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— Exercises —

Exercise 8.1. Travell, Morgan and Quin are splitting an Uber to get to their
homes; they all live on the same straight street, which is also the same street they
are getting picked up on. After driving 10 miles on this street they reach Travell’s
house and he gets out, after another 10 miles they reach Morgan’s house and she gets
out, after another 10 miles they reach Quin’s house and he gets out.

The cost of the Uber is $1.50 per mile, so in total they have to pay $45. They
discuss how much should each person have to pay for it to be fair. They agree that
since their rides were different distances, they should pay different amounts, but
Travell and Quin come up with different ways to divide the cost. Travell sends his
reasoning, and it looks like this:

Travell =3-15=85
Morgan = §-15+ 3 - 15 = $5 + $7.50 = $12.50
Quin = 31-15+1-15+ 15 = $5+ $7.50 -+ $15 = $27.50

But Quin sends his reasoning and it looks like this:

Travell: [ ]

Travell = 3}-45=$7.50
Morga‘n' ’:::l E ==y Morga.n = % .45 = $15
Quin: | ] ] || | Quin =2 -45=$22.50

Explain each person’s reasoning. Why do they get different answers? Who do you
think is correct? Explain why theirs is better than the other.

Exercise 8.2. Prove that if A and B are nonempty bounded sets and A C B,
then sup(A) < sup(B) and inf(B) < inf(A).

Exercise 8.3. Suppose A and B are nonempty sets of real numbers such that for
any z € A and y € B we have z < y. Prove that sup(4) < inf(B).

Exercise 8.4. Let f:[0,2] — R be defined by f(z) = 22 — z, and let P =
{0,1,%,2}. Compute U(f, P) and L(f, P) with respect to this particular partition
P.

Exercise 8.5. Suppose a < b < ¢ < d and that f is integrable on [a,d]. Prove
that f is also integrable on [b, c].

Exercise 8.6. Give an example of a function f : [0,1] = R for which f is not
integrable, but (f(z))? is integrable.



312 CHAPTER 8: INTEGRATION

Exercise 8.7. Recall that the modified Dirichlet function is defined to be
z ifzeqQ,
g9(z) = .
0 ifzgQ.
(a) Let P be a partition of [0,4]. Compute L(g, P).
(b) Find inf{U(g, P) : P a partition of [0,4]}.

Exercise 8.8. Prove Corollary 8.15. That is, prove that if f : [a,b] —» R is
integrable, then there exists a sequence P, of partitions of [a, b] for which

[U(f)Pn)_L(f,Pn)]=0

lim
n—00

Exercise 8.9. In this exercise you do not need to prove that your example works.
Give an example of a function f : [0,2] — R which has the following two properties:

e When restricted to the domain [0,1] (so now f : [0,1] — R), we have
L(f,P) <U(f,P)
for every partition P of [0,1].
e But when restricted to the domain [1,2] (so now f : [1,2] — R), we have
L(f,P)=U(f,P)
for every partition P of [1,2].
Exercise 8.10. Give an example of numbers a and b, and of integrable functions
f,9:[a,b] = R, where
U(f+g,P)<U(f,P)+U(g, P)
for every partition P of [a,b]. Make sure to prove your answer.

Exercise 8.11.

b 2
(a) Prove that / zdxr = 5 by considering partitions into n equal subintervals.
0

b 3
b
(b) Prove that / z2dz = 3 by considering I?rtitions into n equal subintervals.
0

b b4
{c) Prove that. / 23 de = T by considering partitions into n equal subintervals.
0
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Exercise 8.12. Consider the function f : [0,3] — R given by

1 ifzelol)
f@)={2 ifze(l?2)
3 ifze23

Using the integrals analytically theorem, prove that f is integrable.

Exercise 8.13. Consider the function s : [0,2] — R given by

1 ifzel0,1)
s(z)=<5 ifz=1
2 ifze(1,2

Using the integrals analytically theorem, prove that s is integrable.

