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Outline :
Define : Derivatives

and Integrals .

FF
analogous to tee plane R2r¥÷
approx . points using .

rationals: ( it, zip) =P - 14159 . -
,
3.166 . - - )



Both are examples of
Banach algebras ,
see Functional analysis coarse

for more examples .



:Xt
Ex : ① f. GK XZ 1¥

f.
' (3) =L -3=6 by rules, 3

also using tedeffwzyf.la
f! = lim T

h-50



=Lmoi÷¥¥
= Inigo (

h -167=6

-

Ex③ : fixe {x'
- sink x#o

O xd O

'

¥¥¥



① fzlx) is continuous at any x#o

for X=o compute:
him XZ sink

,
X→ o

- X
' E x' srntx E XZ

µ¥otx7⇒ ' II,nox's.mx Etymon
#

"
flo) so cts ato - as well

.

by squeeze
them

.



Next try in Breakout rooms:

g. Cx)
= X sink ⑦ cts? ⑤diff?

g. cnn.fi. III. raw.me .
O X otherwise .
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Spaces of functions :

If f- is cts in Carb) write

f- E C Caio) = [(a.b)

If f is diff in carb) write

fan D
" (a. b)

If f is ctsly diff
in Ca ,b) write

fe C. (a. b )



Relationships: t.tt
-18.17 def

C%o.DZ coiDZCMo.is?D79D?-
i hate

For containmats need proof .

For not equal need example functions,

Eg fcxtehal has fade but fan #D
"

② fix) -x'sink has fix) EDM but fix) etc'

q {o (f. ¢ co)
.

from last time



In rooms : Find more examples

gdvstmgurshing : C
° from D

'

D
' from C

'

C
' from DZ

Figure out what
CP and DO are .

-

co ID
-

Ic
.

/ D
'

/ IEEE
-



polynomial ,
x'sink, trig .

÷÷÷¥flli÷÷÷÷""NIH

a-
t.imxenemt.fi:÷

"

{lnlx) xto cts?r
O X=o



€71317 + him!"It÷ . I;7→oH
- ÷

exists by o

hypothesis
⇒into + i.is.

"a-of
= lying (feat fun - fly]
= time fhd

✓
.
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eg : gcx)
= Sinha

,
fatty uk⇒

3. sincx) =3
-

g .

Sink-1¥ = g-
-tf

f. Sinan
= g.
f



sin Ctx ) = go f
1-

= fogsink)

eg :
I;÷,
sink) =sm¥=yhjn÷ sing )

③ sin tx))
"
=3 son

' Cx) = Zeosad

⇐ + sin Cx)]
'
I ¥ t cosCa)

⇐ sin Ix))
'
= It sin Cx) -1 xtcoscx) ,

y ,
u



Chyme) xcoscxt-l.si
' s

-X 2

Em
'

= costal .
.

-

Question: Are cbkciRI.DK/R)y
c.
'CRI

,

DTR)
, EUR) . . -

and calm = pock)

also preserved by these operations
?



Funck) ? CCIR) ? D
' ICYMI D-CRD ? . . -

Q Q Q Q Q
k .
,
to
,

127A 8.19/8.21 ko
's
+ ka , t

,

k - , t , k- it , •
, O J •

,
O

•
I
°

o
,
O o

,
O

-

Note: If FEC 'CRI then f
'

is cts.

k¥f "pots so ck.FI' isots .

Note : If fe
DUR) tee f-

' ' exists

so b. f
" exists so ( b.f)

" exists

so b. f EDZCIR)



Note : If Sig c- DEER then

(f.g)
"

I [f'ogtfg ']'TFf'.g 't fog "= II.g -if!g
'

-

which exists since f
"
and g

" exist .

Thin: If f.ge Chiodos DKCR) ,
KEIR

teen Kf , ftg , fog , got Eckart •
PHIR)

also
.



Parameterized curves and slopes :

¥¥¥,=z:*,claim: Iim
s → t

a's long as x. HI to
-

inthis case this is the slope of tee

target line to tee care of cxctl , yet)



Question '

.
What can tee slope

of tee target line be if

x.
'Ako ?

Wert cat is most common .

could be not defined ✓

or any
other slope if ¥T=8

,
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If x HI , yet) c- Fun IR

th {(x HI , yet) ) tek}
SIR
"

is tee carve param by x and y ,

Exi Cycloid
If a radius I wheel rolls

at I Ife .

a point on the edge
has position

= (t + cos CH , It sin CH ) §. Todput as
--

rats get MY



Lem: If xtthytt) e D
'CR)

and co- IR with x' eat 0 her -

i.in. Hix: us:
'Tuska'The
to tee paramour
at ( xcd , yea)

Ex: Find tee slope of the motion

of the point when it is at the
sane height IL) as the center .

Ans : ② slope -_§!fy = costly
1- SMH)

consider t whith YHI- 1=1 + sin HI



so sinlto or t= not

for n an integer .

80 slope =
cos CNTD

n*)
= Coscnx) =L!

-

Inverse functions
switching roles of toady :

Def : If (fog )cH=x then

call f the inv. fu . tog
and write f-

'

og .



