSeb
.

from A to C

-

Ex :⑥ IB o R = R

⑤ R o IA = R

A A Es BE B
#
RoI IoR



Ps: stretch :

Underhill. R and IBOR
Logic : are relations and hence sets

so we must show %oR ER and

IBOR Z R

Asslconel ! . Assume carb) e Ipo R

and show laid ER -

| . Assuaged gaff' 9%5 c- IBOR .



Idea: ↳ If Carb) E IBOR

then lab)EIBoR={caibJeAxB/
~

(Ftse B) Carita
b b (5IBb ) )

.

n. a R 9. .

IB but IIB b

←← A iff 5- to

& so CARE) rib IBB
)

ISR iff aRb and 6=5



210217

Claim : -4 is not in the range of T

proof : Rag CT) = Egl laxer) xTg
}
.

= Eg I laxer) xZy ?

Assume for contradiction that -4 c-Rngt.
Hence true is × c- R with x'=- 4 so .
If XEIR ten XZ 70 .

Hence xzzo and x'co a contradict
.

Therese - 4 4 RngT .



Claim: If R is a relation from A- to B
.

then Dom
"I = Ringlet .

Proof : Ring CRH Egl (Tx c-A) x Ry)
= Egl ( Fatt) y

R
"
x)

= Dom CR
")

,

gene

-

Ex: R = ATTA
refl . ' Yes (all loops are tune) .



Sym
'

.
No : 1122 but 21241

trans : Yes. check for every . pair
of comparable arrows

-

Ex : U= ## = Ecx.gs/xIy3

refl : Yes : { cx.no/xelR3E U

Sym : No : oui but Ido .

trams '. Yes : if x. ye with

X. Ey yEz ten X E Z .



that is if xiy, 2- ER .

and xUy ad gtfo
then xsy and yet
so X EZ

Ex : V =#
so xllz .

\ = Lex.gs/x=yorx=-y3 .
refl : 4 since te Ine (xx) is in V .

Sgm ! Y since he graph is preserved.

trays! by refection our x=y
or !



if x Vy
hen either g=x or y=-x

if y=x ten y VX.

if y= -x
kn g VX

clad

trans: Y V={Capt X=yorx= -y)
=Elx.gl/x2--y2}

so if x. y , z wit x Vg , yVz



So X=y2 ad y
2=2-2

so XZ=E so XVZ
.

Hence U is an equivalence relation.



Sketch :

Logic: Need ⇒

and ⇐ ] fer iff,
⇒ Assigner is sym .

and show: E

and Z

⇐ Assure R=R"

aid show symmetric .
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If R is a relation on a set A

define !

if xeR write I={YEA / x Ry } .
write : AIR = {II xeA3

a family of subsets
of A .



Def : If A is a nonempty set
and F is a family of subsets of A
then F is a partition of A if
① ¢ & F
If E. FEF then @E- F) or@F-§
U E = A

.

EEF



Thin 3. 3.1 : If R is an equivalence
relation on a nonempty set A teen

AIR is a partition of A .

"Ei#a
Find R an equine - mln on IN

so that Rfp = {{1,2. -→ 93,40 . -7993,
{too , - - - 999} , - - - }

.

Ans : R={Carb) / if a and
b have

the same number of digits}



$3.4 : Mod . Arita
.

.

Consider for any m C- IN

there is an equiv .
reln : on Z

Rm = { cab) / m divides a- b} .

Write Zm=2Fq={I. T , I , 5. . . . ,mT }
H H

£ . -2n ,- M , 0.m.am .
. . . ) RT

and call this settee integers mod m
.



Def : if a- its c- Efm ,
KEN then :

a- +b- = atb write atb (mod m)

I. b- = a.tt a.b Cmodm)

a-
k
= at ab (mod m)

claim: + is well defined in Fm
.

Equivalently!a is
congruent mod into a

claim'
.
If and b. =D Cmodm)

then atb = ctd Cmodnv)

Proof : Since m divides a- c and b-d



tree as integers k and with

ink -- a- c and me -_ b -d

so mktml = Latch )- ( ctd)
4

mckell)

so m
divides Catb) - lctd)

so atb - Ctd (mad m)
go .
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Def: If A and B are sets then

a function f from A to B

is a
relation from A to B

with ① domain (f) = A
and if a c-A and b.CEB

with carb) Ef and care) Ef

teen b=C .

Equiv :



A relation f- from A to B is

a function iff

C- aeA) (I ! beB) caidef
.

