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MAT 12713 - B
Winter 2021
Left Board

-



Newton invent - calc in 1666

undergrad . at Cambria 'Re

while univ .
closed for tee plague .

Computation in 21
-

Focus on spaces
of functions

approx functions using .
- polynomials J
- trig polynomials:

eg e
" =/ + Xt + Fft - - - .



egi. W Cx) = costed -1 tzcosczxlttycoscaix) t - - -

graphs" # # I
wld

✓ very jagged
.

exponential -growth similar to motion
of a molecule in a login.



Def 8.1 Ifascsbandslope.fi#f:Caid-1Rwrite : Ents
fly) - fcc )

f-
' (c) = f) ca -- tint"t"¥¥m*

and if fkc) exists say
"ht.

f- is differentiable at a

and if f is diff . at all pts in Ca ,b)
it is diff Ohlin laid

.



Ex② : fix = {I
'

II:
O XCO

¥ first = fits = 6
since derivates are local .

2X X>o

X⇒

so fahd = { I
and filch find



Note : Lim FLXKL iff
x→d

k¥2, FHt-L-LI.no
Fox)

'T.es?ZEFE*.mo...hI=hm..+h!
lim film - l im

I = Iim 0=0
n-so
- h

-

#o-
h h→o



⑧ derivative:

fjex) = [
xsintxtxtxtzcosltx) ) *o

O
X=o

by des:
f; ca - him t¥=fi→m.

hsin 's

by squeeze again It→
a

=O



-this h sink E Ihl

fig - tht⇒ e- nlism hsin 's E thing lhko
It
° by sycee



Ji !,#
guess

g.



210106 (Numbering from Hunter)

Def : If f :(a. b)→ IR and as cab

④ limfcx) =L if
Fsc

V-E so IS >o tfxecaibl with 1×-4<8

it is true that Ifad - LI < E.

⑤ f is c#continuous Cats) at e
if

lying f- Cx) = fcc)

⑧ f- is differentiable (diff) at a if



f-
'
as = ¥yzf"E" exists .

f is coitinuouslydiffe-rentah.IE lots diff)

at a if f is diff in a nbhdofs

and f
'
is ets at c

.

#:①difffrmwNwes
lasttour [⑤ diff at o win def .

zxsrntx- costx x# o ] rules .
f.cxt {o

x=q:&
"



hence fad E D
' R

compute : f
'
is not cts at o

.

Gee:&:*!"¥÷iE±¥eo
Assume for contradiction lyingof'cxl=o

so by def . of t.im ;toffee.

Choose IE = I



by thehyp there is 8>0

choose. X = 1- with n large
2h IT

enough that X C f

compute : E=④> If 'cx)/=/2÷nsihGn)

oops

-
Costain) )

This is a contradiction so

so Inigo f 't'd -40 so f
'
is dicot . ato



sofrfcc.IR#
Thin 8.17 If f is

diff ate

then f is cts at a
.

-

Proof! Assume f- is diff at a
fun- fcc)

so Iim I exists.
x.→c

Want to show zfcx) Efcc)



Asside '. If lim FCx)=L
*→ c

ad l im Gtx) =M
X→c

turn tyg. (
Fust Ghost = LTM

±, ix. a
""""F L-M)



210108

Algebraic operations of functions .
and continuity ,

diff
.

Write Funck) for all functions

f : Rt IR

If f. g
C- Fun CIRI and ke IR

whistle '
write :

b. f E Fun .

f-tg e- Fun

fog c- Fun



g. of c- Fun
Recall '. Fun ZURI?DTR) ?C'CR)

¥ DER) ? .
. . .

Z R)

DTR)

Thin.. If f. g E
COUR) ( both ads)

.

teen sea kf , ftg ,
f. g , got c-CTR)

( the new ones are also cb)
,

Ex : If G is cts aft fiel and f is cts at a

teen G of is cts at a so



time ( Got)m=LGofJk) = GHcakyhjmq.gg)
Derivatives
If fog E D. (R) (diff) and KEIR

(K . f)E- Kf
' of D(kfI=k f)

Itg)'=f'tg ' Dfftg)=DftDg .

If:°g9E¥g+f.gl/DCfogt=LDftgtfCDg)Ift '=Sfg) is DC£gI= g)

GZ geo



( chain)

⑥of)'= @
'off.fi/Dlgofl=fDgJofJ.(Df)
-

Cor : If f.GED
'

( IR) and b. EIR
.

then kf, ftg , fog , goof E D
'

CR)
.

p¥¥ule,
Geisen f.ge D. CIR) .



Compute : fgofl.ec) fine
= Iim gffcxs) - g(fees)
-

bearded ×"
t- C

g(fun) - g'(fees)
obo¥t= him

fGa-f#-
fu,-
fca-0 ×→c

f-CX)- fee) x- c

↳
fait"" ' gegen,))- gcfccs) f- Cx) - fcc)

= lim - -

µ
Ksc fix) - fcc) x- c

if boy fcx) - fcc)
new

limits
= Iim n i ' lim -

exist '
×→e x→c

X- c



- III. KYLE . f- ' ca

= g. (fees)
. f-' cc)

.



210W

Today : Parametric
curves

- ex
- PS .

Inverse Sr .
derives

,

Bestiary : functions
ad whee tuyere.

ex : Is
foam. { 'o.IO?9-=oo-

a derivative ? foEg ' ? ?



Prone① in B.o.b .
Rms .

Hint: Limit quotientrate.
Iim Ig = Iihf

Ii'm g .