Lem: If fig then

↳of)cxI=X so g-
' =f also

( unlike Srh # = sihxo # t g÷, = toghx),
compute '. If flxhgcx) E DVR)

and g=f
"

so Lfog) Cxtx teen;

I =D Cx) = D. (fog!
.

flog ] . g)

so (f)%) = @f-'Icc) - ④g) en =



= 1-
f-
'

(f -
'

ca)

Note: If g-
' of teen tee graphs at

f- and g differ by : reflect
-

through tee line x=y .

Bestiary :



C-lR= DTR Eth , th ,
sin" fnhn={ Xo

"

III }
at et
!
: gana-fxot.si# III
FER f" ' 9"" {woman .

DKIR Lie. Ex 9.24 pg 178
rt
:

: i
o-

- fold =
→

At
-



CHR f, 95 f. to)= !rt

DTR gaont
c' IR fa g , D¥⇒=-0
at

:÷¥ . :/ ::e÷÷:DOR go
nt
Funk fo goz -



210113

Thmc Fermat) ( 8.27 H) (5.2.6 A ) !

( Internal Extrema)

If f E D
'

(a.b)

and FCM) = Max (Imf) (or mind Imf) ) ) ,

then f.CM) ? O ¥
g-

fun -_XZE DIGHT
No M



Proof? f
'

cm) = lying, fYIfux

÷÷÷÷÷÷÷÷goam⇒
.

fcx) - f- (M)

x >M teen Fm
E O

f- ha - f (M) fo and X- M >o
.

If x
!

teen so similarly



Thin (Mean Value) ( 8.3 3 It) ( 5.3.2 A)

If f E Coca,b) n D
'

(aub ) then

F c e (ai b) with face, = fCbS-f#b- a
- -

slope of slope of secant

+ang.
at c lire at ankb

Proof : to use
Rootless

take guns f- (x)
- (x-a) k¥1

a

b-a2in,hwmls#



g e GCais] n D
'

carb) since

both function spaces are preserved by
adding 8ns and malt- by const -

and f E Con D
'
by hyp.

and x - a C- Con D
'
by computer .

Compute g.
sa) = fla) - O = fla)

g. (b)
=f(b) - (b-qjfcbf-faj-ft.FI#sTaY=fca, Jane

Hence the hyp . of Rolle's Thin hold and



get cecaib) with g'cc)=o
hence f-

'
cos = g

" so) + (x-ay
' fiba)

b-a

so flee) = O y l . Efta) ✓
,

b - a



210115

Asside ! From Lin Atg : MAT 22A or MATH.

Fun Carb) or Fun Canb] are R vet . spaces

and every
Dk laid

,
cheats]

.

ckcaib)

and their intersections are

vector subspaces .

Hence : if f. g E D'&qb$
ncocaib]

ten ftg E
' ' ' '

,



Recall'. MVT!
If he Coca,b] n

Dekalb) teen feud

with n' cc, =
h¥d
b-a



computing : RHS
ha)

=

God- flat ] god- f Egcbtgcat]
b-a -@fcb)-flag]gcaj - flaky

-glad

#
IO .

0ruseRoHesThTy
since h (b) =hCa)



Example: If f- c- D
'
CIR)

and 5- Coto and tx have f' Cx) E3#÷÷÷÷÷÷÷÷÷÷÷÷.si.
get a Elo ,z) with f 'ca=ft↳,

a contradiction .

3



Thin (Darboux) ( Proof involves MUTI :

✓ FEDER) have Im ( flex.gg ) is connected
.

' equivalently:t
✓ F c- DMR) and d is between

'F'Cx) and F'ly) then I cecxy)

with F'cd =L
-



210120J
Ex : If f is a function taking exactly
two values then f is not aderivative.

eg ! fan
-

- E ! I 's:3 = aoTeD%p
fer E ! I 3=-8- ¢ DER)

.

Cor : If f. g E DOCaio) and
eeCaio)

and Vx#e have fix)=gcx) ten fees- Gce) .



Proof : Since f.ge/5Caib)hanef-go-D9aud
but Cf-g)cH={¥Y

¥0
If fcestgce) tent takes exactly two
values and hence is not a deriv . fn

.

sof-gtcpoca.EU#etrsE*f*=fx:sim-IIo3eD'( IR) .



computed f-
'

ca { "son}
- cost x¥%pgµ,

so guff ! '¥83409

MMM



either F'cc) s d l F' lol) I similar.

or [r n > 7 "
' ' ] consider below

Consider Glx) - Fud - 2x E D
'

Caio)

so ( G'Cxs= F'Cx) - d C-Dotard

so [G'cc) > o > G'Cd) now:$.
B -

and the goal is
to find e a e d

k

with G'ce> EO n

since GED
'

Carb) E Cola,b)



by 37.37 Z ME [c. d] with GlMkMwxEmGf*
② If M C- (c. d) then by Int . Ext Then 8.27

have G' cm) -0 so habe e =M .

§g② If Me then get Iosif.ua?.EgdfeGELoEe9Imm .
d If M-- d -- - T similar to ②

Gexl- Gcc)

compute O C G'cc) = time
*→ c

so V-E >o Id-c > S>o ht caxscts have G'co-GY
"

choose ¥) so and any cexacts
< E



so ta G' (c) • (x - c) s Gan-Glo)
& gelding Gcx) > Gideon)

a contradiction,
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Thin :(8.54) ( E version
of L' Hospital's limit rule)

tf k ,g
E D
'
carb)

,
as cab ,

ku =o=gk) and

t.im t.gl# =L then fine kg:#=L
Proof : Using GM VT and Rolle's Thin .