Ex : directed graph :
i.→ ai.ee#::i:
2# b 20$

b

c.gg?gYdibe
i:÷÷÷;) 're:÷÷÷. ::÷.

{a.b.?
'}

:



Claim: Example ① is a function :

f- = { ix.g) e- IR
- I y=xZ- 43 .

Notation for functions :
If f is a function from Ato B

write: (a. b) E f or equiv afb

or equiv f ca) =b

A codomain for a function is any
set

containing the range .



Sketch of proof:
U's Note: vertical line test holds V

L: or domain : the IR have Fy fury.

or second Cuniofenesg)
condition : tf flaky & find =Z

hare y=Z .

I: ① Ex choose y=x
'
- 4 U

if xZ4=y 4×2-4=2

tree y = Z
V r



Ex : If A is any
set

then Ia = { care) Iae
A} rs

a function from A to A

called the identity on A .

Note: this relation is
also an equivalence

relation .



Sketch : U: see above It is both ,

L : Need to show f- EIA

Ass: Sis afn am f ZIA .

and eqrvrelh .

I : 2 since f is an elf - reh

f is reflexive

so tf AEA hen carat tf.

tron ,
E " safe:b:c#and flake



but flat>a Smee IA Ef .
-

An attempt to define a function

using a
relation which is not one

is called not well defined .
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Sketch:

u: the relation is

f- = { ( I , EDI XEE } .

= { ( E. CoD ,
CT , Cid, - - } .

'

f is not a function .
L: want to show

① t a c- 273 F b E ZIG with laidef.

§d V-ahtay73.g.by E ZZ
with carb), tf.



~ or n .

I: n is liddy tee problem :
{ so , cos) . . . , 43,533)

H
o so]

-
i n is F aezfz , b. c EE, with

Caidiladtf

- ( lb> e)

(btc) ,

Recall : I.J E ZZ
ten 5=5 if 3 divides Xy .



Icy] EZ,

ten CxI=[y]
if 6 divides

eg : E.
3- C- Efs and 3 divides o-3=-÷

Sketch!
U! g- {

( ex] .IT/XEE3i-Eko3ioT . - 3
.

Note : g
= f
"

the inverse relation .



L : ① tf a c- 276 F b EE, with

Leib) E g
VatZZ

,
b. c C- Etz with

(a. b) , La .
C) Eg

have b=c .

I : ① f a c- 276 I n c- 27 with a-_[n]

and ( Cn] , ) Eg so take b=n- r.

If a C- 276 and bio c- 273



with carb) , Ca , d E g
so there is nee wite a=qny

and Kal EE
with b=kc=t

and ( Ck] , bi) = Carb)
( El] , I) = (a. c)

So [ k] :[e]

so 6 divides k-l so b-b- 6 t

=3 -Czt)

so 3 divides k-l so b-=D so be .



More functions :
characteristic functions ;

If S is a
subset of A

then Xs={(s .tl/seS3uka.ol/aeA- S}
is a function from A to {0,13

.

In particular Xs (s) =L if se S
Xs Cal =o

if AEA and so 45

Inclusion functions :



If S is a subset at A

tree Is = { Css ) Ise 's } .
from S to A

.

Restrictions of functions:
If S is a subset of A

and f is a function frm A to B
then f- Is = { ( s , fess) / se S }

from S to B



Examples : # R to IR ortho
Consider : fad = e

" from

and Jack
X-13 from IR to IR

Find : f
-'

ex) = In ad from IR>o to IR

g-
'
Ix) = X- 3

from R to IR

fog)Cx)
= e

"" from IR to IR>o

gifted - e
"

-13 frm R top

or IR to IR>o



4.2.1
Claim .

.

If g k f are functions

as above her goof is a function .

210301



Claim 4.21: If g is a function from

B to C and f is a functor from

A to B teen got is a function from

A to C .

Proof : For existence:

If aEA then fla) =b is in
-B so glb) is inc

and laid
is in g. of .

For uniqueness
:

If laid and la, E) are
in gof.

then there are
b and 5 with



( arbs and La 5) ish f so 5=5

and ( b ,
c ) and Cb

,
El ing so c=E.

geed . .
84.3 :

Def : A function f from A to B

is onto or surjective if range(f)
=D

.

A function g from A to B

is one to one or injective if
-

every xandy in A with flxkfly)
has x. = Y .



Examples: which of tie following
are onto and/or one to one ?§
as functions from IR to IR ?

