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1. (20 points) Consider the following first-order differential equation:

(a)

y'(t) + 2ty(t) = t.

(10 points) Find all solutions to the differential equation.

Solution: The differential equation can be rearranged to

y(t) = (1 —2y(t),

which yields a constant solution y(¢) = 1/2 immediately. Then by separating vari-

ables we have

_dy — tdt.
1 —2y(1)

Integrating both sides gives:

1 1,
<—§) In |1 —2y(t)| = 5¢*+ C.

This can be written as |1 — 2y(t)| = Ce ", where C' € RT. If 1 — 2y(t) > 0 then

this reads 1

y(t) =5 - Ce ",
and if 1 — 2y(t) < 0 we obtain
1
y(t) =5 + Ce ",

where C' is a positive constant. In conclusion, all solutions are of the form

1
y(t) =5+ Ce ",

where C' is now an arbitrary real number, including zero, which corresponds to the
constant solution.

(5 points) Find all solutions to the differential equation which satisfy y(0) = 1.

Solution: By plugging the initial condition y(0) = 1 in the function y(¢) and
solving for C' we obtain:

1
1=- .
5 +C
Thus C' = 0.5 and we have that
y(t) =1/241/2e7"

is the only solution satisfying y(0) = 1.
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(c) (5 points) Compute the long-term behavior of all solutions y(t).

Solution: The long-term behavior limit reads:

lim (1 + Ce_t2> = % VO € R.

t—o0 2

Therefore, all solutions will converge to 1/2 in the long-term.

2. (20 points) Consider the following first-order differential equation:
y'(t) =y(l—2y) —6y+12, t>0.

(a) (10 points) Find the constant solutions of the above differential equation and clas-
sify them into stable, unstable and semistable.

Solution: Factorizing the right hand side gives:

y(t) = (=2y +3)(y +4).

Therefore 2 constant solutions are:

~—

By observing the sign changes of y/(t) we know that y;(¢) is stable while yo(t) is

unstable.

(b) (5 points) Suppose that y;(t) is the unique solution of the above differential equa-
tion such that y;(5) = 0. Compute tlim y1(t).
—00

Solution: We know that
y1(5) =(0+3)(0+4) =12 > 0.
Therefore, since y(t) = 3/2 is a stable equilibrium,

lim y(t) = 3/2.
t—r00

(¢) (5 points) How many solutions y(t) are there with y(0) = 0 and y(10) =2 7

Solution: Given that 3/2 = 1.5 is a constant (stable) solution, it is not possible
for any solution to have values both below and above 1.5, thus it is not possible to
have any solutions with y(0) = 0 and y(10) = 2, since 0 < 3/2 < 2. Alternatively,
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you can solve directly if you really want to. Indeed, solving this differential equation
by separating variables:

dy

ETEE TR

2
+
11(—2y+3)  1l(y+4)

dy = dt

Integrating both sides then we have:

el —4C

y(t) = 2611t +C :

Plug in y(0) = 0 gives C' = 4/3 which does not satisfy y(10) = 2, hence there is no
solution.

3. (20 points) Consider the following differential equation:

y(t)=e".
In Part (c) you are allowed to leave the expression with terms such as €2, e %!, without

having to evaluate them.

(a) (5 points) Show that no solution to the differential equation above converges to 0
in the limit t — oo. Is there any constant solution ?

Solution: Since y'(t) — oo exponentially as ¢ — 0o, no matter what initial con-
dition we have, the solution y(¢) will diverge. Thus there is no solution converging
to 0 or being constant.

(b) (5 points) Is there a solution y;(¢) with y;(0) =4 and y;(2) =17

Solution: No there does not exist such solution because the given conditions
satisfy 11(2) < 91(0) while we know that any solution y(¢) should be increasing
since y/(t) = e’ > 0.

(c) (10 points) Let ya(t) be the unique solution such that y»(0) = 0. Approximate the
value of y,(0.2) by performing Euler’s method with step h = 0.1.

Solution: Let g, be the approximation. We have 2 steps in Euler’s method since
the stepsize h = 0.1:

2(0.1) = 2(0) + 0.15(0)
72(0.2) = 9(0.1) + 0.195(0.1).
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Plugging numbers in the first equation gives:
72(0.1) = 0+ 0.1° = 0.1.
Then for the second equation we have:

32(0.2) = 0.1 + 0.1e"" = 0.1 4 0.1,

4. (20 points) Consider the second-order differential equation:

(a)

y'(t) + 3y (t) — 4y(t) = 16te™.

(10 points) Find one solution to the differential equation.

Solution: Let us find the particular solution by the method of undetermined
coefficients: since the right hand side is of the form te®, our guess will be:

y,(t) = (At + B)e™.

Its 1st and 2nd derivatives are:

yp(t) = 3Ate™ + (3B + A)e™
yn(t) = 9Ate™ + (9B + 6A)e™.

Plugging them in the differential equation gives linear equations for A, B:

14A =16
14B +9A =0,

whose solution is A = 8/7 and B = —36/49. Then we have

8 36
yp(t) = ?teSt - Ee?’t.

(10 points) Find all solutions to the differential equation above.

Solution: This is a second-order linear differential equation, and thus any solution
will be a sum of a general solution to the homogeneous problem with a particular
solution. We have already found a particular solution, which means all solutions
can be obtained by solving the homogeneous equation

y'(t) +3y/(t) — 4y(t) = 0.
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The characteristic equation is:

M43\ —4=0,
which has 2 real roots: A\; = 1, A = —4. So the general solution of the original
equation is:
_ ¢ a8 s 36 4 t —4t
y(t) = yp(t) + Cae’ + Che™ = —te™ — o™ + Cye’ + Che™,

where C3, Cy are arbitrary constants.

5. (20 points) For each of the five sentences below, circle the unique correct answer.

(a)

(2 points) The following is a solution of y”(t) = —4y(t):
(1) e* (2) e* (3) sin(4t) (4) sin(2t)

Solution: 4 is correct since (sin(2t))” = —4sin(2t).

(2 points) All constant solutions to the differential equation y”(t) = y*(t) —y(t) are:

(1) 0,1 (2) 0 (3) There are no constant solutions. (4) 0,1, -1

Solution: 4 is correct since 0,1, —1 are 3 roots of 4> —y = 0.
(2 points) The system given by y”(t) + 4y/(t) + 4y(t) = 0 is:

(1) Underdamped. (2) Critically Damped. (3) Overdamped.

Solution: 2 is correct since the characteristic equation A\? + 4\ + 4 = 0 has only
one real root: A = —4.

(2 points) The long-term behaviour of the solutions of y”(t) + 4y/(t) + 3y(t) = 0
(1) Does never exist. (2) Exists for some solutions but not for all solutions.
(3) Always exists but depends on the solution. (4) It is always zero.

Solution: 4 is correct since the general solution is y(t) = Cie™" + Cye 3t

(2 points) The global error in Euler’s method with step h is proportional to:
(1) A7t (2) h (3) h? (4) In(h)

Solution: 2 is correct, since the local error is of order h? and there are an order
of h™! steps in Euler’s method, thus the global error is h = h? - h™1.