Note ! Kha- kid = kind and gcxl- geol = gap .

He >o FS>of hacks have 1kg:# -the
-

Hence : gusto Y



Also gcxttoqssjf-ss.pro Entrada. Yet, § ; go"

check:
with contradiction .]

He>o 78>0 V ly-d l 8

boom?.ie?jg.!;tEa;g7nYih
but gcytto and g

' HI to

so h÷s=hgi¥, so HIT, -Hee.
qed .



Examples:
fix)= e

"
so fancy ex

so Pmolxkectectx-c) t . .
. + e
' "÷

eg : R, .ol
-D= I - I + I - T + IT, = •375

R.no
.
..
- E" -

•
375 E

,
-÷f

b€goH= . 3368

g-Paok) = 7- Ryo . .
C- [¥ ,

e'¥]
So EZ 27 with error



fix, = 'T, so fcmcxi-L-IL.in !
so Pnccxk I + ' +

'¥7 . . .

Try not
,
⇐ I

,
x= 's or x =3
w¥€approxbg¥

÷ is uerypoopron 11



Example : h= 2

g
' ltI = [fix, - FIT- f

'

HI la-t) -f
"

its KII)
*

--

a d
=O - fXt t FYHI - f

"
HI la -t? tf!t¥-

Can cel



210125 quit at rationales,
Ex: e = 2.71828 - - - .

= It It It f- + ÷ t - - - /

=2+'⇐¥±
.
:c
: on

2X



Ex: HEH'll sup
= 2

" fnlxillsup-2.tn/HfnfIntxFcxsllE. In
Ex 11 Fun Iki = I

'

'

llfntxill, = I + In ) llfnhn-FADIL,
= In

Es. 11 Find Hei = 2-12=4
11 fnlx) Hd = 4. + zu ) H fn Gd - FixMe,

= Zz

-

Ex: I fund - Fox) ) = In x



⑦ fuEs F ✓ .

n→
co

⑧ Sn ¥ F ✓
n→A

⑥ fu ¥ms F
✓

h→00

⑤ fu " F ✓



ptwiseunif-IltHsup-normll.llc.rnorny@C0.DCE , I - E]fgsome

② IR Rt T.ae?eI.ce.*l

③ (o.o) [e. a) Cera)
- not cop)

motor) ,

④ "E R R
" →

to ,o] ,
Lep) → Same



⑤ IR IR nowhere
.

IR IR R

IF
, ,

'' 'n' same

( C-HE , -c) 7- San .

↳ Much more later .

" 0127 Cauchy sequences:



Def 3.45 : If can) is a sequence in IR

teen can) is lol - Cauchy if
-

Vs>o FM e-a V-n.in >M have Ian-awls E

Def : 9.12 ? If ffnixs is
a seq in

Finland

then ( fn) is uniformly if

He>o F MEE Hmm ? M have ttxecaub)

have lfnlx)- fmlxlHE



Def : 13.49 : If ( fund) is a sequence of
functions Ken Cfn) is Holt-Cauchy if
He> o FNFE Hmm >µ have Hfifmll LE

.

Lemma : A sequence (fn ) in Fun lab) is

Holl
sup
- Cauchy iff (fnl is unit-Cauchy .

Pf: similar to previous lemma .



Proof of 9.13 ( use -3.46)
.

For one director Assure fn fs F

so V-E>o F Ne th > Ne hae Axe Caio)

=
have Iff Ix) - Fox) I

s { .

hence He> o F MENE tf mm >Me here txctaid

haveffnh-fmlxlleffnlxl-FGltfhd-fmhdlslfhcxt-fcxli-lkxl-fml.attEtEz=E
.

Other dir . next .



210129J is btw 6.25.

Rest of pf
. of 9- 13

-

Than 9,14 : If Hn) is a sequence
in Bddlaib) convey

in uniformly to

if C- Fun lab) teen f c- Bdd carb) .

Equivalently: Bddlaib) is llallsup- complete .

Proof : Note: llftgllsup E Hfllsuptllglkup .
(required of any norm and called the trian.ge/equahfy)

.



If ( ful com .
unf. to f

.

or equiv . conn. in Allsup to f .

ten te> o F Ne En 't Ne
have Hf - fnllsap < E

.

If also each fine Bddcaib) teen

n -have Hfnllsup LA .

Combining : llfllsup = Hf- fw.tfw.tl sup
± Ilf - fw.H.fi/lfN,llsup
E IT' e llfuillsup < A



Def 9.24 (Weierstrass ) q.e.de

f-next = Ey 2-Jaostsx)
claim: f-

n converges in II. llsup- norm
( or eq. uniformly) ,

PS: Need to check : by 9.13
( fn) is uniformly-Cauchy .

that is Vc >o F Ma Unum e Me here

Hfn- fmll s E .

Sup



Choose Me with 2- Me ? E

and compute :Hfn-fmltsup-l.fm. ,2→cosC3%Hsup

::÷÷÷÷n÷:D
=2-m(÷ -11=2-m



⇐ 2-Me EE
.

Def : wth is the uniform limit of (finna)
.

-

Ans: ① 11W llsap I 1+1=2

since
llfnixillsupsll.EE/qE?a-J= ,

② Consider : gum = *÷ ⇐ Fun Cop)

coho . ptwiae to gcxl = ¥
E Fundo,&)

and 11 gncxsllsup = 'T = n



but It txllsap =D (does notexist)
.