Proof :
big y

'
cc) = him ¥49"

C-→c

xct)- xldx' ca = 1in
-

tsc t - c

hence = ¥7. HII
"



tf-c
YIH - YD

= lim E

g t- c

since ylttyk)
jus hit

""
-

exist + → c
Xctt-Nc) ,

and x'
Cato

= him



Ex of inv Sns :

fcxaucxfix§xtAm¥
k¥#¥!.ie

eg: Dunnett p÷µ⇒=¥en⇒=¥⇒=¥



Problem ! If f- f
- t

and fear

what are toe possibilities Sr f
' ?

Ans : L or
- I

f- %, = (F)%= ftff)
= f÷faD=÷

go [f-
'

(d)2=1 so f' left or - I



New des :

Dock) = {g.ca/gcxseD'CRI3.egLxY.=2xeD9lR)
.

(Isin 't YE:)
'

= {"sin}
- cost ;

"

gi e IKCRI -



210113 Mean Value Theorems
.

Ideas
.

If f E Coca ,
b] n D

'La ,b)

that is f :[aid→ R and

f- is cts at every point
and diff. at every interrupt

.

eg : fun = xtc (OEI ,
I] n D

' C- hi)
.

Use facts about tee behavior
at ale

,
b

to get facts in the interior .



Applications
Darboux Tum : eg: •→← € Do

Inu . Fn . Thin ? If f'cdto
ten f

" exists locally

Antiderns :
If Df = Dg then f- g +C

Thay-Lag : How well will a polynomialapproximate a function !



L' Hospital 's Limit Rule
-

Thin 17.37 It) ( 4.4-2 A)

If f E Coca ,b] then

F m , M with flint min ( Imf
)

and FIM) = Max (Imf)
-

Thin (Rolle) ( 8.32 HIC5.3.LA)

If f c- Coca ,b) n D.
'

carb)
- -*•¥o-

and feed - fcb) then
- ⇒j



Icecap) with f-' (e) =L
-

slope of slope of secant

tang ate
lone at a

'
e
, b

Proof : By 7.37 choose m.ME Lab]

with f-Cms = min #mlf) )

HMI -_ Max ( Imca )

case I : If
m or M C- Carb) then

by 8.27 have films =o or f'CMKO .

Case 2 : If m and M are both endpoints .

ten fcm) = fca)=fCb) = f- CM)



go f is a constant fu f-
and Dcf) =O

so take c any pit in Laib)
and f 'cc) =0 .

-

Them:(Generalized or Parametric or Cauchy ) MUT

( 8.53 HI ( 5. 3.2
-

A)

÷: :*:&:c::÷÷:¥÷.:*.



Picture : g=xH) and f- gud

ni: :c:::& :c:*::*: )ycb) - guy \Exch = yx." Cc)-✓ limit from last time y
slope of tee or slope of tee

taunt the
secant line at at (xcd , yea ) .

a tab

Proof plan : Use MUT on hix) with



set had -_ [fad - fear]gcx7tfhd[god-glad]
←
numbers

,

check : h E cocaib) nD' Cab)
and hee) = k¥9 guarantees

)



f is not increasing . on any interval
"a¥Eet o .
For contradiction assume f- is inc .

on some
internal C- S , e)

find oszE' I •a¥win fla) > fl b)a&



210115 Monday (MLK Day)
HW will be due wed .

Thin 18.53 A) ( 5.3.5A
)

( Gen or Param or Cauchy) MVT

If f. g
E Coca,b] n D

'Cab) then Fcecarb)

with [fibs - flat]g%s=f9d[g&b) -glad
proof : consider

has = fflbt- flat ] gas - flex) [glbt
- glad]



Plan : Use h in MVT for the proof

Need : he c9abnD'ca
which is true since

d is a linear

space
,

and h is a tin .
comb- of

f 'Ecg .

Hence can apply MVT
and get celeb)

with h.ee, = hlba
)

b-a

X
A-Cbl- flat] g'ex) - fly (glbt

-glad] o



what is the kernel of

D : D
'
CRI -7 Dock) .

?
That is for which f is f

'

=L
,

Thml53r3A1f8.34Hy,teo£uc#
If f E D

' CR) and DCFKO The ofn .

then FEC ] a const . fn .

Proof: Use contradiction and MUT .



Assure fer contradiction 3- f e D 'CR)
win f-

'

ha -- O bat fan # fly)

hence ftp..gg E D
'

lay) no hay]

Scoby MUT get cecxcg)

with f 's = fly
)- fix
¥0 a contradict

.

Cor : ( 5. 3.5 A) (
8.35 H)

✓ fig c- D
' CR) with f

'

g
'

have fgentle



Proof : If f'=g ' then ftgto
or Cf-gY=o so fed-gas=L

by the Than above and fan gcxitc .

-

Ex: If fe D
' GR)

and f-Coto and f%j=o

and fits .

Show that fcz) E 12



Ans' . Try contradiction :
By the previous example : fla) EG

and similarly get txecqz] hae flex) EG
"Now repeat . and get fu) Elf
(sketch)



Ex : By Darboux 's ta:

f. " s -- { 'o I.I:3 --E-
is not a derivative .

since if f- F
'

ten F'tho
aid
F' (1) EI

ad 2=12 is between 041

but tf x wit F'ad 't



Ex : claim :

-4*4":# '¥:3
.

):(f":* : 42
F- {

'

o

'II } Not mD%I
a dirt

computation , you can do
.

-

by Darboux
hence here is ft Dock)

wit f
'

E Dock) ,



21012J Using the MVT to understand

functions.

Compare functions which are derivates CDO)
,

to continuous functions (127A) ( co) .

Consider cages,dGb, and if fefunlaib)

andcyrite Im 6flce.az) = { fcxltccxsd}

Thin :( 7.35) If f- E E a.b) then
Im ( flee.az) is closed and bounded.

( 7.44) If f- C-Coca,b) then



Im ( fleas) is connected .

Upshot? If f is cts ten Im f-lead]

= [ fan) ,
f- (M)]

,

a closed interval orpt.
(new)

Thm; IffED°Ca,b#
⑨ There is ft Dolak) with Imflc@e.d, not bounded.

