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1. (20 points) Consider the following Initial Value Problem:
y'(8) +4y(t) = g(t), y(0)=0, ¥(0)=0,

where ¢(t) is the function depicted in Figure

y=m/2

Y

t=m/2 t

Figure 1: The external force g(t).

(a) (5 points) Find the constant A € R such that g(t) =t — ur/2(t)(t — A).

(b) (5 points) Calculate the Laplace transform of the Initial Value Problem above.

(c) (10 points) Find the unique solution y(t) of the Initial Value Problem above.
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2. (20 points) Consider the following linear system of differential equations:

) (t) 1 2 0 x1(t)
() | =1 1 2 xo(t)
zh(t) 0 -1 1 x3(t)

(a) (5 points) Show that this system has no non-zero constant solutions.

(b) (10 points) Find all solutions to the system of differential equations.

(c) (5 points) Let [ € R? be the line spanned by the vector (—2,0,1)" and w € I
any spanning vector. Explain why a solution Z(t) to the above system with initial
condition Z(0) = w will stay inside the line [ for all time, i.e. Z(t) € [ for all t € R.
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3. (20 points) Let a € R and consider the following system of differential equations:
(@) _ (o1 x1(t)
xh(t) 11 xo(t) )

(a) (5 points) Find the interval of values for a € R such that the linear system above
admits non-zero solutions whose long-term behavior is zero.

(b) (5 points) For which values of the a € R does the above linear system have a
non-zero constant solution ?

(c) (5 points) Plot qualitatively the phase-portrait of the system for o € (10, 00).

(d) (5 points) Plot qualitatively the phase-portrait of the system for o = i, i.e. « is
the purely imaginary number 1.
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4. (20 points) Consider the non-homogeneous linear system of differential equations:
)y _ (11 x1(t) N —1 + 21t + €* tan(t)
xh(t) 4 1 xo(t) 24 30t + 2¢e3 tan(t) /-

(a) (5 points) Find a fundamental matrix W(¢) for the homogeneous problem associated
to linear system above.

(b) (10 points) Find a particular solution Z),(¢) to the initial non-homogeneous system.
(Hint: an integral of tan(t) is — In(cos(t)).)

(¢) (5 points) Find the unique solution Z(t) = (x1(t),x2(t))" to the non-homogeneous
system above which satisfies the initial conditions
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5. (20 points) For each of the five sentences below, circle the unique correct answer.
(a) (2 points) There are no constant solutions to y”'(t) — t3y” (t) +sin(y/(t)) +y(t) = €t.

(1) True. (2) False.

(b) (2 points) The Laplace transform of a constant function is a constant function.

(1) True. (2) False.
(c) (2 points) The Laplace transform of L(f(t)?)(s) is (L(f(t))(s))>.

(1) True. (2) False.

(d) (2 points) The exponential of the matrix ( 2 8 ) is ( 71T (1) )

(1) True. (2) False.

(e) (2 points) The exponential of the matrix ( _OW 7(; ) is ( _01 _01 )

(1) True. (2) False.

(f) (2 points) The autonomous differential equation y'(¢) = cos(t) + 1 has infinitely
many semistable solutions:

(1) True. (2) False.
(g) (2 points) The autonomous differential equation y'(¢) = cos(t) has infinitely many

semistable solutions:
1) True. (2) False.
(h)

(2 points) The long-term behavior of any solution y(t) of the differential equation
y"(t) — 6y'(t) + 9y(t) = 0 must always be zero.

(1) True. (2) False.

(i) (2 points) Suppose that A is a square matrix with distinct eigenvalues. Then the
only constant solution of Z(t)" = AZ(t) is zero.

(1) True. (2) False.

(j) (2 points) Let A be a 2x2 square matrix with det(4) # 0 and b € R? a vector.
Then the system #(t) = AZ(t) + b always has a non-zero constant solution.

(1) True. (2) False.



