MAT 127B
HW 4 Solutions(5.2.5/5.2.10)

Exercise 1 (5.2.5)
Let

x* ifx>0
Jalz) = {o, if 2 <0

(a) For which values of a is f continuous at zero?

(b) For which values of a is f differentiable at zero? In this case, is the derivative function
continuous?

(c) For which values of a is f twice-differentiable?

Proof.
The function f,(x) is smooth for every a for all points in R — {0}.

(a) For continuity we need

lim f.(z) = fa(0) = lim fu(x)

z—0t z—0—

Hence,

if and only if a > 0



(b) For differentiability we need

lim fa(h> B fa(()) = lim fa(h) — fa(o)
h—0+ h h—0~ h

Hence,
hm fa(h> - fa(0> — hm 9 — 0
h—0— h h—0 h
We need
tim 220 = S0 g W20 g e
h—0+ h h—0 h—0

This is true if and only if a — 1 > 0 or @ > 1. and f/(0) = 0.
The derivative will be (when a > 1):

lim f/(z) = lim az* ' =0

z—0+ z—0t
= f,(0) = lim f () =0
x—0~

Hence the derivative of f,(x) is continuous for a > 1.

(c) For twice differentiability we need

L S = £00) () = F(0)

h—0t h h—0— h

Hence,

We need



/ R ) a—1 __
lim M = lim M = limah® 2% = 0.
h—0+ h h—0 h h—0

This is true if and only if a — 2 > 0 or @ > 2. and f/(0) = 0.

Exercise 2(5.2.10)

Recall that a function f : (a,b) — R is increasing on (a,b) if f(z) < f(y) whenever z < y
in (a,b). A familiar mantra from calculus is that a differentiable function is increasing if its
derivative is positive, but this statement requires some sharpening in order to be completely
accurate.

Show that the function

2 4+ 2”sin <%), ifx#0
0, ifx=20

g(z) =

is differentiable on R and satisfies ¢’(0) > 0.

Now, prove that g is not increasing over any open interval containing 0.

In the next section we will see that f is indeed increasing on (a,b) if and only if f'(z) > 0
for all x € (a,b).

Proof.
For x # 0, we have g(z) is differentiable and the derivative is:

1 1 1 —1 1 1 1
d(x)==+2xsin|— | +2°cos |~ || — ) ==+2zsin( =) —cos =
2 x x )\ x? 2 x x

For x =0

R 2 . 1
2 + hesin (—) -0
— 2 h 1 1 1
9,(0) = lim —g(h) 9(0) = lim = lim (5 + hsin (—)) ==->0

h—0 h h—0 h h—0

) ) 1
}lzlir(l)hSHl (E) =0

since



Let (—a,b);a,b > 0 be any interval containing 0.

Consider the sequence:
2

—(4n— 1)7T;n e N.

Sp =
Clearly this sequence converges to 0.
Hence there exists an N such that for all n > N, s,, < b. It’s clear that s,, > 0, hence for all
n>N,
sp € (—a,b).
Let ng = N + 1.

Now consider 5

= <
(4ng + D) (4ng — 1)m

=y <b.

We have = < y. We will show g(x) > g(y) which implies ¢ is not increasing.

g(x) > g(y) is equivalent to showing g(x) — g(y) > 0.

B 2 4 (Ut
o) =t 0+ et e ()
_ 1 4 sin (4o + m
" o+ )(m) " (dmg + D2(a)? < 2 )

1 4
(4ng + 1)(m) + (4ng + 1)2(mr)?

( )_ 1 B 4
P = lng—1)(m) ~ (dng — 1)*(m)?

() — gly) = 1 N 4 - 1 N 4
g I = Une + 1)(m) " (dno + 12(m)2 (4no — 1)(1)  (4ng — 1)%(x)2

- (<4no ; ()~ (no - 1><7r>) i <<4no +41>2<7r>2 " lano —41>2<7r>2)

~(wwr—10) * (G- )




(—2)(16n§ — 1)(m) + 8(16n§ + 1)  16n3(8 — 27) + (27 + 8)
(16n5 — 1)*(m)? - (16ng — 1)2(n)?

>0

since 8 — 21 > 0 and 27 + 8 > 0 and every other term is a square.

Hence x < y but g(z) > g(y).

Since (—a,b) was an arbitrary open interval of 0, hence g is not increasing in any open
interval of 0.
[
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