210201

Them: If Cfn) is a sequence in ①
*

laib)

with① (f! ) converges uniformly to get)
and② for some ee cab) have

( faces) convo ( in IR).

then (Hw) (fn) converges uniformly to fix)
.

and 19.18) fix) = gex) .



Proof plan for 9.18
'

.

Need: tf pecans) , E >o F S tf Ix -pls 8

have If"¥f - yep) IgE
So tf p Elaib) , E > o F g = g

°

Ne
, pi

E

w
from

and take a- Ne ①_
and tf Ix- pls 8 from④

take m = Me , pix and compute :



If"If -g op) / f f f"I
"
- fmbfj.IR I

+ I fmmI!m -fnhgyj.tn/+/fnhn#nP-fIlpI/t/fIcpj-gcpI/E/fYIfmk/ + / ftp.I#n4d/t I f: l S )
- fail 511
TO

+ I fnYI#B - f 'n Ipl / + I f 'n Cps - g god I



⇐ +E + Et ez + Ez = g
IX-pl
- 884 To
②
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check: triangle ineq . ③ for Http.

If f.ge Bddcaio] ten

Hftgllsup - s.IEa.by/fHItgcxs/
← feud?, Ltfhdltlgcxsl]
Eftp.sylfcxd/tseepyecacgylgcgy=llfllsuptllgllsup



Examples:
Thin 3.46 ( IR

,
lol ) fear .

f

is a Banach space . T.dz
Fhm : ( Coca,b] , Holl sup)

is a Banach space.

②Thin:(D°¢aubDnBdd[ab] . llotlsup)
is a Banach space .



③ Them : ( c'Carb] , II. Hei )
is a Banach space ,
-

Use: Build functions as limits .

Ex:① Weierstrass fr !
f-next €02

-J
cos x)

is Cauchy in
( CHER ,

lkllsup)
.

hence converges
to WLXI.EC?1R

.

Can check: W' cos does not exist even though
f-ncx) E C' IR .



(Hence ( c' IR
,
H - Hap) is not

Bahach)#
Proof idea for thm①;
checked already teat ccocaib] , llollsup) is
a normed linear space . so it

remains to check that if
Cfn) is llollsup- Cauchy teen

(fn) is It " lls up
- concept .

but by then 9-13 Ifn) is



II. llsup- come to some f- C- Funked]
.

also need f e (°[aib]
which follows from Thru 9.16.

Proofs at ② E.③ also follow
from : 9.13, 9.14.9.16 ,

9.18
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Proof :

{" 'b'Iii:c:.gl?sTnt::IsIEs .

Haller is a norm :

harmed
° If HfHa=o=HfHsuptHf'4suptIHf"Hap
so Hfllsup (= Hf'llsup =/If"Ksup=o)

'since:{
.

so.EE
,
faeces in



11 kfllcz = lklllfllsuptlklllf ' llsupttlkl Hf
''llsup

= IKI H f-Her .

• If f , g E
CZ coil] then

Hftgllcz = If ftyllsuptllffgtllsup.it/lfYg
"!!
,

÷:
":":

"

:
"

:: :::
"

:
"

:÷::÷::":
3 times



why the ta in II. Her ?

Get Banach algebra:
Note! If f, g e

co coil] teen

Hfgtlsup E llftlsupllgllsup
Note : If f , g E C'coil ] fear .

Iffgllc, = llfgllsuptlfftgtfg'll sup

f- Hflls.pl/gllsuptllfHsupllgllsuptHfHsmpHg'Hsup
above stone § ( llfullsuptllftlsup)( Hgllsuptllglllsap).



aid triage e
= lfftlc, Hgtle 'ineq .

one
!
missing
Thml 9.21/9.22)
If (X , Holl ) is a normed linear space

and (fn ) is a sequence in X

and FN = Io fn then



② ( Fn ) is Holt - Cauchy
iff th Ime Emm '- M have ljnnfnjlke

⑥ and Cfn ) is HH-Cauchy
if Ibut not only if) nI://fnltexis.TL,

.



210208J power Series and
IR- analytic functions .

Thin ( 10.3) : If S Cx) Ease Ioan (x- c)
" boptosshibce .

is a power series
then here is RFR Eco!!]

called tee radius ofconver-ge.me with

⑨ tf la-4 > R have SCH diverges .

⑤ f Ix - cl
< R have Stx) converges also lately .

( so Sad converges pointwise in (c - R , atR) )
.

② f ra R have send corn- uniformly in G-hear]



⑧ SCI TR)
,
Scc-R) are mysterious

and usually avoided .
Proof : Uses conveyance facts for
series in IR . from Ch4 .

eg Ex4.2
: If ocbcl then

Ey bn = Fb .

( converges) .

For notational convenience
take a =D .



Recall convergence of Serres;

4.19 (comparison) .

eg IE" EE 's
- ¥52

4. 24 (Retro test) :
Isbn converges

if him, I} L l .
(Integral test) i If (feat is increasing .

and f,Ffwldx soo ( converges) .



then ⇐,fcn) also converges .

eg fit consus.hu/dIf-- ¥1.72 .

-

Ans① : By retro test
:

kinda 1¥71 - hinged 4
if R ZI

but Ein does not converge so R=/
.



