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1. (20 points) Consider the non-homogeneous linear system of differential equations:

E(E) -1 -1 3 z1(t) t
2@ =1 1 1 -1 o) |+ e
E50) -1 -1 3 z3(t) et

(a) (5 points) Show that the columns of the following matrix U(¢) are fundamental
solutions to the homogeneous system associated to the system above:

e e 1
V)= ¢ 0 -1
el e 0
Solution. Check that
et 2e% 0 —F —~1 3§ g e 1
\I//(t) = et 0 0 = 1 1 -1 et 0 —1
et 2% 0 -7 ~1 B et e 0

(b) (10 points) Find a particular solution to the non-homogeneous system above.
. —t —t

e e —e
You are welcome to use that U~1(¢) = | —e 2 —e ™2 272 |,
1 0 —1
A particular solution could be calculated using variation of parameters.
t —2e' +1/2%t* —1/2xt—3/4
U fe@) | & | = e —1/2x8 —t—1
et —e!'—1/2xt—3/4

(c) (5 points) Show that there are no constant solutions to the non-homogeneous sys-

tem above such that | z5(0) | =1 0

Solution. If there is such constant solution, then the following equation must hold.
0 -1 -1 3 3 t
0 | = 1 1 -1 0 |+ €
0 -1 -1 3 1 et

However, it is easy to see that the above equation cannot hold for any ¢.
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2. (20 points) Let A be the matrix A = < 166 :?g ) ,

(a) (5 points) Compute the matrix exponential e“?.
Solution. Compute eigenvalues 1,2 and eigenvectors (7,3) and (5,2)

G
eAt: (7; g Xe,, e?.—t)cl ,S% 2

T 1t
\wetﬂx’e?’t {(Se -5 ¢
et be™" Ise g et

(b) (10 points) Find the unique solution Z(¢) of the initial value problem

(29)-(% ) (29) w=(7)

X@)z(:) = (=
‘?{) A ot- 200"
X(' - t 1t
Te - 8e

(c) (5 points) Draw qualitatively the phase-portrait of the system in Part (b).
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3. (20 points) Consider the following Initial Value Problem (IVP):

V') +ut) =1-1) —wm@®1-1), y0)=1 (0)=0,

where u1(t) is the Heaviside step function centered at ¢ = 1.

(a) (b points) Find the Laplace transform of the above differential equation and isolate
L{y(t))(s) as a function of s. 4 ~3

2 [[) 4 s Yo+ )+ L) = R

I
EE W v5 s reldd s

(b) (10 points) Find the unique solution y(t) to the above Initial Value Problem.
| . e ™" g b

LY)* < “tngJr Slﬂ_*';f" ~
S s/

W= | - t+ St TEDURY = smit) ugt)

(c) (5 points) Plot qualitatively the solution y(t) to the IVP above for ¢t € (—o0, 1).
(Hint: The system reads y"(t) +y(t) = (1 —t) fort <1)

whi t€), W= st
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4. (20 points) Consider the linear differential equation:
2y (t) + 3ty (t) + 4y(t) =0, t>0.
(a) (5 points) Show that the two functions
g () = 125" coa(/Fin(e]), walt) =96t einly/Buls))

,are solutions to the differential equation above.

\0 %)= E\IJ—Z Sh(g t)-~ ZC«UQE]-\‘t)J /t \0 ’&) = (—‘? Mng@)\'ﬁ)*?S\ynuz.‘f)] /tl
Y/ tt)= =12 cos Bhe) 43¢ FoEhd /9 W= [-15-Ehe)-2n es(ile) /é

‘;L,g Lol ver fj

(b) (5 points) Compute the Wronskian of the solutions y;(¢) and y2(¢).
. _ 2 ,
t}) \ jm (03]3 (S % ~[a8Sinkcast <037 s‘éwh%g'n;
R =

= :\ji\jz’_ g"‘gi’: ’ e
W‘dﬂ ¥, 4 +F | +*

X% =T It Letfs

3
e

(c) (5 points) Find the all solutions to the differential equation above.

Sine Wronshian 3s net O Hhn Y, Y, ax Jieely ;M{,LPWEM

/\/oTnce —Hm{ m (}\nj \m?o\v WM)"VWTIGW «j- [4 ‘j V< q{qu a ;“{hfq,\_
TLG{ }PH 3eur#( so\m‘m

j': C,ﬂ’ + (‘131

(d) (5 points) Find the umigme solution y(¢) with y (ef«l/"?) =,
\)\-A:? v -l-L( Tt Valwz

| = 2 B+, s
?-Jz IS
= (-8B _ .
__> Cz )8:}} C‘ XS {W‘QJL
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5. (20 points) For each of the sentences below, circle the unique correct answer. By defi-
nition, the option “Neither” is the correct answer if the other options are not correct.

0 0

o(35) (@ ey w()

(a) (2 points) The exponential of the matrix ( 0 ¢ ) is:

(b) (2 points) The phase-portrait of the system

)\ 1 22313 [ z.(d)
Zh(t) ) = \ —132193 0 zo(t)
can be qualitatively depicted as:

(1) Concentric circles  (2) Inwards Spiral | (3) Ofitwards Spiral  (4) Neither

(c) (2 points) An autonomous differential equation will always have a:

(1) Stable solution  (2) Unstable solution  (3) Semistable solution ((4) Nefther

(d) (2 points) The global error in Euler’s method with A = 0.001 is of order:

(1) 1071 (2) 10~2 (3) 102 (4) 104

(e) (2 points) The following function y(¢) solves the ODE ¢/ (%) + 42(¢) = 2t=%

(1) t+1 (2) 283 — D)t (1+3)71 (3) exp(t) +¢2 (4) Neither.