G

① x' = fix,µ②ex --gas I
③ X

's = had tf



Note: g
is one to ore

if every
horizontal line hits tie graph atonmogt

.

f- is surjective if every
horizontal lose hits tee graph at

least
once,

-

jabIan,
sketch: CEBI A
U: Need I

go f



L : the C want 7 be B
with gCbJ=c .

I : know : got is onto so

Fast with (gotta -_ a
4

If gffca,)= gcb)

so take b= flat in
B t



Sketch :

L : P # Q
→p

Q is f is onto

equivalent :
I f. g as above with f not onto .



I : Find an example:
OI 0¥

A

gof
-

¥÷¥E



-

If AE B

restriction ! If f :
B → c

then the restriction
of f to A

is f/a : A → C

with flakes -_ fla
)

extension : f is an extension of F/A .



Example :

Lif g

÷¥#i÷
f- isanaeft

. frogI BA
*off
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Cor 4.4.35

If a relation f from A to B

is a bijective function

then the relation f
"
from B to A

is also a bijective function .

Proof : Assume f is a relation

from A to B which is a

bijective function .

Since f is bijective if b is in B



there is a unique a in A with

carb) in f or equivalently (bras in f
"

so f
"

is a function .

Since f is a function
if a is in A

there is a unique b in B with

carb) in f or eqniralak ( b. a) in f
-t

so f
"
is a bijection . qgd .



Sketch for claim:

Existentand so look for an

example .

A -8 B f- A F- B
'
← :X :-c

:
•

← •3 IS 3•

=
IA

¥
i.
g- •



•#I

:X:

¥
*

IB

sketch for Them 4. 4. 4.a :

L : iff so
need ⇒

⇐ ]
two things ,

⇒ Assume F-g" and



show 4 things :

go f.
E IA

go f
Z IA

fo g E IB

fo g ZIB

⇐ Assume gof=IA and fog '-IB

and show 2 thing :

f- Eg
"

f- Z g
"

.



I : ⇒ If ca.ci) E got
then Fb EB with

Carb) E f and ( bootleg .

hence TaXb)Ef-#Iand-ine.su#a=a .

hence
(b. al E g =f

"

and since g
is a fu .

have
a=E=g

Cb) ,

tiene fare got E IA



aim : f : 27, -7 Esr

with f- (E) = (5)
Z

is not a bijection.

Claim : f : 275 → Is
②
wit f

CI) = 6513 is a bijection .

⑤aim : f : WXIN→ IN
with f- ( carb)) = 29" (2b- I)

is a bijection .
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Proof of claim③ :

f- is onto since
if n is a

natural number

then n=2dp with P odd, 220 and PZ
!

Take a- Atl and
b = PI! Hence (laid)

-2^(235-1)= n

f is I - I since if 29 (2b -D= 2%5-1)
and if (for contradiction) a> an

then 2
"-T (2b-D= 25-1 is both even

and odd foe contradiction) so afar .



similarly at a so a =a~ .

Hence za-' (2b -D= za
- I (25-1)

so
2b - I = 25-1

so
b=5

. q.e.cl .
-

Example: some bisections:

⑨ a : (oil)→ co, 3)

with a Cx) = 3. x is a bijection .

Cheek : since if gcyg= By



check: @ogJCyt-afgcyD-3rtsy-y.so
dog

= Ico,3)

ad (go a) Cx) = glans
) = f.3. x=X

so goa
= Icon)

Find a bijection
f : (o , I] → (oil)

and find f- ( t) and f- (E)



and fu) .

Using : b :(on)→ ( lid )
box) = ¥ is abijection .

and C : coil]→A ,
D) is abijah.

ccx ) = ¥

and d : HN:{91,2, ---3→ IN is abroad.

din) = htt



and e : [ i.D) → Cl , )

ec⇒= { 4+1 if XEN
is a bird.

X otherwise



210308Lome counting: If # =3 find :

⑨ AIT f EA* A
=

⑤ PA
=

② PCA.in#epqirsIitiotIs.

⑧ { fl f is a relation
from A to A}

#
② {fl f is an equivalence reln onA }

#

⑤ { fl f is a function from A to Afa}
{1123



⑧ {flfisafuuctions#fmAA}
=

④ {fl f is a bijection from A- toA}

Ans : ⑥ EFA = E. E= 3.3=9

⑤ PF = 25=23 = 8

⑥ PLAIT = 29=512

⑨ the same as
② since

a
subset at AXA

is the

same as a
rdn from A to A .

So 512 possible relations .



_②the same as {partitions of {1,4333 }
=

= { { 1h43} ?, {144.1333, {{1,331%3,112,3}%13}• 2

143,923,5333
.

