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1. (20 points) Consider the following first-order differential equation:

(a)

y() = 5y(t) = €.

(10 points) Find all solutions to the differential equation.

Solution: This first-order linear non-homogeneous differential equation can be
solved by the method of integrating factors. The integrating factor is u(t) = e~
Multiplying the ODE by pu(t) on both sides we obtain:

(ey(t) = 1.

Thus (e ®y(t)) =t + C, C € R, and the general solution is:

y(t) =€ (t + C).

(5 points) Find the solution yo(t) to the differential equation satisfying yo(0) = 4.
Solution: This correspond to the condition
4=9y(0)=e"20+C) = C =4.

Hence, the unique solution is yo(t) = €% (t + 4).

(5 points) Compute the long-term behavior of all solutions y(t).

Solution: The long-term behaviour is the limit

lim y(t) = tlg& e’ (t + C) = oo.

t—o00

Thus the long-term behavior is infinity, i.e. it does not exist.
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2. (20 points) Consider the following first-order differential equation:

y' () =yly— 1)y +1)(y—3)(y—5)>~

(a) (7 points) Find the constant solutions of the above differential equation and clas-
sify them into stable, unstable and semistable.

Solution: Since this is an autonomous differential equation, the constant solu-
tions, which satisfy vy/(t) = 0, correspond to the zeroes of the function f(y) =
y(y — ) (y+ 1)(y — 3)(y — 5)*. The constant solutions are thus {—1,0,1,3,5}.

The constant solutions y(t) = —1, y(t) = 1 are stable, y(t) = 0 and y(t) = 3 are
unstable and y(t) = 5 is semistable.

(b) (7 points) Let yi(t),ya2(t), y3(t) be the solutions of the above differential equation
which satisfy y1(0) = 2, y2(6) = 3 and y3(0) = 4, respectively. Compute their
long-term behaviors

lim yi (1), limga(t), L ys(t).

Solution: Their long-term behaviors correspond to constant stable solutions. The
exact constant depends on the initial value. The solution y;(t) will converge to 1,
the solution yo(t) is itself constant to 3 and thus converges to 3 and the long-term
behavior of y5(t) will be 5.

(c) (6 points) Use Euler’s method with step h = 0.1 to approximate the value of y3(0.2),
where y3(t) is the solution to the differential equation above satisfying y3(0) = 4.

Solution: The first iteration yields
y3(0.1) ~4+0.1- f(4,0.1) =4+0.1- f(4) =4+ 0.1-60 = 10.
The second iteration gives
y3(0.2) ~ 10+ 0.1 f(10) = 10 4+ 0.1 - 173250 = 10 + 17325 = 173260.

(Solution will be fully graded if 173250 left as 7-9-10- 11 - 52.)
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3. (20 points) Consider the second-order differential equation:

(a)

y"(t) + 9y (t) + 20y(t) =t + 2.

(10 points) Find one solution to the differential equation.

Solution: Let us apply the method of undetermined coefficients. The guess is
y(t) = At + B. By plugging

y(t)=A, y'(t)=0,
into the differential equation, the two conditions for A, B are
20A=1, 9A+20B =2.

Thus one solution is
t 31

)= — + —.
() = 55+ 200

(5 points) Find all solutions to the differential equation above.

Solution: Since the equation is linear, the principle of superposition implies that
all will be of the form:

y(t) = Cuyr(t) + Caga(t) + (1),  C1,Cr €R,

where (1), y2(t) are two linearly independent solutions of the homogeneous prob-
lem. In this case, the homogeneous problem can be solved by its characteristic
equation, whose roots are \; = —4 and )y = —5. This yields y;(t) = ™% and
yo(t) = e, which are linearly independent since W (e™% e™5t) = —e=% £ (.

Thus the general solution of the differential equation will be:

t 31
_ Gt LA R.
y(t) C’le + ngz(t) + 20 + 100 01,02 €

(5 points) Consider the damped harmonic oscillator given by
y"(t) + 9y’ (t) + 20y(t) = 0.

Determine whether the system is underdamped, critically damped or overdamped.

Solution: The roots are real and distinct, the system is thus overdamped.
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4. (20 points) Consider the second-order differential equation:

(a)

2%y (t) + 3ty (t) — 15y(t) =0, ¢ > 0.

(5 points) Show that y;(t) = ¢~ is a solution to the above differential equation.

Solution: This is plug and check, as follows. Start by computing ¥/ (t) = —3t~*
and y/(t) = 12t=*. Then we have

2 (t) + 3ty (t) — 15y(t) =t - (12t ) + (3t) - =3t =15t 2 =0-t° =0,
as was required for us to verify.

(10 points) Find a second solution ys(t) which is linearly independent with y;(t).

Solution: This can be solved by Euler type ansatz or via reduction of coefficients.
The former does not require knowing y;(¢) in Part (a), the latter does. Let us use
Euler type ansatz y(t) = t", whose characteristic equation is:

3r 15
D D
r(r—1)+ 5~ 5
The two roots are 1 = —3, corresponding to y;(¢) in Part (a) and 7, =. Thus, a

second linearly independent solution is yo(t) = >/2. Their Wronskian W (t~3,%/2)
is of the form t°, for some s € R, and thus non-zero since ¢ is positive.

(5 points) Find all solutions to the following differential equation:

2t%y" (t) + 3ty (t) — 15y(t) = 15, t > 0.

Solution: Since this is a linear non-homogeneous equation, the general solution
will be of the form:

y(t) = Cin(t) + Coga(t) + (1), C1,Co € R,

where y;(t), y2(t) are two linearly independent solutions of the homogeneous prob-
lem, and y,(¢) a particular solution to the non-homogeneous problem. In this case
y1(t) is the solution in Part (a) and ys(t) is the solution found in Part (b). It thus
suffices to find a particular solution y,(t).

The constant function y,(t) = —1 solves the problem, thus the general solution to
the problem is:

y(t) = Cit =2 + Cot®? — 1, Cy,C, € R.



Midterm Examination - Solutions - Page 6 of 6 October 25 2019

5. (20 points) For each of the ten sentences below, circle whether they are true or false.

(a) (2 points) An autonomous first-order differential equation must have as many sta-
ble constant solutions as unstable constant solutions.

(1) True. (2) False.

(b) (2 points) If y;(t) and yo(t) solve a first-order differential equation, then their sum
y1(t) 4+ yo(t) also solves the same differential equation.

(1) True. (2) False.

(¢) (2 points) Solutions to underdamped homogeneous systems must have infinitely
many zeroes.

(1) True. (2) False.

(d) (2 points) If y;(t) = sin(3t) solves a linear second-order differential equation, then
y2(t) = cos(3t) also solves the same differential equation.

(1) True. (2) False.
(e) (2 points) The local error in Euler’s method with step 0.01 is of the order of 0.0001.

(1) True. (2) False.

(f) (2 points) An autonomous first-order differential equation cannot have infinitely
many semistable constant solutions.

(1) True. (2) False.

(g) (2 points) The initial value problem given by a second-order differential equation
on y(t) and two initial conditions y(tg) = yo and y(t1) = y; always has a solution.

(1) True. (2) False.
(h) (2 points) The Wronskian of y;(t) = e™* and ya(t) = €' is constant equal to 2.

(1) True. (2) False.

(i) (2 points) The global error in Euler’s method is smaller than the local error.

(1) True. (2) False.
(j) (2 points) The Wronskian of y;(t) = 1 — t and ya(t) = 3 is W (yy, y2) = t2.

(1) True. (2) False.