⑤ c-
c '

" ' "not closed .

④ (Darboux) : If fED4aib
) then Im flee

,ay
is connected

.

Proof of Darboux's Thm:



The thin is equivalent to ;
t FED

-

carb) with asccdcb and

4 iqs between
F'cc) and F'Cd)

here is e c- Cad] with Faces = 2 .

Proving this form :

T¥Pol÷swiHLagapererm
(anothe error estimate

will come later?

Def : If fe D
"
(aib) and c. c-Caio)



write pn.ch/)=fC4tf9escx-c1tfaY?cx-cI2t . - -
- --

fence)
I. Cx

- c)
n

and Rn
.

= fix) - Pn
. .
Cx)

= error or remainder ,

Thin; If FED
"
carb) and c. x. c- Carb)

then here is § between a and x

with Rma
.
= tI÷ extant'



Hardest part about using this is

the lack of information about f
.

Examples : fix, =e×
fun = # = X

- I

behave differently.

i



210122 Today: Gen MUT applications:

Recall: GMUT

Thing -537 V-k.gs ED
"
carb)

, acccxcb

F Second with [kkxs-kudgkst-kblgcxi-ge.IT#w-Lqrany84G)-VfeDn-Yaib
) ,

accsxib Ffeceix ]

with fcx) - Pn.ch/l=f'YYgix-I(nth!
-
Rn

. c.x



Recall: Pn
.
e.

Cx) - fcc) + fic) (x-e) t - -- - t f'T's ht
"

Proof: Foo GMVT choose:

kits - Rn . ... g# Rmt , x
Kha - kid = - Rn

. c.×
= gtx) -gu)=Cfhd-f

°

tilth Rn
. .. i¥⇒n

- Rnc.

Claim : g.Hk-f'T't, Hnt÷



By GMVT ! I g c- [ax] with [ky¥Dg45kkYNg¥geB
so g. C 5) =

k '

or - f 'T's , i = -Rn
... .

""

so f 'T's's iii.
"

= Rn
...

Next: Limits of functions ,
Ch9 :



210/25

Recall :
can)nN= Canaria, .

. . )

Def (3.10) If (an) is a sequence and A

a number both in IR then

An A if

HE >OF NEE th >N hane Ian-AKE

ptwisequ.com#-VxECaib] llfn-FH LE
How to modify for some norm H - H -

for functions ! (B.zo) many possible
norms -

Def: If (fnlx)) is a sequence and FLY



a Sanction both in Fan Carb] then

9. I fn F if

V-xeca.to] . o 3- NEA Vn >Nhu ffixtfixsfce

9.8 fu ¥sF if

tf Eso FN c- 27 V-niv.xecaib.hu/fnlxtFHk

13.45 fnTF if
✓ E> o f- NEE th-2N

have tlfn-FILE

where 11.11 :(some functions)-7 Ryo



is some norm !

Example norms :
sup: llgcxsllsup = ftp..gg/gha/
L
' : llgcxlll, = fablgnnldx
C
'
: Aguallo, = llgcasll uptllg.CH/lsup
-

Two of these are teesame :

①¥9 ⑧ EES ④ KEY ⑤

In which intervals do each of hee



following converge in tee senses A B C D ?

① ifnlxtxn Faa - to if ¢
② fncxr-rxf.tn, Fox, ×,

I
- "

i

t

③ fnlxi -- ¥± ,

Fcxktx :#
④ fund = {fi

"

27 x ' 2.2J -

II. % Faro T
⑤ fnhn= ntsincnx)

,
FCXFO ¥¥ IZ



⑥ fnlxttnsinlrnx) .

FHA
yen

⑦ text 'Ii- 'II --fix) , Fate" Taylor ) R --e
'

⑧ Htt . - - txnifnlxs , Fixf (Taylor) .

Lemma: If (fnma) is a sequence in Fun Laub)

then fines F iff fu Mes F

Proof: IA fng F

iff Hoo FNEE In >N have tfxelaib)

Mt hqwelf.ua
-Funke



if t too TWEE the>N have.gg?aglfnlxtExfcEiffV-C7oFNEZ7V-n7Nhour llfnhd-Fant!:c
iff fan F
-

Br .Outrun
'

.

Find:@ Example of a

""

auchg seq .

of fins .

⑤ Example of a ptwose - conv
''

seq . of
fins which is not

unit - Cauchy .



Examines : ×+±zum÷f§oh8#
⑧ thx2) pt-anwdseptETIY.tcaa.ly

] in IR

not not - unit -Gaudy in IR

Ex. ¥¥ex
E I



Thin3.46 : A seq. Can) in IR is corn .

iff it is lol- Cauchy .

Then 9.13 ! A seq.
(fncxs) in Funlaib) is

Eenif - con v . iff it is
unit-Cauchy .

21012



Def : Bddlaib) - bounded functions on carb)
= { f- c- Fantails) ) ]- BER>o tf xecaib)

have Ifcxllf B } .

= qfeiuncaidltlf "sup Ig! finial } .

-

Br - Rm . Quest,

① Find a bound for ltwexttsup.
witu Wad given

below as a auf. limit.



② Find a sequence gn of functions

converging ptwre to g . wife

llgnllsupsobqutllgll.FR .

( can not come . uniformly by 9.14) .
Them 9.16 If Hnl is a seq. in

Coco
.:b )

cow .

unit . to fefunlaib) then

f- ⇐ cocqib)

Equivalently ? Glaab) is II. llsup- complete,



Proof : Note : fecocaib) iff.