Exercise 8.14. Let f be the function graphed below, where the zig-zag pattern
continues, and where f(0) = 0. Is f integrable on [0,2]?

ol

W= —

Bl —
—
[\&]

Exercise 8.15. Suppose f and g are integrable on [a, b].
(a) Prove that if there exists some ¢ € [a, b] such that f(z) = g(z) for all 2 # ¢, then

/abf(x) dz = /abg(m) dz.

(b) If f(z) = g(z) for all but countably many z values in [a, b}, must it be the case
b

that /b f(z)dz = / g(z) dz?

Exercise 8.16. A function f is strictly increasing on [a, ] if for any z; and
from [a,b] where z; < o, we have that f(z1) < f(z2). Prove that if f is strictly
increasing on [a, b], then f is integrable.
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Exercise 8.17. Consider Thomae’s function A restricted to [0,2]. That is,
h:{0,2] — R is given by

1/n ifz # 0 and z = m/n € Q in lowest terms with n > 0
hz)=40 fz¢gQ
1 ifz=0

This function is pictured on the cover of this book. In Example 6.7 we discussed
how h is continuous at every irrational number and discontinuous at every rational
number. In this question you will prove that Thomae’s function is integrable. To do
this, complete the following steps:

(a) Prove that L(h,P) = 0 for any partition P of [0,2].
(b) Note why h is bounded.

(c) Let € > 0. Determine whether there are finitely many points = such that
h{z) > £/4, or infinitely many such points. Explain your answer.

(d) Explain how to construct a partition P. of (0,2} where U(h, P.) < . And prove
that partition works.

(e) State which theorem completes this proof.

Exercise 8.18.

(a) Suppose f is continuous on [a,b] and [ f(¢)dt = 0 for all € [a,b]. Prove that
f(z) =0 for all z € [a, b].

(b) Suppose f is continuous on [a,b] and [T f(t)dt = fwb f(t)dt for all z € [a,b].
Prove that f(z) =0 for all z € [a, b].

Exercise 8.19. For each function fj below, find a formula for Fy(z) = [7; fi(t) dt.
Where is I}, continuous? Where is Fy differentiable? Where does Fy = fi? You do
not need to prove your answers.

(a) f1:[-1,1] = R given by fi(z) = |z|. /
(b) f2:[~1,1] = R given by

1 ifz<0
fz(w)_{z if > 0.

() f3:[~1,1] = R given by

1 if
s-{3 ol
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Exercise 8.20. Suppose f and g are continuous functions on [a, ], and g(z) > 0
for all z € [a,b]. Prove that there exists some c € [a, b] such that

[ @ as=i [ ’g(a) d.

Exercise 8.21. Suppose that f is continuous on [0, 1]. Prove that

lim 1f(:z:") dz = f(0).
n—o0 fg

Exercise 8.22. The average value of an integrable function f on an interval [a, b]
is defined to be

1 b
wvel$) =525 | 1
(a) Explain in your own words why this is a sensible definition of “average value.”

(b) Prove that if f is the derivative of another function F, then avg(f ) is the average
rate of change of F' over [a, b].

[osin=[r

(d) Suppose that m < f(z) < M for all z € [a,b]. Prove that m < avg(f) < M.

(c) Prove that

(e) Prove that if f is continuous, then f achieves its average value: precisely, there
is some c € [a, b] such that f(c) = avg(f).

(f) Give an example to show that the previous part cannot be extended to all
discontinuous f.

Exercise 8.23. Use Theorem 8.24 to provide a second proof (easier than the way
outlined in Exercise 8.17) that Thomae’s function is integrable.

Exercise 8.24. Assume that f : [a,b] — R and g : [a,b] — R are integrable and
k € R. In this exercise we will use Theorem 8.24 to prove that kf, f + g and fg are
also integrable. To that end, let D be the set of discontinuities of f; likewise for Dy,
Dkf, Df+g and ng.

(a) Prove that if sets A and B have measure zero and C' C AU B, then C has
measure zero.

(b) Prove that Dys C Dy, Dyyy C Dy UD,, and Dy, € Dy UD,.

(c) Explain why this implies that kf, f 4 g and fg are all integrable.
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Exercise 8.25. Give an example of each of the following, or state that no such
example exists.

