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SU(2)-invariant two-spin interactions

In almost all model Hamiltonians the most important, if not all,
interaction terms are two-spin interactions, i.e., a self-adjoint
hyx,y € Ax,yy- For simplicity we will restrict ourselves here to the
case where all spins are of equal magnitude S. Then, at each
x € A, we have a copy of the 25 + 1-dimensional irrep D(5) of
SU(2). h commuting with D(S) @ D(S) are necessarily of the
form

with ¢; € Rif h = h*.



The Heisenberg interaction

The primary example of such h is the Heisenberg interaction
h=8"8S"+825*+S°xS*

It will often be convenient to use indices to distinguish between
tensor factors, e.g., h = Sy - S1. The spectrum of h is easily
found by considering its relation to the Casimir invariant

C = (So+81)-(So+81) = X259 + 1)PV:

h - %[C—So~so—s1-s1]:%[C—28(S+1)n]
2S
= Z(%j(j+1)78(8+1))PU).
j=0

Polynomials of the Heisenberg interaction

Clearly, for any polynomial Q(x) = & + ax + aX? + - - - apx”,
with real coefficients ay. ..., an, the operator Q(h) also
commutes with SU(2) and is self-adjoint. Due to the finiteness
of the spectrum of h, the number of linearly independent Q(h)
is finite (in fact, that number is 2S + 1 and the set of monomials
of degree < 2S is a basis). As a consequence, for any given
half-integer value of S, there are unique polynomials



Spin 1/2
In the case S = 1/2, hitself is the only nontrivial interaction.
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Another useful relation involves the transposition operator
Tupv=veu

T=pPH_pO 121,

in terms of which we have
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Interactions with ferromagnetic ground states

We will call a two-spin interaction h, ferromagnetic if the
eigenspace belonging to the smallest eigenvalue of h is the
subspace of maximal total spin, i.e., with spectral projection
P(29)_|f all the interactions of a model with nearest-neighbor
interactions on a graph are ferromagnetic, the model will have
ferromagnetic ground states, i.e., on any finite subgraph the
states with maximal total spin are ground states. E.g., this is
always the case for the negative Heisenberg interaction itself:

Hy=— Y JySx-Sy
(xy)en

with Jy, > 0, is ferromagnetic.

Ferromagnetic Interactions for Spin 1 models

Let h =Sy - Sy denote the Heisenberg interaction for S = 1
spins. Up to a trivial additive constant, the most general
SU(2)-invariant two-spin interaction is then given by

Jrh+ Joh? = (=205 + 4d2) PO 4 (—dy + b)PM + (Uy + Jp)P?
The eigenvalue belonging to spin 2, J; + J», will be the smallest
if

J1 <0, and J1 < Jg



Spin waves in the S = 1/2— Heisenberg Model

The Hamiltonian is

=t Y SeS=-3 Y (by- il
[x—y|=1,x,yeA [x—y|=1,x,yeA

with J > 0 and ty, the unitary interchanging the tensor factors
labeled by x and y.
Recall that the ground states are the symmetric states, which
coincide with the SU(2) irrep of total spin |A|/2, the maximum
possible value for the system. (under the assumption that A,
considered as a graph with edges given by the distance 1 pairs,
is connected.)

Clearly the ground states of the ferromagnetic model are the
eigenvectors with smallest eigenvalue of the operator

A== > by
[x=y|=1.x,yeN

Consider A as a graph with N vertices x € A and E edges (xy)
given by the nearest neighbor pairs.

Theorem

Suppose A considered as a graph is connected. Then, the
smallest eigenvalue of Hy is —E and its eigenspace has
dimension N + 1 and consist of all vectors symmetric under
permutations of the vertices.



Proof

Let {e_, e, } be an o.n. basis of C2, and \y(A) the smallest
eigenvalue of a matrix A.

Observation 1)

For any Hermitian operators, A\g(A + B) > \o(A) + A\o(B). (For
any hermitian matrix the lowest eigenvalue satisfies the
variational principle A\g(A) = infy.o(A)¢. Thus

Xo(A+ B) = infy_o(A+ B)y, while for any 1,

(A+ B)y = (A)y + (B)y > Ao(A) + Ao(B), which proves the
observation.) Apply this to H to obtain \o(H) > —E.

Observation 2)
A®es) = -EQe:
XEN XEN
which implies that A\o(H) does equal —E.