.

.

3=5
④ GEE !

⑦ EE -- 23=8 ÷:÷÷÷: !
⑧ IF =3' = 27



Thin .
.
5. 1.1

Tv is an equivalence relation

on the collection of
sets

.

Proof : Need to check :

→ symmetry .

- reflexivity .

- transitivity -
check: symmetry : Need : If AaB

then BIA .

That is if I f : A
→B a bij . function

then I g: B.
→ A a big . function



Proof: Assume f: A → B is a bij .

function . Hence f
" :B → A is also a

big . function . q.e.ee . .

Overview of small cardinal ites :
no two columns are equivalent . ←

PITT ⑦Q - ④⇐ wxw go.is PHD

22

* R
Ss Ss

kN carb)
SS Ss

of IN , # Nz - - -#Nn # t # com) AT



O
l 2 . . . n

- - - Ho c namq

Them : If rsn then Nr # Nn .

Proof strategy :
show there is no INN f- Nr

which is injective (so no bijection)

Use induction . with pens the proposition
that trim F f : Ah- Nr

which is injective .



Possible base steps for induction :
Pll) means : there is no injective map

from El} to P

which is true sauce the is

no function from {13 to p.

Plz) means : there is no injective

map from { 1.23 to 13 orI
✓=L MIO

but there is only one fn f:{k3→qB

and fuk fast so not inj .

and twee are no mpsm fns frm 5h23 top,
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Them 8.2.1 : If
new then

Nn H N .

( IN is infinite),

proof P!an : show tf f : IN→ Nn

injective.
Use 5.i.9 : I g : inn..

-Nn injective.

Use contradiction
.

Assume f : IN→ Wn is injective .

Hence flava
..

"Nn#→nun is injective .

contradiction . g.e-d .a



Proof of 5. 2.4 :
Assume f: IN→

Card
.

Write an for the n
" decimal digit of f-Cn)

and choose bn ¥ An and Beloit)

with digits bn .

Claim: B ¢ Imlf)
so f is not onto .

Poff Ffr contradiction
assume f- (m)= B

claim so am = bm a contradiction .

q
- e -d .

Proof of 5. 4.3 :



Assume f : A- P CA)

write D= { a⇐At a # flat}

Clam B ¢ Imlf)
so f is not onto.

Pf of claim :
For contradiction assume f- ( as =D

Two cases : ① a E B

or ② act B .

In case ① a e fca) so a EIB = f-(a)

a contradiction .

In case ② act flat so aEB =fCa)
another contradiction . g. e.d .



210312N ( Reread § 1.7)
Proofs : Methods:
direct .
cases

contrapositive ( not
the converse) ,

contradiction
induction ( PMI ,

Generalized) .

Possible hits from logic :

Q startwith suppose maybe direct.

F c '
' ' choose maybe construct.



iff or# two things ⇒ k ⇐

= sets ' ' " E & Z

-

Office hrs at 1 on Monday .

-

Ans:Outline @ :
Need to show : reflexive on

symmetric Cs)

transitive .

Ct)



Idea: e) : Vxe Rl ix.x) ES

since X-X=O C- ④ ✓

Csl : tf x. YER Gay)Es⇒cyxKS
Assume * ye
hence - (x- g) '- y- X EQ u

.

Lt) V-xry.tt/RLcx.yItSIr4yizIES)
⇒ ( x. HES .

Assume x-y EQ and y-z e Q

hence x- y + y - z -_ X
-Z EQ V-

⑥ show TT is denumerable:



Proof idea: Need I = IN

or equiv: if I f- IN a bijection.

Note also know : (denumerable means F- = Xo )
,

sina.am" "
-- ' '

-

( proved lasts.i.EE#nIfiiicctn . ÷÷÷÷÷¥)from TT to any of

Consider TT Is ④
with f# = X- IT



since XETT know (Thx) c- S

so Ti- X E ④ .

So X - TI
E④

.

2.

eg f- ( Tite) E J
w u

C- TT it }- TT

Finally: show f is a bijection :

How to do thus :[Find an inverse
to f .



or [show onto
and show l- I-.

Consider g ly)
= y - T

check: (fog) ly)
= yqtflglyi) = fly = y

and lgoflcxl = gffoxs) = gfx
-alex

Director
Need: Vy c- Q F x e TT with flaky .



Pf. Assume ye Q take x -

tf
so fcxt-ftyi.FI/I**y
and XETT since

F- E- t-Lyta) = - y EQ .

Ef '

TT = {XI Ti-XEQ}