(a) A pon-empty compact set of measure zero.

(b) A non-empty open set of measure zero.

Exercise 8.26.

(a) Assume f is integrable on [a,b], and f(z) > 0 for all z. Moreover, assume that

I : f(z)dx > 0. Prove that there are infinitely many points z for which f(x) > 0.

(b) Assume g is integrable on [a,b] and g(z) > 0 for all z. If g(z) > 0 for an infinite
number of values of x, must it be the case that [ ab g(z)dz > 07

Exercise 8.27. Use the fundamental theorem of calculus (Theorem 8.32) and
Darboux’s theorem (Theorem 7.20) to give a second proof of the intermediate value
theorem (Theorem 6.38).

Exercise 8.28.

b
(a) Suppose f is integrable on {a, b] and f(z) > 0 for all z. Prove that / f(z)dz > 0.
a

(b) Suppose f and g are integrable on [a,b] and f(z) > g(z) for all z. Prove that
"
/ fx) dz>/ g9(z) dz.

(c) Suppose f is continuous on [a,b] and f(z) > 0 for all z. Prove that if f(xo) >0
b
for some zg € [a, b], then / f(z)dz > 0.
a

(d) Give an example of a function f on [a,b] where f(z) > 0 for all z, f(xg) > 0 for
b

some zg € [a,b], and / f(z)dz =0.
a

Exercise 8.29.
T

(a) Let F(z) = / 2f(£) dt. What is F'(z)?
0

(b) Prove that if f is continuous, then

/Omf(t)(x—t)dtzfom (/Otf(s)ds> dt
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Exercise 8.30. Find a function f such that

¢4
/ tg(t) dt = z* + 22°.
0

Exercise 8.31. Prove that
ab 1
/—d +/-d —/ L.
1 T
Exercise 8.32. Prove that
b ‘ b
/ f(w)dw=c~/ flez)dz
ca a

Exercise 8.33. Define a function L: (0,00) = R by

L(z) :/j%dt.

You should intuitively think of this as the natural log function — although we haven’t
formally defined that yet.

(a) What is L(1)? Explain why L is differentiable and compute its derivative.
(b) Prove the identity L(zy) = L(z) + L(y).
(c) Show that L(z/y) = L(z) — L(y).

(d) Define »
Yo=0+3+3+--+1)-Ln).
Prove that the sequence (yn)n>1 converges. The constant e = lim 1y, is called the
Euler-Mascheroni constant.

(e) By considering the sequence yan, — ¥n or otherwise, show that L(2) is the limit of
the alternating harmonic series.

(f) Prove that L(z¥) = yL(z) for all z € (0,00), y € R. Deduce that L(e®) = x for
all z € R. Deduce also that £e” = e®

Exercise 8.34. Suppose that f : [a,b] — R is bounded. Suppose further that f
is continuous at every point in [a, b] with the exception of a single point zg € (a, b).
Prove that f is integrable on [a, b].

D)
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Exercise 8.35. Suppose f : [a,b] — R is integrable.

(a) Prove that there is some g € [a, b] such that

/a " bt dt = / b () dt.

(b) Give an example showing that it’s not always the case that zo € (a,b).

Exercise 8.36. Suppose f : [a,b] — R is integrable. Follow the following steps
to prove that f is continuous at infinitely many points (a dense set, in fact). Parts
(a)—(e) will prove that there exists at least one point ¢ € (a,b) where f is continuous
at c.

(a) By a theorem from this chapter, there exists a partition P = {zo,Z1,...,Zn} of
[a,b] with U(f, P) — L(f, P) < b — a. Which theorem gives this?

(b) Under the partition P, prove that M; —m; < 1 for some i. Let I = [z;—1, z3];
that is,
sup ({f(z) :z € Ii}) —inf ({f(z):z € 1}) < 1.

(c) Prove that there exists a subinterval Iy C I; where
. 1
sup ({f(z):z € L}) —inf ({f(z):z € [}) < 3
(d) Prove that, in general, there exists a subinterval Iy C Ij where

sup ({f(z) : 2 € Ig1}) —inf ({f(2) : 2 € Iy }) < k_jf_l_

(e) Apply the nested intervals theorem (Exercise 1.34) to prove that there exists a
point ¢ at which f is continuous.