Observation 3) If \g(A + B) = Xg(A) + Ao(B) then

(A+ B)p = \o(A+ B) implies Ap = \o(A)¢ and Bp = \o(B)o.
(For a hermitian matrix A, ¢ is an eigenvector for \o(A) iff

(A)y = Ao(A). Now suppose \g(A + B) = Xg(A) + \o(B) and ¢
is a ground state for A+ B. Then

(Ao + (B)g = (A+ B)y = Ao(A+ B) = Xo(A) + Xo(B)

Also, (A)y > Ao(A) and (B)y > Xo(B). So we have
(A)s = Ao(A) and (B)g = Ao(B). And this implies Ap = Ag(A)¢
and B¢ = A\o(B)¢.) Apply this to determine Hp = —E¢ only if

tyo = ¢ forall (xy) € A.



Observation 4) If A is a connected graph then any permutation
of its vertices, 7, can be written as a product of transpositions
Txy Where (xy) is an edge in the graph. Apply this to deduce
that for any ground state ¢, U, ¢ = ¢ for all permutations ,
where U, is the unitary determined by its action on simple
tensors:

Ur(vi @ @ V) = Vi @ -+ @ Viy

So, all ground states have to be permutation-invariant vectors,
and vice-versa if U,¢ = ¢ for all 7 then ty,¢ = ¢ for all x, y
(because tyy = Uy, ). An o.n. basis of permutation invariant
vectors is given by

1
Yk =N Z Ur((e- @ @e )®(e; @ ®ey))
wEPerm(A) K Nk

fork =0,1,---  N.
This is also the maximum spin irreducible representation
contained in ®xcaD(1/2). More about that later.



(Let G be the group generated by {7, : (xy) € A}. Prove by
induction that 7, € G for all / and j, vertices in A. Induction is on

For d(x, y) = Q it is trivial that 7xx = id € G. For the induction
step assume that 7, € G whenever d(x,y) < n. If
d(x,y)=n+1letxp, -, x, be a sequence s.t.

(Xx2), ..., (Xny) € A. Then 7xy,, 7x,y € G by the induction
hypothesis. So 7xy = 7Tx,y Txx, Tx,y € G. Since the permutation
group is generated by all transpositions,

G =Perm({x : x € A}).)
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Excited states; Spin waves

Note that the subspace Hf\s) of the Hilbert space Hx belong to
any given value S of the total spin is an invariant subspace. We
just proved that the ground state space is H ) where

Smax = [A[/2.

It is reasonable to guess that the next-to-lowest eigenvalue
would have an eigenvector in HS\S"“‘**”. Next week, Stephen
will some cases where we have a proof of this. For now, let us
consider the Hamiltonian restricted to the invariant subspace
with S = S — 1, starting with the case where A = Z/Z, the
one-dimensional lattice [1, L] considered with periodic
boundary conditions (a ring with L vertices).



7

By the SU(2) symmetry, | will find all eigenvalues of the
Hamiltonian restricted to HE\ m«=1) if we diagonalize its
restriction to the subspace of eigenvectors of S3 + - + S$ with
eigenvalue S;.x — 1. Consider the o.n. basis of this eigenspace
given by the vectors v, x € [1, L], such that

1
S}azwx = E((1 — Oxy) = Oxy)-

It is now straightforward to calculate the matrix of Hjy
restricted to V| = span{tx | x € [0, L]} with this basis:

Wy, Hi gtox) = (L=2)0xy—(0y x—1+0yx+1), 1<x,y <L, mod L.

The matrix is (2 — L)1 + T, where

0 1 00 - 1
10 10 0
T =-
1 0o 10

The eigenvalue equation for T; is easily written as follows:

Tig =X o =0d1117 Ix—1+Pxt1=—Adx, 1<x<L
of which the solutions are given by A\, = —2c0s ky, ¢nx = €%,
with k, = 2n7 /L, forn=0,...,L— 1. The corresponding
eigenvalues for the Hamiltonian are —L + 2(1 — cos k;;). Note
that n = 0 corresponds to a ground state. As L increases the
eigenvalues fill up the interval [-L, —L + 4]. In the limit L — oo,
after resettting the ground state energy to 0, the system has a
band of continuous spectrum above the ground state, [0, 4].
One says that the spectrum of low-lying excitations is gapless.



