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. . 1 20
explain why the theorem may be applied.
(B) Organize your work, in a reasonably neat 2 20
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scattered all over the page without a clear or- 3 20
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4 20
(C) Mysterious or unsupported answers will
not receive full credit. A correct answer, 5 20
unsupported by calculations, explanation, or
algebraic work will receive little credit; an in- Total: 100

correct answer supported by substantially cor-
rect calculations and explanations will receive
partial credit.

(D) If you need more space, use the back of the
pages; clearly indicate when you have done
this.
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1. (20 points) Consider the following Initial Value Problem:
y'(8) +4y(t) = 9(t), y(0) =0, y(0)=0, =0,

where ¢(t) is the function depicted in Figure

y=m/2

Y

t=m/2 t

Figure 1: The external force g(t).

(a) (5 points) Find the constant A € R such that g(t) =t — ur/2(t)(t — A).
ift <0

0
gty =<4t ifo<t<?
Togft>T

uc(t):{o t<c

1 t>c

g(t) =t—ug(t) - (t-3) (1)

from this equation we take the Laplace transform

Ly (1) + 4y} = Z{t —uz () - (= )}
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()

when simplifying you finalize having

1 1 ez’ e2?
S R I e

(10 points) Find the unique solution y(¢) of the Initial Value Problem above. To
find this final part you will need to take the inverse of the part b this results in the
answer.

t 1 1 1
y(t) = i gsin2t+Ug(t)(§sin2t—7r— Z(t— g)

2. (20 points) Consider the following linear system of differential equations:

(a)

(b)

(1) 1 2 0 1()
zh(t) | =1 1 2 xo(t)
zh(t) 0 -1 1 x3(t)

(5 points) Show that this system has no non-zero constant solutions.

Since det(A) = 1 # 0, there is no nullspace for A, and thus no non-zero constant
solution exists.

(10 points) Find all solutions to the system of differential equations.

The eigenvalues are \; = Ay = A3 = 1 with multiplicity three and defective. The
only actual eigenvector 5{1) is

-2

0

1

and the two generalized eigenvectors 5?), 5%3) are

(5 points) Let I € R? be the line spanned by the vector (—2,0,1)" and w € I
any spanning vector. Explain why a solution Z(t) to the above system with initial
condition Z(0) = w will stay inside the line [ for all time, i.e. Z(t) € [ for all t € R.

If a solution starts at an eigenline, it stays at the eigenline.
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3. (20 points) Let a € R and consider the following system of differential equations:

(a)

(o )= (5 ) (26)

(5 points) Find the interval of values for @ € R such that the linear system above
admits non-zero solutions whose long-term behavior is zero.

What this question is asking for what interval for a which you get at least one of
the eigenvalue being real and negative. Thus we get

—o<a<l

(5 points) For which values of the & € R does the above linear system have a
non-zero constant solution ?

This only happens when the determinant for the matrix is equal to zero so a =1
(5 points) Plot qualitatively the phase-portrait of the system for a € (10, 00).

For this we know since that o # 1 then the only constant solution is when (0,0)
hence the origin is a fixed points. From here we know since both the trace and
determinant are positive meaning both eigenvalues are negative so regardless of any
intial conditions they will all converge to the origin.

(5 points) Plot qualitatively the phase-portrait of the system for o = i, i.e. « is
the purely imaginary number .

From this we get that both of the eigenvalues for this matrix will be both imaginary
meaning that you get a unstable spiral on the origin.
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4. (20 points) Consider the non-homogeneous linear system of differential equations:
)y _ (11 x1(t) N —1 + 21t + €* tan(t)
xh(t) 4 1 xo(t) 24 30t + 2¢e3 tan(t) /-

(a) (5 points) Find a fundamental matrix W(¢) for the homogeneous problem associated
to linear system above.
to find the fundamental matrix we solve for the eigenvalues of the matrix.

M—22—-3=0A=—-1,1=3

from this we solve for the eigen vectors and get the fundamental matrix
—1 3t
e e
\Ij(t> - < _2€—t 263t )

(b) (10 points) Find a particular solution #,(¢) to the initial non-homogeneous system.
(Hint: an integral of tan(t) is — In(cos(t)).)

From the readings you should know that

where g(t) is the part that makes the equation homogeneous. From here you will
solve using row reductions learned from 22A getting the equations

ui(t) = —e' + 3te!

uy = 18te™ + tant

take the integral of both and you get your practical solution.
3tet + et
—Incost — 6te 3t — 273

(¢) (5 points) Find the unique solution Z(t) = (z1(t), z2(t))" to the non-homogeneous
system above which satisfies the initial conditions
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Using Part b we can solve for the IVP by solving using
x(t) = ¥(t)u(t)
Solving this using basic matrix multiplication you get the equation

( x1(t) ) B ( —3t—6+cret —e¥lncost 4 coe® )

zo(t) )\ =18t + 4+ cret —2e3 Incost + coe
Then you finally solve using the the initial values where you get

e4+9—e3lncosl — Ge™

63 — et

Cy =

and ¢; = 6 — co.

5. (20 points) For each of the five sentences below, circle the unique correct answer.

(a)

()

(d)

()

(2 points) There are no constant solutions to y" (t) — t3y"(t) +sin(y'(t)) +y(t) = €.
(1) True. (2) False.

This is TRUE, if you get y(t)=c where is a constant then all derivatives will be
zero. In the end you will be left with

c:et

which is not a true statement since c is a constant not an equation.

(2 points) The Laplace transform of a constant function is a constant function.

(1) True. (2) False.

This is FALSE, if you take the laplace transform of a constant function is actually

fls) =<

function of s

(2 points) The Laplace transform of L(f(¢)?)(s) is (L(f(t))(s))>.

(1) True. (2) False.

. . . 0 0. 10
(2 points) The exponential of the matrix ( 0 ) is ( 1 )

(1) True. (2) False.
This is TRUE

(2 points) The exponential of the matrix < _OW 7(; ) is ( _01 _01 )

(1) True. (2) False.



Sample Final Examination III - Page 7 of 8 December 9 2019

This is TRUE

(f) (2 points) The autonomous differential equation 3/(¢) = cos(y(t)) + 1 has infinitely
many semistable solutions:

(1) True. (2) False.

This is true.
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(g) (2 points) The autonomous differential equation y'(¢t) = cos(y(t)) has infinitely
many semistable solutions:

(1) True. (2) False.
(

points) The long-term behavior of any solution y(t) of the differential equation
y"(t) — 6y'(t) + 9y(t) = 0 must always be zero.

(h)

(1) True. (2) False.

This is a false equation if you take the characteristic equation we see that both of
the \ are positive hence they are growing exponentially.

(i) (2 points) Suppose that A is a square matrix with distinct eigenvalues. Then the
only constant solution of Z(t)" = AZ(t) is zero.

(1) True. (2) False.

(j) (2 points) Let A be a 2x2 square matrix with det(4) # 0 and b € R? a vector.
Then the system Z(t)" = AZ(t) + b always has a non-zero constant solution.

(1) True. (2) False.
This is a FALSE because b might be zero.