✓ a Ecacb) , E>o F Sae tf
1×-4<8, ,

£t have Ifua- flats E

Assume ⑧
✓ n , c, e>o F Smac

tf IX- Cl ( 8n.ua,
"

have I fix - f-null Eq
and f- n ¥43 f or

tf Eso F Nga,
Fn ?Nga

,

have



H f - fntlsup <44
Combining.

chooseA@V-ceiaubl.esoJ-8c.F8Nq.c.E,

htt""

hare I fed - faithful -fne.co/-iffue!d-fNea.lxIl-/fwe.lxj-fcxI/
E Et Ect Ea c E
⑨ ⑧ a⑨



210201 properties pointwise uniform Holle .- norm

Xdedxfnixa.sn

FIFI!!:Y%%. # 8nA 9-16 n

×
xhnlx) 9. lsftodag) .
-

where fnexf¥n fix) - T
- 9.13 -
bounded not bounder

in Fun (oil) in Funcom)

gncxkxn gcxt-fo.IE,
uh if .

I 9.16
✓



Cts in not cts
Fun Cool] in Funcom]

hnixs-fxE.EE' hcxklxl
n
not w
-

in like' not diff .
differentiable "8 in C- hi]
in Eli 'T
-

Useful facts:
① Since fan g have

✓ Eso F Ne Hmm ? Ne
,
petals)



have If :(pl -gcp) / s Eg
and I f-n' (p) - fm'Golf < ez

② Since fus f have

fn Pt f so

Vero , pixelaid 2 Me , pix
Am >Me
,

have / fml p) - f- Cp) /
s Elp-at



③ Since fu are differentiable so
are fn- fm so by MVT get

.

✓ n.me/N,xiPEtahb)J-fmm.x.p
-

Ifn- fm) Cx) - (fn- fm)
between x and p

with. To = ffn-fmlkf.mx.)
④ Since f: exists have

✓ NEIN , petals) , E>OF Smp , ,
V-lx-plsfn.p.ae

have ffnwfj.HR - flopsKI



Recall: WG) is the uniform limit
.

of knlx)=j€2
- J
cos (3in)

and from Fri ! Wha is cts . 19.16)

Than later ? every cts
son . is a derivative.

Instead use 9.18 to find a fn .

✓ ad with V'Cx) = @Cx) .

Choosing f. (x) = !§ 6-
I
sin 13

: x)
'



so ftnlx) = Knox)

and final cow . unit to WHB
so fnlxl cow .

unit. to thx))

wit U'cxtwlxl .



210203 ( h 13 sections 214 Y 6 .

Des 13.20 : A normed-vecters.pe
( X , Hall ) is a IR- vector spree X

and 11.11 :X- Rao with

① 11×11=0 iff x=o

② llkxlklklllxll if KEIR .

③ llxtyll Ellxlltllyll .
Ex : ( IR, lol ) is a normed reef- sp .



Ex : ( Bdd laid , Holl sup) is a normal reef. sp .

Note : ( Fun Cab ] , llollsup)
is not a

normal rect . sp since :

otherwise llfllsap does not exist .

§ It # Hsup does not exist
-

Ex :( DodaibdnbddcabI.lt/lsaep) is
a

normed erect . sp.

Ex : ( C' cab] , Hollo.) is a normed

reef - sp where llfllo. - llfllsuptllftllsap
- -



Note: If FEC ' carb] teen

f
'
is cts so by 7.37 f

' has a max Emir .

so Itf'll sup exists .

and if fed ten f- is cts .

and has max Kamin so llfllsup exist.
-
prop 13.21 : The metric associated to

a norm Hill is d
," , lxigkdcx.pt/x-yH .

Ex! If x. x' c- Bdd coil] then

dans
.
!xix4=Ihtx4! 7¥,

"'M



= IE -41=4
.

Def: 13.45
Prop 13.21] ? sequence

( Xn) is a

Def 3.to
normed rect . sp Cx

,
Hell)

is lloltconuergent to xe X
if V-E >o AN Vn >N have

Hxa-XIKE

and ltltcauhy if
Foo IM Hmm>M have

llxn-xmll CE



Def 13.54:
A normed vector space ( X , Holl ) is
a Band space if every
II. It- Cauchy sequence (

xn) in X
is Hell- convergent ,



Ex② Next Example!

gnlxt-f4-fcx-adkosx.ee;D
Note: grease Dolo ,

in Bddcooi]

SH and (gn) is H- llsap- Cauchy.
Hence : using Thm② above there

is a limit . Hex) e Dolor]nBddGd?



In particular :
check: Ulx) is not continuous at

any aj
.

and can choose {aj } to be all
rational numbers in cool) .

og a I , a.
= 's

,

az= 's
,

93=4
,

. n .
o '

Result ! Ucx) is a derivative but not
continuous at any

rational value
in lo , D ,



Check: Wha is not differentiate afo
.

Assume for contradiction W%) exists .

Note: Vx hare Iwlxsl 's :{2J - 2 ,

but also Wco) = " n
.

so w%s= O'

NTbut choose Xn=



when)- w
so Iim ¥ = WH)-o

n -98

A

w÷I#=k-a=ETy Tc 2
"

3"

which does
not approach

0 a
contradict,



210205 Midterm next week :

see old exams on
web site .

Recall! ( co Con] ,
Hall sup ) is a Banach space.

Thin : ( C
-copy

,
II. Hca ) is a Banach space

if Hfllciltfllsuptllf 'll sup +12 Ilf
''ll
sup

Eg ! 11×11,2=11×11sup
-111111

sup -1111011%0=2

in c'coil]
11×41.2 = 11×41supt llzxllsupttsllzllsup

= 4



Last: check Holler- Cauchy Tp Alla
- concerns.