② By rate test again :

iii. t÷÷÷t -- ins. 1¥14
K
O forevery X.

so R = A

③

Algebra:



Thus : If SCH ta Text are pour
-

with thesame center c
series n with radii of con

Rs E RT .

then : scatted has Rs
#
ZRS

SCXITGN has Rst '- Rs
.

59×1 has Rs. =P,
Gor 10 - 22 ! If Sox) is a p- S.

about

with red . of conor R ten

and oar < R



5. Cx) E C
- G- r, ctr]

210210

Cor : If Suk
n

an Cx-ed
"

has Rs >o

then this is also be Taylor's
series Ser Sox) about c .

Proof ? Taylor series is

{ Swcc, ÷ (x- c)
"



Need to show: an ? S "'m ÷
but by 10022

,

51k¥) = {an hcn-D - - - Cn-ka) (x-c)"
- k

D= 0

so Soda) = ask ! to tot - -

qed.
-w

h=k h=kx,
' ^ -

Cor: If Scx) -_ San ex-on wit Rs >0

ace This =E bnlx-e)
" wth RT >o

and Scxktcx) in any neighborhood ofc.



then every an= bn
.

Proof : an = Since, ÷: = TY! IT. =bn

Cor : Most functions are
not limits

of power series
.



E. Agt
""tank'¥y=arctm⇐) .

~ 3 decimal paces
i -

÷. I - ÷s+÷÷i÷. - -Tas
=

-

f,
ins - sum of natural number ,

•
9069

.
. .



Prop 10.29 :

Defoe 9ha -- { 8¥ ! !! )
.

then Pan E C
- LR)

,

and 9%3=0
Hence : the Taylor series for @ex)

about c-- o is -
✓



A

Edina' # can =O # Pad
.

n=o

So dad is not a limit of a

poor series about O.



"out Notation for Riemann Integrals .

See 11.1 for facts about .

I:# flat
and ianf flat .

Def : If Carb] is an interval .

then if P E Carb]
contains a anolb

and is finite call Pa partition
of Carb]

,

write: P={a=% axis . . . .
sxn=b}



with associated intervals' Ii = (Xin , Xi ]

of lengths: Li = Xi - Xi-I
write Tica,b] is he set of all

partitions of Cais] (soPetkus)
.

If PEQ both in Tlcaib]

call Q a refinement of P
inch
Note: Efi = -2 I,i=H2t3=6



Ansi ② Ii -_ [En
'

, in ]

③ hi = th

⑥ ucfipn) - Ee 's flint :&'aI=n÷E!i='z¥
④

'LlfiPD= :{ 'aft - Ei 's. Ei;

⑨ I = So'xdx
= I- IT

⑤ n a multiple atm
eg P, Z Ps



Thin 11.20 If f-E Bddceub],

PEQ c- tcaib] partitions .

teen ⑨ Ucf; Q) E Ulf;D)
⑤ LCFJQ) ? Llfip) .

Prop 11.21 ! If f- e Bdd Lacs]

and P , Q C- T1 Carb] teen

Lcf; P) E Ucf ; Q)

Prop 11:22: If ft Bdd carb] te,
Lcf) Gulf).
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Examples for Cauchy criterion ?

in Carl] and write Rm C-TGI]

with Rm={o.tn , En. - - . . . 'T ,

I }
Recall '. Ulf , Rm)=¥yli(§a¥ ..fm )x

( Cf; Rm) = . . . In . int "
"

I

Find '
. Ulf; Rm) - LIF;

Rw)
9
y

tf

① fcxi=x Ulf;R,) -LIF;R,)=} O

O Is Zz I



Ucf; Rmt- Ll f;Rmt Tn = my

② fun = { 'o III )

③ fan = Ed
'

¥3

④ fun
-

- E: III.a]



Proof of 11.28 using te Cauchy criterion .
Recall : Thin 7.42 if f

c- cocoa]

tea f is uniformly continuous .
cts : V-xeco.is , Eso I §,× tf ly -xks bae Ifad-ftp.KE

uchfjf : tf Eso FS, txeEaB , ' ' r ' s

.

To show if f Eckard ten fc-RIntfo.is

consider V-E>0 Choose Pe=!?m with MEL

Eaton,E... .B
Se



and compute :
For Rm have every

hi -- mt

so thx
, y c- Ii have Ix-yl Ctm = Se

Ko
so Ifad - fly) ) s E

so Fifth - ight, fig) s E

combining: Ulf; Rm)
- Lff; Rm)

= E.l; fix) - ight. fuss)
L m . Im - E =L . Therefore fERIutco.it.



g.e-d .
Think . 30 :

If feBddco.IT is increasing teen

f-C- Rent Con] .

Proof : Use the 1h26 Cauchy criterion .
compute : fa) -

Ulf; Rm) - Llfj Rm) .ftp.E#=EliEeEi.IiiiiitF''

-

=
.

En,liffCEtfc÷D
Ho' it

,

9
since



Inari:asig .

= Im [fu) - f- Em't FYI )
-f-⇐Yr .

-
- - fco) ]

In [fu) - f- Lol]

other terms cancel ,

Gor : If f- c- Bdd coil] is decreasing

ten fc-RIntco.is.
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Recall : If f- e Bdd carb]

and PE Tl [aub] teen

Ulf;D ) =
.