(f) Using what you just proved, show why f is continuous on a dense subset of [a, b].

Exercise 8.37. Suppose that f : [a,b] — [0,00) is a continuous function with
maximum value 2. Prove that

1/n

i Lb )=

Exercise 8.38. Suppose that f : [0,1] — R is integrable. Prove that there is a
point ¢ € (0,1) at which f is continuous.
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Exercise 8.39.

(a) Prove that if f is integrable on [a,b] and m < f(z) < M for all z in [a, b], then

b
[ @do= -0y
for some y withm <y < M.

(b) Prove that if f is continuous on [a,b], then

[ 1@a=0-a- 160
for some xp € [a, b].
(c) Show by example that (b) need not hold if f is not continuous.
(d) Prove the following more general result (part (c) is the special case g(x) = 1 for

all z), known as the general mean value theorem for integrals: If f is continuous
on [a,b] and g is integrable and nonnegative on [a, b, then

[ 1@0@ia = 50 [ ota)da

for some xp € {a,b].

Exercise 8.40. Say that a set X C [a,b] has content zero if for every € > 0 there
are finitely many intervals [a1,b1], [a2,b2], .., [an, bn] such that X C Up_,[ax, bx]
and Y ;(bx — ax) < &. (The first condition says that the intervals cover X; the
second says that their total length is small.)

(a) Show that every finite set has content zero.

(b) Show that the Cantor set C has content zero. (A definition of the Cantor set is
in Example B.1 of Appendix B.

(c) Suppose that f is a bounded function on [a, b] and that the set of points z € [a, D]
at which f is discontinuous has content zero. Prove that f is integrable.

(d) Prove that the function

1 ifzeC
h =
(=) {o ifzgcC

is integrable and compute fol h. (Here C is the Cantor set.)
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Exercise 8.41. Prove that the set { flb 4 dz : b € [1,00)} is bounded above and
compute its supremum, which we might sensibly denote f1°° 515 dz.

Exercise 8.42. A function s : [a,b] — R is called a step function if there is
a partition P = {zg,%1,...,Zn} of [a,b] such that s is constant on each interval

(@iz1, i)

(a) Prove that if f is integrable on [a, b], then for any & > 0 there is a pair of step
functions s; and ss where s1(z) < f(z) < s3(z) for all , and

b
/a [f(z) —si(z)] dz < e and / [s2(z) — f(z)] dz < e.

(b) Suppose that for any & > 0 there is a pair of step functions s; and sy where
s1(z) £ f(z) < sa(zx) for all z, and

b b
/ [fz)—si(z)] dz<e and / [s2(z) — f(z)] dzx < e.

a

Prove that f is integrable.
(c) Give an example of a function f which is not a step function but for which
b

f(z)dz = L(f, P) for some partition P of [a,b]. You don’t need to prove

a
your answer.

Exercise 8.43. Prove that if f : [a,b] — R is integrable, then for any € > 0 there
is a continuous function g where g(z) < f(z) for all z, and

Lbf(x)dx—j;bg(x)dm<e.

Exercise 8.44. Prove the Cauchy-Bunyakovsky-Schgarz inequality, which says
that if f and g are integrable functions on [a, b], then

(L) <([)([5)
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— Open Questions —
Question 1. Under which conditions on f does the inequality

/ e da > (/ (o - 0/ (a) ds) '

hold for some o, 8 and A, and for such an f, what are the most general conditions
on a, 8 and X for which the above inequality holds?

Question 2. Under which conditions on f does the inequality

/a o8 (z) dz (/ (z —a)*fP(x) dx)
/ @) de ( / (@ - )/ (z) dx)A

hold for some «, 3,7, 6 and A, and for such an f, what are the most general conditions
on a, 8,7 and A for which the above inequality holds?

Question 3. Let h : [0,00) — oo be a non-negative function and let o > 0. Prove

that if X
/ M(l —z)" e < t*
0 x

for all t € [0, 00), then

[ a0+
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