Discussion 2 Differentiation June 4, 2025

Problem 1. Consider the zigzag function f defined on [—1,1] with f(0) = 0. For every
positive integer n, we have:

and f is linear on the intervals

1 1 1 1

n’ n+l n+1'n|’
At which points in (—1,1) is f differentiable?
Solution. It is clear from the construction of f that f is differentiable on (—%, —#1) and
not differentiable at x = —1, 1 for n = 1,2, ... We will show that f’(0) = 0. Fix e > 0. Let

N be a positive integer such that ”nt] <€ f01 all n > N. Next, choose § > 0 be sufficiently
small such that for all # € (—d,9)\{0}, there exists n > N such that x € [, —-5] or
2 €[5, ). Then we have for all  such that || < ¢ and = # 0,

€L
f(’L’>|§ n? :n+1<€.

Problem 2. Show that if f is twice differentiable in (a,b) and a < ¢ < b, then

f"(c) =limh 2 [f(c—h) —2f(c) + flc+h)].

h—0

Solution.

Problem 3. Assume that f is twice differentiable at every point in (0,4), f(3) = 3,
f(1) =0, and there is some other number x € (1,3) with f(z) = 0 also. Show that there is
some number y € (1,3) with f”(y) > 3.

Solution. Let zg € (1,3) such that f(zy) = 0. By MVT, there exists a € (1,z) such that
Flla) = L=/D _ g Slmllarly, there exists b € (o, 3) such that f/(b) = {&=S o) _ 3

xro—1 3—x0 3—x0 "
Since zg € (1,3), f'(b) > Flnally applying MVT to f” on [a, b], there exists ¢ € (a,b) such

that () = UL f0 5 E g

Problem 4. Consider the sequence of functions {f,} defined on [0, 00) with

nxr

fnlz) = 1+nx

(a) Find the pointwise limit of this sequence. (Pay attention to zero.)
(b) Determine whether the sequence converges uniformly.

Solution.
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(a) We have f,(0) = 0 for all n, and for z € (0,00), f*(z) — 1 as n — oo. Therefore, f,
converge to g pointwise, where

(z) 0 ifx=0
xT) =
v 1 ifz>0.

1

(b) The convergence is not uniform because for any interger n > 0, f(%) = 1.

Problem 5. Consider the two equal parts partition P = {() 1} of [0, 1]. Show that there

is another two part partition @ of [0, 1] so that

R

U(z*, Q) — L(z% Q) < U(a®, P) — L(z* P).

Solution. For this problem, you just need to try something. For example, try Q = {0, 2 511

Problem 6. Assume that f is integrable on [0, 4] and define

0=/

also on [0, 4].
Show that there is some ¢ € [2, 3] with

[ri

Solution. The functlon F(z fo t)dt is continuous on [0,4] since f is integrable on
[0,4]. Therefore, h(z fo t)dt is mtcgrablc on (0,4), by the Fundamental Theorem

of Calculus. By MVT there CXIStS ¢ € [2,3] such that h(c) = % = f; F. Also by

Fundamental Theorem of Calculus, we have h/(c) = fo

Problem 7. Show that if [, f* =0 then [, f exists.

Solution. Since f? is integrable, f? continuous almost everywhere on I (i.e., the set of
discontinuities of f* in I has measure zero). In addition, since [, f> =0, f*(z) = 0 for all
x at which f is continuous. This implies that f = 0 almost everywhere on I (i.e., the set of
points of I where f is nonzero has measure zero.) Therefore, f is integrable. To prove this,
fix € > 0 and choose a finite collection of disjoints intervals I that cover the set of points
where f is nonzero such that m(|J [ < €). Refine these intervals to make a partition P for I.
Then we can see without difficulty that U(f, P) — L(f, P) < Ce, where C' = 2sup,; | f(x)|.
(Note, f is bounded.)

Problem 8. Show that if f(0) =0 and f(x) = Pxo(z) (its Taylor series) on (—a,a) then
so does g(x) with ¢g(0) = f(0) and g(x) = 7! f(z) otherwise.
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Solution. By assumption, f(0) = 0, and so f(z) = >0 a,z", where a, = f™(0)/n!.
Thus, when x # 0, we have 1% = 37 4,27~ 1. Define

- {ro itz =0
9lw) = {ZZOZI ap,z™t  if o #£0.

Then §(z) = g(z) for all & € (—a,a). Moreover, lim, ,o Y o a,z"* = f'(0), thus we can
write g(z) = Y o ans12" for all x € (—a,a). Note that g and g has the same radius of
convergence.

Problem 9. hehe

Solution. We have f'(x) =In(1 + x), f"(z) = 14+:c’ f"(x) = —ﬁ. Thus,
1
P270(33') = 5(172.

We have RQ( )_f< ) PQ(]( ): (1+£)
then 0 < ¢ <z < 1. Thus——>R2( ) > CIf -1 <2 <0, then —1 <2 <& <0, and
so (1+&)? € ((z+1)%,1). Therefore, —6(1+x)2 < RQ( ) < —g.

L a3 for some & between 0 and x. If v > 0 and x < 1,
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