Li s¥¥? fix)

( Cfi P )
= E. di i.Ei ft

"

I?fcxIdx= LU tf) = gig
f- Uff ; P)

f! fund>
=L (f) = spp

Llfjp )

Note: L Hip) § LAI f Llfjp)
+ E



fp te ZP
d d

Ulf; P) ZUCH > Ulf ;
P) - E

Thin: 11.20 If PEQ partitions and f- c-Bddsaib]

then ⑨ Ulf; P) Z Ulf;Q)

⑥ Llfjp) E Ll f; Q)

Pro 'of : sketch ⑨ (⑤ similar) .

May assume QQ has onlyone point
not in P

Since only one interval of
P is Subdiv . by Q

assume P= {x. z) EQ
-
-Ex , ya}

'

÷I
'

Computing :



uifioi-cy-xlsaIE.fi't FIG.fi"

µE¥¥Signage.gg?zyfHtlZ-dpsEYx.zfB--U-fjP)
,

=
To show R Int coil] is a vector space:

→ • to EIR and feRInt have c.FERIA.

→ .
'

f f .ge RIH
have ftge Rfnt .

To show f. dx is linear ?

→ . to EIR , ft RIat have fcf = off



→ a V fig c- Rin hae Stege Ht Sg .

fe⇐RandfeRIntab3
have of c- RInt Carb]

with Sabcfind,
I a fabfcxldx

Proof : Assume c > o

compute: Ibaf,ad×=ukf)=ipffylisxiu.IE?ftxD=c.inpfE.lis*YfiCfcxD=c.faTfcxsdx

similarly febcfaadx = c . fabfcxsdx



But FER Intcaib] so Jabfcxsdxefbeefoxsdx
so Jabcfhddx' c. fabfcxsdx ={abcfcxsdx
and cfe Rintcaib] and Scf = off .

Consider c. so e . - get Taba fond> =cfebfGDdx..
(Try this) .
-

Them: 11.39 : If g. f
e Bdd carb]

and ffg pointwise then



⑥ Jabflxidx E ja gcxsdx
⑥ fab funds, E fab gaddx .

Proof : ⑧ ⑥ is similar)

compute" n

f
.Jabfhddx = riff €,
' {ftp.fcx)

sigt.E.li go.at?.gh9=Jabgcxsdx .
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claim : ( scaling)

'

. If e- IR and

f- c- Rent carb] turn

11 of the = Ici HfHj

Proof : case: 41.32 : Scf = off . I ,
lb

compute:
He fell,

- fablcfcxildx = Saalellfcxsldx
= lol lxlldx = lol

II fkn .

Claim: (triangle) :
If fig ER Intcaib

]
.



thee llftgllie I 11ft lot 11GHz.

Proof ! Use : 11.33 : sexy) -_ Sf + Sg .
11.39 : If ffg ten Sf Sfg .

Ilftytlu lfixitgcxystfan.lt/gcxt/
-

= f- Stfu.it/fdxI#tfhaltlgcas/IdxfHcxildxtS/gcxs/dx=llfHutHglk
.

Claim Cll.42) : If fecocaib] and HFHLEO



then f -O . ze . . .-4
Proof : For contradiction assume set - - fig
fecocqb] ,

If to and TY ;
fifth IO 2E c-8

Since f is continuous
ate

78>0 flacks
have Ilfcxt- Head SE

hence Ifcxsl SE so III.soft" >E]

Therefore : O =L ( Ift) Lftflj P) Zpostfetpos
⇒se >o

p={ a , c-8. c. b} or laic , a -18lb) contradiction
.



(or ( (
° Carb]

, 11011W) is a normed linear space.

Recall : (Coca, b] , II. Hsup ) is another normed him space.

Note : If fecocaib] then

1181k. E (b-a) llfllsap /If¥¥Proof : Http
.

= Jblafhdtdx
= U ( Ift) ful Ift; {a. b})

= (b-a) ÷%,
I = Cb- a) llfllsup .
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Prop 11.50 If ft Bdd

Coil] and

Vc>o have ftp.e.DERIntserr]
then f c- Rent soon .

Hence : fuk Esijntx III} is B. Int.

since flee
, ,]

is cts . hence
R.int

.

Proof : write M= Hfllsup .

(finite since fEBddE9iD.

He > o 7- PETITE .
I] with

U( flew, :P) - LHIE.is ; P) s E



write D= Pu Eo) ETI Coo D
P

Compute:

UCH-Lefts Uff; B ) - Llfjp ) # In"
" " l

,

= (Ea-o) fix:c?⇒f'"
'III.⇒

fad ) .

.

+41K£ . ,]jP) - Llffemy ; P )

⇐ Fy (2M ) t E ⇒E so fc-RIntcaaB.q.e.cl
.



Ch 12 : Fundamental Theorem of calculus .

Def. If FEEL Int carb] write

(Tf) Cx) = fat faddy
Notes : Ff) Cx) exists since f) can,ERInHux

]

by 11.44 .

(Tf) ca) = 0

IF If Cx-a) Hftlsup .

so Tf C- Bddcaib?



Thin 12.6 If f- E RInt carb]

then Tf E
Co carb]

.

Proof : Need to show:

no,
⑤f)Cxth) ;
# ↳,

-V× c- cab]

(
sr

'Eso-
and the same

↳tiny fatty) dy q f! fly) dy
-



Iim fifth - Sa't to
hoot

= lni.mo.fi?hflgveg.EhHfHsup=O~
Gim
n→ot

lim is similar geed .

h→o-
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Thin 12.4 : If Fe Rintcaib]

and f is cts at cecaib]

then ①Tf ca -_ fee)

Recall notation:

Jfk, = facfltdt
Dfid = F'

Cd .