If Cfn) is 11-Ha- Cauchy . then

HE> o FM Knin ZM have Il fn - full ez <E

a

Hfifmllutp Hf! - f 'm Hay.tt/lfnEfm'
'

Hap
s ( fn) is II. Hsup- Cauchy hence Allsup- conr to f

Cf'm) n y
'
' i i . to g=f

'

( f "n ) " i , it in cito h=f
"

hence by thin 9.18 : g
-

- f
'



and " "
'

o h=g
'
= f "

Hence :

Hoo FL.MN VLZL
,
MIM

,
NZN have

Hfn- ftlsup < § ,
llfn
.

- f 'll
sup

" EJ
,

11 f
"
n
- f
"

llsap
< I

so

Faso I R=max{4MrN}frzR have

11 fn- f Haz S E

hence Cfn) concierges in II.Ha -norm
to f .

qy.ee,



Try to show :

If fig E C
-coil] teen

④ Hfgllc. Ell f-Her Myka .
]

IS instead Hftla =HfHsy.tl/fHsuptHf4lsap .
⑧ ten Hfgtla. I llfllerllglle. for

some choice of Aged,



(Hflltllf'll +Hf ''ll ) (llgllttlg'll -1311gal))

Hfgllaillfgllt Hftgtfg'll if"gtf'g'tfg ''ll

⑤ Take:ftxt-gcxkxllxtlc.ae= 2 Labored .

w .

11×462=4
' '

' '

11×46=5 Halle =2 x



Notation!
The
AX power series

about c with
coeficiznts an is

A

& an Cx- c)
n

n=D

in
viii. Eo



Example :
④ Ix" leo , an' ) ~

n=O

A

⑤ {II lc-o.am- H -ex
n=o

2

Note : AO E
" = converges any

hall

q can
H'"
"

diverges nd't

⑤ E' concerns to e



ELLI never diverge ,



210208N Midterm Friday ;
web page

: carers through tody 6h10) .
( from ch : 8%10, 031

,

2 old exams up ,
chunter Notes)

.

Held in regular zoom session.

I sheet notes allowed.

Use cameras .

-Tryout setup in Quiz this week.

Instructions posted tomorrow .



Choose Rj sup { 1×1 I send converges} .
⑨ Holds by definition of Rs .

⑤ Assume S (x) converges
and Showa daddy

,

that if lyle txt teen Sly) conning .

Since S Cx) = Sant
" converges by 4.6

there is imax Ian
Knt = M sa .

Hence I scgH-fanynlfslangnf-Elanxhl.IE/
"

E Mq s • .

② As in 9.21 . for wnif.com it suffices to



check : HII any"Hap E & Hanyntlspn=N

EM ÷# 171N 0

Examples to find radius of com ( B)
,

①⇐ xn ¥
if xe C-hi) 12=1

② zg÷ % ex if XE IR Rao

③ In! *n = I if *o andoffline
. R=o



④ Senthil
"
= ¥, if xe Hit) 12=1

⑤ E Ix
"
= - Incl- x) if xetim) Ral

⑥ Sann'x
"

*ft
.
It R='s

⑦ E (E)" = = # if xef-2,21 R=2

⑧ SEC In =# it
!:!¥ :?M!R=2

⑨ gznsrnhntx
"

Rst
-

using , comparisonand ratio test



210210 Today : More power series .
A

Thin 10.22 : If Scx)= Ean Lx-c)
"

n=O

is a limit of a power series
with radius

of convergence Rs > 0

then STX) = .no?EanhCx-eY-'=nq?an+.CntdCx-c)
"

is also a limit ofa power series
with RSFRS

.

Proof : Ilse 9.18 : If Cfn
.) Efg ,

fits f
tun f '=g .



Recall ( Egan Cx- esh ) 's Sad
10.3

in far , ctr ] if rs Rs .

( not unit . in all of Cc - Rs ,ctRs)

where it converges ptwiae) .
Check ( similar to last true) :
If Scx) converges and ly - 451×-4[ten {ant, Inti) Cg.-c) " converts

.

=p,
Hence by 10.3 again Ian, ,CntD (X-d

"

come .
Unis . in [c -r , Ctr] .



Therefore by 9.18 have 59×1=17×1 .
-

Approximate 2¥ by a sequence
of

rational numbers.

Recall : 18.23) :

( arctancxs)•=
1-
tanfaretancxi)

=
'-- =
seeyarctancx

× arctont.FI



•
n

= Stx) with 12=1

✓ n=o

a

¥?:"
a win

So arctanlx) =& anti

NIO

if lxlc I = R .

F. aretan.la?--nEh" E. an:n,



ns.#=E.--n.Ea::Tsn
-

prop 10.25 : If
flott and f 'aa=fhd

.

then fix)= Cet .

so

Proof : ex-- 2¥?
h2o

and text - E. n'÷ - E
.
'ii÷E±n.

=eY
.



Also ex # O .

Compute : ( ¥1 )t=fhne
'

@
× )'

= 0

so by 8.34 : fe=C aanskt.

so fast Ce
's

end
.



210217

Derivative : - limit of diffeuce quotient
- slope.

D
D D

'

Next! Invert the dermatome;s*u
Integrals: Ftc fiftydy = fix)

y=x

defined using area ¥¥zxz
Explore which functions can be integrated .



Example: In 99 ' ?! qY7PETEop] IF
p= {o ,
I

,

2
,
3 }

11 n it t)

Xo X , Xz Xz 3=h

Ii - [0,23 LEI
'÷: ÷: :
Q = {0 , t ,

I , 2
,
3} is a refund .

of P



Def : If ft Bdd carb] and Penang
write @ Ulf; P)- EE, life: flat]
⑥ Llfjp)=¥, liftoff"]•.
② Ucf) =

inf U Ifj D) = ffaadx
PETEaib]

Ka

⑨ Ltt) = pseyfq.gg Lcf
:P) = t.ba#dx

② If Ulf) - Lcf) write



f
.
!afhndX = ACHILLE)
and call f (Riemann) integrable
and write f- a RIntca.hu]
-
Beakowteeoms: Ca,b) = Cool] and fend>X

Pn = { o.tn, E . . . . .

