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The One-Dimensional Ising Model with a Transverse Field
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The one-dimensional Ising model with a transverse field is solved exactly by trans-
forming the set of Pauli operators to a new set of Fermi operators. The elementary
excitations, the ground-state energy and the free energy are found. The instantaneous
correlation function between any two spins is calculated and this model shows a finite
long-range order in the ground state when the transverse field is less than a critical
value.

I. INTRODUCTION

The Ising model with a transverse field is of some physical interest, because it
corresponds to the pseudospin formulation of several phase transition problems
and may be used to study order disorder ferroelectrics with a tunnelling effect [1],
or the magnetic ordering in materials with singlet crystal field ground state [2].
This anisotropic spin system in one dimension with nearest neighbour interactions
is shown to correspond to the Ising Heisenberg antiferromagnetic chain treated
by Lieb, Schultz, and Mattis [3]. The ground-state energy, the elementary
excitations and the correlation functions are calculated and compared with the
results of a perturbation treatment [4]. As with the Ising model with nearest
neighbour interactions, this model shows no phase transition occurring at finite
temperature. At zero temperature when the system is in the ground state there is
long-range order but this disappears when the transverse field exceeds a critical
value.
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II. FORMULATION

A. Transformation into a system of noninteracting Fermions

The model consists of N spins, one-half arranged in a row and having only
nearest neighbour interactions. The Hamiltonian is written as:

In the ferroelectric problem [1], I' corresponds to the tunnelling energy and J is
the short range proton proton interaction. The ends of the chain may be treated
in two different ways:

(a) asfreeendsinwhichcase ! <7< Nforthefirsttermandl <i<<{N — 1
for the second term;
(b) as a cyclic chain in which case 1 < i << N, S5 = Si*

We shall mainly consider case (b) where for N large calculations are more
tractable. For NV small case (a) gives interesting results about the degeneracy of
the ground state when I" varies—but this point will not be developed here.

The Ising model and the free-spin system correspond respectively to I' = 0
and J = 0. The effect of J is to order the spins along x (the order is defined by
0|87 |0> = M,, where | 0> is the ground state of H) while I" tends to destroy
this order by flipping the spins. When I" varies from zero to infinity, the system
goes from a completely ordered to a completely disordered system. We shall see
later than the order in the ground state disappears for I" = J/2.

After using the following set of transformations [3]

a;t = §% 4 iS¥

i—1
C; = €Xp (m’ > aﬁaj) a;
furt
’ (2.3)

i—1
¢ = a;" exp (— iy a,-+a,»)
ey
(where the ¢; and ¢;+ are Fermi operators), the Hamiltonian (2.1) is transformed
into
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with

N N
L = Z Cj+Cj - Z (sz "l‘ %). (2.5)
j<1

Jj=1

As in [3] we may neglect for a large system the last correction term in (2.4) and
the Hamiltonian is a quadratic form in Fermi operators identical to (3.10) of [3].
For a more detailed calculation, the reader is referred to reference [3] from which
we get

r
14 &
with
_ Pri + P Pri — P
e O e La S I @)
Defining A = Jj2I, we find that for A 7= 1 the normal modes are given by
Q/N)\2sin(kj) k>0
(ij == . (2.93)
(2/N)'2 cos(kj) k<0
iy = — A + Acos k) Pi; + Asin(k) @_] (2.9b)
with
A2 = (1 4+ X% ++ 2 cos k) (2.10)
and
k = 2mm/N m= —1IN,.,0,.,IN—1 (N even) 1
m=—xN—1),..,0.,4N—-1) (N odd).
For A = 1 and m = —1N,
Alc = O, ‘ij == N-l/Z, l//kj = :tNhl/Z. (2.12)

We get a system of noninteracting fermions of energy I'4, . The ground state
energy of the system is:

0| Ny

Eo=—53Y4, (2.13)

and the free energy is

1

F= —NkT{In2 + %jo dk Ln cosh (5 BI'4,) =

with B = (2.14)
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B. Correlation Functions

Even in the ordered state, the order parameter M, = <{0|S,* |0, cannot be
obtained because of the invariance of the Hamiltonian when S, is changed
into —S;% On the contrary M, = <0|S;/|{0> and the correlation functions
pa® = <0 | S78%,,, 10, pa? =<0 |88%, 10> and p,* = (0] SiS%,, | 0y — M.?
can be calculated following the method used by Lieb ef al. [3]. We get the following
results

M, = 1G(0) (2.15)
pn' = — 1G(n) G(—n) (2.16)
CG(—1) G2 - G(—n)
=1 G(EO) G(E—l) G(—nE +) -
61 =2 Gn—1) - G
GA) GO - G —n)
o= G(EZ) G(El) - G(3 - n) o8
| G(n) Gr—1) - G(l)
with
G(n) = L(n) + AL(n + 1) 2.19)
and "
Ly = [ dk A7 cos(in) (2.20)

For different values of X, the following values of G are obtained:

A=1 Gln) — —727— 2(;}3"1 , @2.21)
A= ool =0 Gn)=5,.,, 2.22)
A=0J =0)  G)=3,,. 2.23)

TII. DISCUSSION OF THE RESULTS

A. Elementary Excitations

The energy of the elementary excitations given by (2.10) is shown in Fig. 1 as a
function of k&’ = = — k for different values of A. To each k corresponds an eigen-
state which can be expressed in terms of ¢ operators through (2.7). If we suppose
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Fic. 1. Energy of elementary excitations as a function of k° for three different values of
A = J[2T.

that the ground state is not far from the Ising model ground state, ¢; ~ a,(—1)¢
(2.3) and k" = 7 — k is the pseudo wave vector of the excitations. The k' = 0
excitation corresponds to the excited state whose configuration is closest to the
ground state configuration. For A == 1 (I” = J/2) the gap in the excitation spectrum
disappears. The k" = 0 mode energy drops to zero and rises again when I"is 7 J/2.
Contrary to the two- or three-dimensional case these excitations are noninteracting
Fermion excitations. If | 0) is the ground state of H (2.1) with energy E,, ;" | 0>
is an eigenstate of H with energy E, + I'/,. However, as shown by Lieb ez al. [3],
if we do not neglect the correction factor in (2.4) then the elementary excitations
are not independent because of the dependence on the evenness and oddness of
the total number of excitations. This correction term cancels for states with an
even number of excitations. When I goes to zero (Ising model) the excitation
energy goes to J/2 which corresponds to the first excited state for a free end chain
but to only half the first excited state for a cyclic chain. All the cyclic chain excited
states can only be described by an even number of excitations. The first excited
state energy has also been calculated by n-th order perturbation theory as an
expansion in X [4]. The first few terms obtained so far agree with the first terms
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in the power series expansion in X of the excitation energy I'4, (2.10). For x = 1
A,y = 0; thus, we expect certain quantities to become singular at that point.
We shall show later that in fact the long range order p,” in the limit as n — oo
vanishes for A <C 1. It is also interesting to note that, as shown by Lieb ef al. [3],
this excitation spectrum is identical to the excitation spectrum of the xy model
with the Hamiltonian

N N
H= —2I'Y 8784, —J ¥ 8782, 3.1)
=1 i=1

but the correlation functions p,* and p,* are quite different.

B. Ground State Energy and Free Energy

The ground state energy given by (2.13) (2.10) is expressed by an elliptic integral
of the second kind

M
4+ a2

This function is nonanalytic for § = 1 (X = 1). The quantity — E,/NJ is plotted
in Fig. 2 as a function of I'/J.

The free energy given by (2.14) has not been explicitly calculated. For T £ 0
this function does not show any singularity in 7.
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FiG. 2. Ground state energy as a function of I'/J.
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C. M,, M, and the correlation functions p,”, p,”, p,*

M, given by (2.15) is equal to an elliptic integral of the first kind and is thus
deduced directly from tables [5]. When I'/J varies from zero to infinity M, varies
from zero to 4 as shown in Fig. 3. The point X == | (I" = J/2) is nonanalytic.

Mz
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Fic. 3. M, = <0.57]0> as a function of I'/J. The dotted line corresponds to the molecular
field result.

On the same figure the molecular field result [6] is shown for comparison. The
difference between these two results becomes important for 0.4 << I'/J << 1, where,
as we shail show later, p,” is large and cannot be neglected as in the molecular field
approximation.

The correlation functions given by (2.16) (2.17) (2.18) depend only on G(n).
As a function of X, G(#) is nonanalytic for A = 1 and so are the correlation
functions. The short range order correlation functions p,*, p,%, p,° are plotted
in Fig. 4 as functions of I'. The quantity p,” is taken from the tables [5] while
p¥ and p,* are only approximated and would have to be computed. p,” is much
larger than p,? and p,® because of the strong anisotropy in the interaction between
neighbouring spins.

The critical case X = 1 can be studied more easily because of the simple form
of G(n) (2.21). We get from (2.16)

(3.3)
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1 l"\ 15
Fic. 4. Short range correlation functions as functions of I'/J.

and the Toeplitz determinants p,” and p,? (2.17) (2.18) can be calculated, following
McCoy [7]. p,® corresponds to R, of reference [7] and paY is closely related.
We then get

a1 2V seninyy . HO
Pi” =13 (77) 2 H(2n) (349
1
Pu' = = T X Pa” (3.5)
with
H(n) = 1»-1 . 2n-2 ... (n— 1. (3.6)

The values of p,%, p,?, p,* given in Table I for 1 < n < 12 are plotted in!Fig. 5
They all go to zero when # goes to infinity. For large

Nl 1/491/12 4~8,—1/4 . 1 -2 ese

P 2¢ 21712 4~3y (1 a” -+ ) (3.7a)
V o~ — _L e1/421/12A—3n-—9/4 (1 + LS_ n-—2 + ...) (3 7b)

Pn 16 64 '
z,\,_l_n—z(l_}_ln—2+ ) (37C)

= :

with 4 ~ 1.2824.
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TABLE I
Correlation Functions for A = 1 (I" = J/2).

n 4p," —4p,¥ 4py?
1 0.6366 0.2122 0.13509
2 0.5404 0.0360 0.02702
3 0.4893 0.01398 0.01158
4 0.4556 0.00723 0.00643
5 0.4311 0.00435 0.00409
6 0.4119 0.00288 0.00283
7 0.3964 0.00203 0.00208
8 0.3834 0.00150 0.00159
9 0.3723 0.00115 0.00125
10 0.3627 0.00091 0.00102
11 0.3541 0.00073 0.00084
12 0.3465 0.00060 0.00070
T T
07} ~

03+ .