Proof : since f is ats at c
.



HE> o FS >o V 1h15 8

have f- ( Cth) E [ fed
- E

,
feats ]

hence sup fceth)
E ' '

, ,

1h48 o ,

and pinnyfgfleth)
E ' '

,

so Jcthfltdt Ef!#
"'-414ft" Eisai

.

c #th
Computing : jfCcth)-J
DJfee) = lnismo h Th



= Inigo Effi"fHdt- Sacftttdt]

= Light [
"fctdt

C- [feel- e, flats]

Hence DJfed = fed . g.e
-
d

.

-

Building new functions using integration:

Ex : 12.14 : Def: L
Inca -_ Sift ¥



Claim! Lnlxy) = lnlxltlnly .

Pf ! lnlxltlhlg)
= sit + STE

sat E- I
"Y ds SIX

=S? + ↳ Ex
* it ⇐a

= STYLE = InHg) as =dt sexy
x

Ex: claim : There is exactly one function
Fan with F'"ca = E

"

and Flo) = F' cos = FODIO

Proof : Since e-
Ed

is cts there is



glad = e
-×' by above coronary .

and every fn
with

h
" ha = E
"

der . e-
"
is gutta

k"' case
-t
'

so every fn
.

with second

der e-
"
is hcxltcxtd

and Fox) = kcxlt
'zcxixdtb

Now use initial
conditions :

o
-
- Flo) = kco) -1 ototb

so b = - halo)

E- Flo) = K' lost otd
so D= -

b' co)

o
'
- fill = KID 1- Ict dtb so Ic = -ku

) -1k
' co) -1kW)

.

and there is a unique such FLN .



Question : since gcxt-fxjsintxq.IE}
has g'ex) = {zxosrn}

- cost ¥8 }
which is not cts at o .

Is it still true that: gjgkxsdx Egan
-gas

=g Cx) .

Yes : g'the
Rents-hit since : drselgh-EBwhgymh.gg?

Thin 12.1 : If fix, E
D
'

carb)

and fad E Coca , b]



and fkn E RInt carb]

then JD fix)
= fix) - floe)

detgxafltidt
Proof of 12.1 :

V-E > o F petals] with

f!f ' t = Lf
' f Lff'jP$tE I fcxtfcalte

Uf ' Z Luff P - E 3)fun- flat - E



"Elf:p)=!§liin¥!"")

ME ti "÷¥÷)
= fold by MVT

= €7 ( flxi) - flxi.it)
= fix) - fla)

similarly Ulf's.pl?fhD-fIa) god ,
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Cor : If f , FER
Int carb] and f- = f

.

then Ege C.Carb]
with glad-_gCbJ=O

have f :fHIgAHdt= - fab FAI gttdt

Def ; If f , F
e- RIntca.to] call

F a weak
derivative of f if
-
-

V g e- c' Carb] with gca) -_ good
-0

hae Sab fcHgMHdt= - Sab HH gltdt .



Thin 12 - 12 : ( change of
variables) :

If g is differentiable in Caio)

continues in Carb]

and g
' is R - Integ . in carb]

and f is cts in Image (g) .
gcb)

then : J !flg*DgMt)dt=f fiyidy
gca)

(result of subst . gttty) .



Pf: similar to 12 - to see HW .

Proof : Next Time .

i
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Proof of Note :
If (fh) converges in

L
' to f in Rtutcaob]

.

then (tf ! > O F N tnzn have 11 fifth! !Ea)
needyis

hence fabfctsdt - tism, fab fnltldt here .

=/ fig, fab@HI - fact]dt /
Elise Sabtftthfnctsldt
= Il f - fully o by assumption.

g.ed.



Thin 12.17:
If (fu) converges uniformly to f .nRIwtCab]
then (fn) converges oh hi to f.

Proof :
V-E >o IN KNIN have Hfn-flls.pt#

hence fn-f
HE> O FN

th ZN have w

II fn-ftlu-fablfnlxtfixildxsuffhjlaibd-lb-asey.P.gg/lfn-f/'lb-a)Hfnflfup
< E



Ll- convergent sequences: fpm
¥

Example: that
If f- C- RInt[aib]

-

there are Pn E Tlcaib]

with fabfixldx = UCH - lungs Ulfjpn)

If P ETI Caio] write

fp.ee = {¥¥,,× ;]
ft'd it xi.ME Xi)

Note: ftp.ylx) Z f- Cx)



and fab ftp.ulxldx = Ulf; P)

so 117pm - fll , = fablfpucxtfiasldx
= fab ftp.ulxl- fun) dx
= fabfpwlxsdx - Sub

-Andi

= Ulf; P) - Ulf)

Hence using tee sequence
Pn above

get Cfp
. .
u) com. in L

' to f .



Examples : so

12-22 ② fncx, = { to IIe
'T }EBddEooD

③ gnlx)
= { to

Osx strife . .
- i

else

o_0

fn :
•→

Gn :
o o-

ons:::÷÷÷÷. :÷¥f÷÷÷÷i÷÷
(Ign- olli = I. I→ o

L' come L' comb.