, ,
I ] E Thou]

Find : ⑥ Ii ⑤ Li ② Ucf ; Pn)

⑨ Llfjpn) ② UH)

⑦ For which n and m is Pn a refinement
of Pm ?



Goal ! Invert derivative
: Doj Do

Compare: hint carb] to D%arb][info Fns .

(FTC) ( S!f9yIdy to fix)

[(Reuters , fabloldx ) to

a
Banach
space .



Excerpts:
i ¥① f ;xdx= -2

② Sifuadx :L EFFIE: Lean-to :*.
③ sign.sax=o agisgn.EE:]n*gBaii%¥¥
④ got hands, = Does notexist hurt!

''¥8
,

Jolhcxseex '- Ulhtl) h # Riuteoi?



1ihlxidx-LlhkoJ2l02l9@Thmll.28i.cocoiifERIntCo.D
( step toward showing Coco .DE DUB)

Thm : If Il file = fo
' lfcxsldx

then ( C. Can], Il
- Ha ) is a normed linear

space
but not Banach.

(Next week) ,

Cauchy criteria ( for proof of 11.28) .



Def : RIntco.D-EFEBddco.is/Ulf2--LCfI3Jolfcxldxfbasdx
" ffebddco.IT/V-E70FPeeTlCai3 with

Ulf;Pe) - Llfjpe) s E)

ffebddEO.IT/F(Qn)no*.QnETGDaithlninga(UlfiQn)-LlfjQnl/--o}



②
qq
: Ulf;Rml - LCfiRm) - Im
so since Iim Im = O

ma

'get: fast RImntE0rD ,

③-ooh !
UlfiRm) - mt

¥ot@tEnttmt . . - ttm
• do to

- -- - to -10 t tht -e-Tty

so since lung, { =o

get fix) C- Rent coil]



④
" ""

II,
- '

Ulf; Rm) - LIF; Rm) =/
- . -
- - - - . o

X
''
Oto--- o

Rm
- - - - -- Lmt - -- ttm

but 1%31=1 #0

so can not conclude feat
f- Cx) is in RIntE9B.
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Coco.DE RInt [on]- IR
- linear map

R- vector space monotone .

-

prop 11.21 : If P, Q are partitions of carb]

and fe Bdd carb] then Lcf:P)tUGiQ)

Proof : Lcf:P) ,§oL(fi Pu Q) # Ulf ;Pua) Suttie)A.20

⑧
⑤

Prop 11.22 '
. If f e Bdd carb] then

( (fl E Ulf) .



Proof : Assume for contradiction

that L (f) = Ulf) + 2E E so

Hence I P, Q with:

( ( f) L Llfjp)
+ E

a. Ii:'t.is?::.io#II:;
contradiction ,



11.33 : If f. g e RInt carb ]

then fig ERInt Laid
and Sabffcxitgexi]dx= Sabflxldxtbgcasdx

Proof : compute :

Package,]d×=jnf?li¥¥? Hunted
)

u¥, fins ?! di fixity.su#..8YD



= ipt Einen !.ua?.fhdtipf.E...l:supgcyIyeIi=JabfcxIdxtS-obgupdy
.

Similarly . , I:[fixity dx Z fsabfcxsdxtfabglgdg
Llfeg)

Bat f.geRent carb]
So Ulf -1g) Sfabfuadxtfobgcpdy EL (fig) fulftg)1

11.22

Hence the E are all = .

and Ulfty)>Llftg) and ftge Rintcaib]



with ffftg)=SftSg .

'

2w More study of Rintcaub]

Know : Rintlaib] is a vet . space.

11.32/11.33

Cascais] ERIntca.to]
11.28

IneCarb] E
"

t' il - 30

-5- fCxI= {o
' IET } ERInto,D

batnotaboue

( fo
' fcxidx = O )

Def : If fe Rent Carb]
then



t.lt/h.=fablfaaldx ✓

Recall cis . 20) : If
X is a

IR- outer space

then ( X , Holl) is a normed linear sprag.

if zero : If
Hf 11=0 then f- =D. x

scaling : If ee R then llcflkcallfll V

✓
f

angle: Ifaf !'g§¥¥TH"④ '

iffy; EE:3Note:( Rent carb] , 11.14 ) is not a

normed linear space since



ten as above Itf Hp = Sotfldx = So'fhddx=o✓ but fto
,

FRiemann.Integrabkkctionfcle.im611.44) If a" ←b

¥#ythen f c- Bold cab]
is R - Int .

iff flea, and flab, are both
i

R -Int
. and affc*d×= facfcxidxtfbflxldx .

Proof : sketch :

⇐ Assume flea.cz ad flaws are



R . Integ .
and show:

( (f) = Ulf) = f. flea.., + Sflcqbs

Compute: If E > o then

fifteen]dx =L (flea...) f Llfkaw,jQ
.) + E

S! flag,dx =L ( fleas,
) 's Llfk.gg ; Q2) -1L

so Lff) ? Llfj Q.ua/=Llfca.gjQ,
)

1- LIfa.bz ; Q2) ZLCfka.ci/-EtLlfta.b) -E



So LIFT = fifteens dx t Sob flee.by DX
(
t

Uff) =
I '

is similar .
⇒ is also similar .



210226J Riem . Int . fni .
11.28 cocaib] E Rintcaib]

11-30 Inc carb] E RIntCaD

"- 44 f ERIntsaibTiffff.a.cz {ftp.c.bg
are

Ex : Thomae : CHWI :

Tha -- { In it , 9) e RInteao.is

X an -_ { 'o '
'

et, 934
" m

.