] !
1 5 10
n

Fig. 5. Correlation functions as functions of n for A = 1(I" = J/2).

We note that p,? and p,* behave in a very similar way. p,® goes to zero for
n large but nevertheless is not integrable. The quantity 3", <0 | §;*S7,,, | 0> diverges
at A = 1 when order appears in the system. We are essentially interested in the
long-range order correlation function p,” as n — o0 when A varies from 0 to co.
Fortunately this quantity has been worked out by McCoy [7]. .
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For X <1 and # large we deduce from (4.26) of [7] that

Pt =~ 11 — AU 2201 — L Y1+ A1 — 23 + 0] (3.8)
and thus for A < 1,

lim p,* = as n— . 3.9
For A > 1 we deduce® from (3.36) of (7) that
lm p,* = (1 — A2/ as n—> 0. (3.10)

The long-range order correlation function vanishes for X << 1. At 7 = 0 in the
ground state the system is ordered when I" < J/2 and disordered for I" > J/2
and M, = <0]S;#|0)> should vanish for I' > I', = J/2. Again the molecular
field result I’, = J, [6] is quite wrong.

In the limit as » — oo

pu’ = M,? G.11)
and from (3.9), (3.10), and (3.11)
My= 31— 138 for A >1 (3.12a)
and
M,=0 A< L (3.12b)

The same result has been obtained by a perturbation method [4]. In this n-th order
perturbation treatment, the transverse field part of the Hamiltonian is considered
as a perturbation and the ground state and thus <0 | S;® | 0> is then expanded as
a power series in A2, The first three terms have been calculated and correspond
exactly to the first three terms in the power series expansion of the exact result
for M, (3.12).

For the free end chain (case a), following Lieb et al. [3] similar results
are obtained. The excitation spectrum is given by (2.10) with k solution of the
equation:

sink(N+1)
for A > 1 one of the N roots becomes complex.
ko = m + iv, (3.14)

1 Equations (3.4), (3.7a), (3.8), and (3.10) were first obtained by T. T. Wu [8] as a special case
for the two spin correlation function of the two dimensional Ising model. In fact p,* of this paper
corresponds to S of [8] with A replaced by «;*. S is also equal to R, (taken in the limit 7 — 0)
introduced by B. McCoy [7] with «, replaced by «. Equations (5.2) of [8] and (4.26) of [7] give
similar results leading to Eq. (3.8) of this paper. Equations (5.5) of [8] and (5.15a) of [7] give the
asymptotic behaviour of p,* leading to Eq. (3.10) of this paper.



ISING CHAIN IN A TRANSVERSE FIELD 89

where v satisfies the equation

sinh(N + Do

sinh Nv A (.15)
The excitation k, carries the energy
Ty, = 50N — X2 oot a9 o] (3.16)

For 2 > 1 Eq. (3.16) shows an asymptotic degeneracy of the ground state leading
to the appearance of order in the system when N — oo (the gap of order A~V tends
to zero when N — oo more rapidly than 1/N). Let us suppose that N is finite;
the Ising model (I" = 0) ground state is doubly degenerate thus

0185710 = £4. (3.17)

When a transverse field is added this degeneracy is removed. The new ground
state | 0> is symmetric and remains unchanged when S” is changed into —S%,
while the first excited state | 1> is antisymmetric and is changed into — | ).
Thus, we get

0]8+]0>=0. (3.18)

If N tends to infinity with X > 1, the ground state becomes degenerate with the
state carrying the k, excitation and <0 |S*|0> %~ 0. On the contrary, if A <1
the ground state remains nondegenerate and no order appears.

Let us now consider the end-to-end correlation function pfy for a free end chain.
We get

piv = 1 — A3 +0(1/N) A>1 (3.192)
and
piv = O(1/N) A<1 (3.19b)

The difference with the result (3.10) may be due to end effects. To avoid these
we should have to calculate p7,.,, as m — co. This quantity is more difficult to
calculate than pfy , and has not as yet been done.

At finite temperature, following either Lieb e7 al. [3] or McCoy [7], the long-range
order p,* as n -» oo vanishes for all values of X and as expected there is no finite
temperature phase transition. However, as for the Ising model [9], when J{(r)
(r = i — j) is long range, we expect a phase transition if J(r) satisfies certain
conditions to be determined.
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