Winter 2008 Problem 5: Let 1 < p < oo and let I = (—1,1) denote the
open interval in R. Find the values of «a as a function of p for which the function
|z| € Whe(I).

Fall 2009 Problem 1: For € > 0, let 7. denote the family of standard mollifiers
on R%. Given u € L?(R?), define the functions

Ue = Ne x U 1N R2.
Prove that
OlDucl g, < llul o
where the constant C depends on the mollifying function but not on wu.
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Fall 2012 Problem 4: The heat kernel on R? is given by H,(z) = (47t) " 2e~
where || denotes the Euclidean norm of 2 € R®. Prove that if u € L3(R?), then
t2 || Hy * UHLO"(RS) — 0 ast— 0T. (Note that * denotex convolution.)

Fall 2013 Problem 3: For § > 0 small, let v € L2 9(R3) N L3 ~(R?). Prove
that v = u * ‘71‘ € L>(R?) and provide a bound for HU||L°O(R3) which depends only

on ||u||L%+5(R3)



Spring 2010 Problem 5: Let H*(R) denote the Sobolev space of order s on

the real line R, and let
lulls = < /]R 1+ |5|2>S|a<s>|2ds>

denote the norm on H*(R) where 4(§) = 5= [u(x)e " dz denotes the Fourier
transform of wu.

Suppose that r < s < t, all real, and € > 0 is given. Show that there exists a
constant C' > 0 such that

lulls < ellulle + Cllull.  Yu € H'(R).
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Spring 2013 Problem 6: Let I be the interval (0,1) and ¢ > p > 1. Show
that there exists a constant C' = C(p, ¢, I) such that

lullLacry < Cllullwrr(r

for all w € Wy P(I). (Hint: First show that |[ul[p(ry < Cllu]lwim(r) for all u €
Wy (1))



Fall 2015 Problem 4: Let f : R® — R with f, Vf € L'(R®). Show that

/3 |f(x)|%dx§ (/R* |Vf(:v)|dx)
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