Question : →fan = { sink
' 'Eff ) &



is fix) c- RentCorb ?

gcxr-fsm.si# '"

( is gas ERINH
" 'T ?

Note : Write disctftlxlf is
not ctsatx}

.

If f- C- C°[a.b] disc (f)= ¢

If f as above ten disc (f) = { o}
"

- If gas above
then disclgt {÷) u {o)

- disc ( Xa) = Coir
- dusc ( T I = ④ n cool]



Cor : 11.53 : If fe Bdd carb]

and dise (f) is a finite
set then fefentca.by

Proofs. Skip
'

.

Use: Prop 11.50 and Prop 11.44.

t

show: gc⇒={ sins
!⇒ It'¥e - of,

is R .

Int .

urging both 11.50 and 11.53

Proof : dis (g)= ETI 30103 .



HE>o disc Ice
, , ] ) is finite .

hence by 1h53 glee ,
,yERIntGB .

hence by thro g
c- RInH9D

.

Thin 11.61 : There is a collection

Z of subsets of carb] ( called zero
measure)

so that if f- c- Bddcaob's teen

f- c-Rent carb] iff dis off) E Z .

Note : every countable
subset of cab] is in Z

.

I there are uncountable subsets ofcarb] also in Z
.



eg
a the o - measure Cantar set

.

( see MAT 205 Meas -Thg) ,

-

Eg: fix) -_ X
- in BddCool]

f) an -_ (xD
'
= 2X

(Jf)txJ=Sjy2dy= 4×3
④ Jfllx) = x.2- fix)

(JD f) Cx) = x' = fix)

Question for which functions f



do we get (DJ f) =f
( JDf) = f

210301



d- 1×1 {f- C- C' Carby flaky
gCais]

-

It
- -

A 8.35 N
N A D inclusion

RIntca.DEEC%b3fcka.by^

y
> o

¥:X all
D%b3tb-D.cat

it

before g-i
X'sink,



Corto 12.4 :
If f- E Coca,b] then f E D°[aib] .

Proof : f is the derivative
ofJfcxt-fffthdt.bg12.4 .

(or to 12.4 and 8.35

D : c'o carb]
- Coca, b]

is a bijection .

Proof : By 12.4 D is onto since

D1 Jf ) = f .

By 8.35 D is injective since

if Df -- Dg or
f'=g

'

then f =gtc



but since fcatgcato
↳+c have 0=0 so f=g .



"0303 § 12.2: Algebraic prop . of integrals :
Product Rule: 8.19 for derives .

Becomes : Integration by Parts 12.10 .

Recall : Thin 12.1 CFTC) :

If f is differentiable in carb)

and continuous in Carb]

and fB is R . Integrable in Carlo
]

then fabftltldt = fcb) - flat = f) !



Than 12.10 : If f , g E D
' Carb) n c'Caird

and f
'

, go e RIntca.by
1¥77
12 . I

then : fabfltlgkttdt-fabfqtlglttdttfutgu.tl!
Proof : Recall : 8.19: ( f- g) * = f'g -if go

fltlgct)
want thief . to satisfy

the hyp at 12.1 .

- fit) gets c- D
'
Carb) by 8.19

- flt) get) E C.
° [aib] from Ch . 7 .

- by hyp. f
't Rent calls]



since g is cts by 1h28 have geRIntcai.rs
by HW 7.4-6 have f-

'

g c- Rtntcaib)

and by 11.33 hare seems so flgtfg ' ERIWTEAYD.

Appg 12.1 to fg :

S !#Hlgttfdt - fltlglt) ) !
⇐ gab (f'#gttxfltsg.lt]dt
= Sabftftgltdttfabfltlgctdt

hence sabfhtlglttdt-osaflhgnts-I.tt f-HIGH!



Example : If fun = {I %: }eRIutEhD
and Fix) = { do I}:} c-Rented] -off

then F is a weak der. of f.
-0%

Proof : compute: choose g
as above .

Las : fifth g. Hdt = fo'tgo # It
Pert# 1.gltdt + tgl#

°



= - f!,FlHgHIdt . ' kits .

Example: which has a weak derivation

and what is one?

② fix) = 1×1
- ERIutEhD ✓

⑤ kind = { 'o
" " O }E " " a-

X.CO -0

Ans : ⑨ f!HgMtIdt=LftIg '#dttfotgictdt



tf:L .gltdt - S! 1. glttdt =. ctlgitdt
if 141×1=11, I }

⑥ S!klHgHdt=f!gWdt= gli) -guk - geol
Note: For@fkxt-fIydefqYIooJ.sim.to Ktx) .
fr ⑥ There is no bounded function Rt)

with f! Rltlgtttdt = good .



Sequences :
Use L

'
- Cauchy and L' - convergent!

Recall :
Def ! If Cfn) is a sequence in

RINGS

then it is Licauchy if

V-E >o IM V-n.me M hake

Hfn - full , -_ fiablfnltfmttsldt
SE



and it converges in L' to forint .

if V- Eso IN VNZN have

Hfn- fth, a- fablfnlthftttldt SE

Note: If Cfn) com .

int
' to f

( Ifn)# f)
then fabfttsdt -_ limfabfnlttdtUSD



210305-

⇒ pointwise
Cl-cow . =) Unit """ "

⇒
Li-cownew

Ex 12.19 : If Sha = ⇐an X
"

is a power series
centered at 0

with radius of corn . R .



and lat
.
lbls R then

Six cow .
unit in Carb ]

so
' ' ' ' in L

" in Carb]

so sabscxidx-q.am/a&ndx--Ean:÷t!
men

Earn, / !



Ex : 12.20 !

1h12) = n=£ Tan = It t -1¥, -1¥.
Recall ! duh,= g.xdzt

Ericktoy cone .