Example : huh, = {
n tEx⇐

nf o_O o else

In¥75 pointwise too

,

uniform / not Enid. llhn-okenu.tn

1
not L' come 11hm-olli-fhnhddx-ht.nl

X→ O
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Ex 12-25 :

s :d¥= limo.li#n=ei.m
.
. [ I ] :

={I - limo.
÷ = I if a >o

does not exist
otherwise



Ex 12.27

%¥t.EE#-.s.:Fay--txx=tydx=
- II ={ I

ifa> o

Y
'

d. me .
otherwise

,

X=o y=D

x- I g- 1

Examples : IF on Con] is abs . amp. int.



if E > o

and ¥e on G.
A) is also .

Example! 12.351 §sjYdx with E > 0
exists sine : I k¥7#
-

so by 12.33 his abs - amp . int by@
and imp . int . by ⑤



similarly : f? dx withe >o

tabone by charge at var

Ex:%ek: S ? "d×=¥Y=¥ '

is not absolutely improperly integrable .

but it is improperly integrable
.

( Dirichlet ) .



call this conditionally convergent.
-

Def 12 - 39: Principal values:

( carb]- Eos)

and too have fe Rent (carb]
- (c-Ects))If f- c- Fun

¥s,

b
write

p. v. f funDX
- a

Primeiro! = !i:(fifteen ixsdx]



Example : ¥ is not abs imprint .

on Glo] or cool]

also not impr . int . on

either C-103 or can]

but p.V.fi#-- 0
since I, is

odd

so for everyone f?d¥+gid¥=o 9¥:



Ex : ¥2 is not abs . impr . int -

or imp . int . on C-1,03 ←Cool].

and P.v.fi # #
does not exist.

Ex : 1- is
abs . imprint - on

E-hodeida . ')

txt

p.v.I.fi# hence #
cellists



Ex : p.v.↳Edt
= S.jEdt + pov. f.

'

Edt

= him. S.iEdttki.%ff.ie#teSiEdt3
Compute the second part:
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Lingo. [fi
'

dt-isiE-dt-CS.it#t+SiEdef=k;mo..fS.iEIdt-iSiEIdt)
°

= S! I Hdt which exists since
I is et. and hence integrable .

Taylor polynices again:



Recall : If f is cts on Caio]

and as cab and f-
""'
e Funcaub)

,

then write : Pnlxs=÷!tI Cx-ar
and Rncx7= fcx) - Pncx)

eg If
et=ftt) and o_O

then Rnlttet- I - t - E. . -
- E?

Old: Thom 8.46 ( Lagrange Error)



f- x I-5 between cand x with

Rn(X) = fin
-"Yg )
¥117-cjhti

New : Thom 12.48 ( integral Error)

then Rnlx7=n÷ I!f'
""
Hi Cx- tndt

if also fat"Yt) ⇐pint carb]



Assume = holds for n

show = holds for nth

Assume Rnlxk IT. S! f'
"II, ex-t"dt
THE

htt

compute:

Roman = fun
- Pm ,

Cx) Tsu

= fix) -fpnlx) t f'÷÷h-on
" ]

- l l
l l

= Rnlx) .



÷¥iEt÷
'

it

take with f-
"II, ult) = (x -

t)
""

so u
' Ittf"

"Lt) u' CHI - Cntlltx
- tin

and hence :

÷! Siu
' # u #

dt= - IT. {
"

uhh v
'# ¥,

+¥, !
Ult) htt ) ?

G -
ed,
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Convergence
of sequences

at functions :

" olla. Cauchy sequences for
H
II.Hanif any

of the three

← I
11.11 's

,

pointwise Hollie

Banach spaces : Cauchy ⇒
convergent?

Asside !

( Bdd can] , llolluuift Liquid > Efe Funcom )
( Bddco.at]nD%iD ,

" then't) [E)¥9 f ,
Cfn) is Holly-Candy



( colon] , Ilo Hanif) fn e Coca ul)µ~
( c
' Con] ,

Hollo )
fry if with fn , gn as

aboae Hfn- gnllz, →o

N &.LY a"' . " ""Baisch

-

Problem : MVT :

show that fair ( Saint II:}
for exactly one value of a has



f- E DO R .

Ans :(At most one such value a)

If fa
, fb e-DO R

then fa- fb c-Do IR
since DOR is a v. sp .

but fawn - from
= (Ib IIF }

which is not on DOR byDarboux's
thin

.

( At least
one such value a)

Note : {x' sin # 805¥
'

* I = gcx)



( O x=O 3then
zxsihtxcostx - cos"xt sink y use rules ,

g
"
(x) = { o *o

) ] comwtatm .

Note :p -- {
"
"

Y'
sink III} usfgade

som and {"osim-xostxx.to/isots,
hunt ÷:g



hence gh¥= {
"I ¥:}[ a
as?.

but had and I are cts hence

in Po IR so fight C- Do IR .

-

Problem:
Find an L

'
- Cauchy sequence

of differentiable functions



which converge pointwise to

the Dirichlet function Dad 1%91
in Coil]

.

Ans '
.
Idea'

.

If differentiable is
not required :

Enumerate turatronals :

Gi iqz , - - . .
all rationals in Cool ]

.

f. = {
'

o
EEE" }

,



Fn = ⇐ fn -
←
a- ÷

then Fn Es D point

and lltfnllf So
'

fncxsdx =o

HFNHL, = O

and 11 Fn- FmHi=o
so ( Fn) is
I- Cauchy ,