Ht-y] duty, ¥ sift

at Is] l! T.EE?snlds
= - E.EE -H



so g- ta
-lull- II -_ In

= In 12)
• I

= E nan
n=I

Ex 9.24 Weierstrass :

Jo! ⇐ 2-ncoslsnx) ,d×
EET

unifoliate not different.LI
function

hence L
' conV

EE
.

2-nfjcoslsnxldx



= €72-n 3-n sin 13
"

x) /!
= 2930 [sin 1¥) - sinks] t EF O
= s in It = I

2



210308-
Def : If f e- Fun (ai b]

12.24
and V-E> o

have f- a RInt[axe
,b]

write fabfcxidx-limo.la?efcx1dx;y
and call this tie improper ¥,

integral of f on carb] ,

a b

Note : this limit may
not exist .



the.z§ If fe Fun [a. a)

and f n have feRIut Iain ]

write Sffcxidx= him, fanfcxldx

Def : 12.32 : If f- c- Fun (aib]

and HE> o have fe-RIntfate.be]

and {info.iq?lfxldx exists
Hfka.e.nl/i



then f is absolutely improperly

integrable on carb]
.

Similarly for Ca ,a)

analogous to 12.26 .

Note: being abs . imp - int - is equiv .

to ( flea.in
,
by) being L

'
- Cauchy .

V-E >O ,
fe-RIntca-E.to]

Thin 12.33 : If lflflgl.aud-cth.msRahul)



g is
dbs . imper - int . on [aub]

then ⑨ f- is also .

and ⑥ Sbafcxldx exists ,

proof : ⑥ Sablfcxsldx
"

kinda giielfunldx Eti.mu/a!gcxildx--L
and as Eso-1 fab.ie/fcxi/dx is monotoneincreasing .

Hence by 3.29 (monotone convergence third



fablfcxsldx exists .

⑤ write fixe # iffy

and f.exit!" ite'T'a¥W
hence fad = f-

+
txt - f- Cx)

and f+W= lftlxsl ,
f-cxklf.CH/

but I fecal fight

so by ⑥
f, and f-

are

improperly integrable .



so fbaflxldx = leino, faebafelxldx
= king, ( Sa!aftcxsdx -Sa!f-

Cxidx]

= king, Sa!ftHdx
- Hz faff- hddx.

which both exist . qed .

,



210310

Claim: Pov. S! a.Edt
exists

.

First part : (
improper)

Sia at - him.fi#dEe.f.ietdt
Note: if te - I

e-Ling [I
- ten]

then IET E et = te exists
,

so S.j It exists .



Second part: (principal value)
consider subtracting the singularity :
Eun --¥, - E II:}
Check Itt) is etsi

compute:

¥.no#-t.I--h.m. ÷.
"÷oe÷
=/



why is ¥ the right thing to subtract :

Recall et = €7 IT = It t-i + . . .

LEE = ¥ + It I + It - . -

so
G

P th
= It 8 Tnt!

h=o-
power series

with R = A
so cts.



Example : Consider both formulae

for Rnlto) if find ex

and a :O Rallo)

Lagrange : Rn =E 10
""EY÷

e;)
integral : Rullo)

- ht:[etaotsndt
so Ruud ftp.fowetocio-ttndt ##R.



= IT
"

fo
"

snds s = to
- t

= end! same as
above

.

and Rullo) E ht:{
"

e
't
ion dt

= io÷ (e
"
- 1) s

n !

Yo times he above bound .



Proof of Thin 10.48 ;

Use induction on n

For the base case n=o use FTC 121

For tie induction sptep use int by parts
12.10 .

Recall: FTC 12.1:

If f is cts
in carb] , f

'

ERIntfalbb]

then Seebftltdt = fIH/ab

Base case : Rdx) = fcx) - Pdx) = fun- fed



= fail? I f! f.HdtFTC

= IT
.
Sif"'ft) Cx-todt

Induction step :
Recall Ruto : If u ,u are

cts in carb]

and U'm't Rent calls] then

fabuutu'Hdt =- Sabu' # ultsdt -1 @HVHDI!



2103W Office Hrs Monday atusual class time,
email otherwise ,

Summary
of 12713 :

power
Ser.

Spaces: A - analytic
MUTIDarboux -
grue restrictions

D Chair
D%.D←D'cord N
j X N - - -

okay\ D c'Eloi]Coco;] 2-



x x

RInteo.is c :[on]
-

floro

Good examples:
9.6 : fucxh-YI.az ✓ → V txt

9.24: §⇒ 2-"costs"x) - W Cx)

8.9/10 ya sin ¥



10.1 Ian X" eg : ex , Sinha ,¥

11.15 fn=E! ETIubs-D.ir G'

11.16 " " Thoma EI III !

13.89 ! T
-

E-
rn !!¥÷" t E.) inner:P.int?p .

12.25

10.33 {
'

e
#

1×111



( O else! #smooth . not ithanalytie.
with compact support

.

-

Problem!
Show if fe Bdd E-hi]

then ② x. fan is ets at o

⑤ xzfcx, is differentiable
onto

.

② Find f- E Fun C- 1,1] with



x. fad not Cts at O
.

Ans : ② fun -4¥ YES }
so xfcxs -_ { to IIE }
which is not cts at O ,

x'Hftluuif

⑤ snatch: ¥61
-x'll f-Hanif



Since f- c- Bdd RE-1,13 have
Hfllsup = M is finite

.sfe.Pgnn.tt"'t =
so * fan I E X'M

so @fix, ]%o) -- Inigo ""hhsluing
,

hfhh)

so by sandwich !

D=
- king. HM

S (x'fix)%) Ehrig hM=o

② similar #



Now consider gnpiwith support in [quite .gutta)

/
andgn.klqnt-t-llgn.nl/sup-h-fun taken

qn Gµ=n=§ guns
÷
k check : L

'
- Cauchy '


