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is the moduli space of
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Note that for each ideal �

∧�
we have So we can define 

the parabolic Hilbert scheme:
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Moreover, if  � � is a weak composition of , we can define

�
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��� �
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And, if � denotes all weak compositions of with exactly parts (some of 

which may be ) we have the compositional parabolic Hilbert scheme 
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Remark: We have an action of the 1-dimensional torus 
∗

on the curve : 

� �

This action lifts to all the Hilbert schemes we are considering.



Theorem (Gorsky-S.-Vazirani). Recall that 
� �

with and coprime.

a) There is an action of the rational Cherednik algebra �,�/� �
�

on the 

equivariant homology ∗
ℂ

∗

� . 

b) There is an action of the spherical rational Cherednik algebra �,�/� on 

the equivariant homology ∗
ℂ

∗

. 

c) There is an action of the quantized Gieseker algebra �/� on the 

equivariant homology ∗
ℂ

∗

�
�

. 

In all these cases, the corresponding representation is an irreducible and highest 

weight module that can be completely identified. 



II. The algebras
(a) There is an action of the rational Cherednik algebra 

𝐻�,�/� (𝑆�, ℂ
�

) on the equivariant homology 𝐻∗
ℂ

∗

(PHilb� 𝐶, 0 ). 

Let . We define the rational Cherednik algebra �,�

�,� �
�

as the quotient of the semidirect product algebra

� � � � �

by the relations

• � � � � .
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) on the equivariant homology 𝐻∗
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(PHilb� 𝐶, 0 ). 

Another way to define the algebra �,� is via its polynomial 

representation. The algebra �,� is the subalgebra of ℂ � �

generated by:

• Elements of �

• Multiplication by � �.

• Dunkl operators � �

�

�����
���

Fact: the polynomial representation has a unique irreducible quotient. When 

, we will denote it by �/�



(a) There is an action of the rational Cherednik algebra 

𝐻�,�/� (𝑆�, ℂ
�

) on the equivariant homology 𝐻∗
ℂ

∗

(PHilb� 𝐶, 0 ). 

Action

• The action of � is via correspondences, in a Springer-like way. 

• We have a map �

�,���

�

���,�����
, 

� ��� ��� � ��� ��� � ����� ���

• The image of is the zero locus of a section of a line bundle, so we have a 

Gysin map in homology ∗
ℂ

∗

�
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• Basis of “non-symmetric Jack 

polynomials”, studied by S. Griffeth.
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∗
ℂ

∗

� .

• Fixed point basis in equivariant 

homology.

• Intersection product with 

tautological line bundles on 

�

�/�.

• Basis of “non-symmetric Jack 

polynomials”, studied by S. Griffeth.

• Action of Dunkl-Opdam operators
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(b) There is an action of the spherical rational Cherednik algebra 

𝐞𝐻�,�/�𝐞 on the equivariant homology 𝐻∗
ℂ

∗

(Hilb 𝐶, 0 ). 

Spherical subalgebra

(b) is a formal consequence of (a). Indeed, the algebra �,�/� contains the 

trivial idempotent

�∈��

and the spherical rational Cherednik algebra is, by definition, �,�/� . 

Now the result follows since ∗
ℂ

∗

∗
ℂ

∗

�
��

∗
ℂ

∗

� .



(c) There is an action of the quantized Gieseker algebra 

𝒜�/�(𝑛, 𝑟) on the equivariant homology 𝐻∗
ℂ

∗

(CPHilb�
�

𝐶, 0 ). 

Quantized Gieseker algebras

The Gieseker moduli space is the moduli space of rank torsion-free 

sheaves on 
�

with fixed trivialization at infinity and second Chern class �

It can be obtained via GIT Hamiltonian reduction

�×�
�

�×� �×�

�

det

The algebra � is a quantization of the algebra of global functions on 

. It depends on a parameter . 
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Examples.

• � �,� . (Gan-Ginzburg, 2004).
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Theorem (Etingof-Krylov-Losev-S., 2020) The vector space

�/� �/�
� ⊗� ��

is an irreducible representation of �/� .

Since �/� = ∗
ℂ

∗

� , this implies (c). 



(c) There is an action of the quantized Gieseker algebra 

𝒜�/�(𝑛, 𝑟) on the equivariant homology 𝐻∗
ℂ

∗

(CPHilb�
�

𝐶, 0 ). 

Weight spaces

There is a quantum comoment map � �/� so every �/� -

module becomes a �-representation. The representation �/� is �-

locally finite and we can geometrically describe the weight spaces. 

Indeed, we can see � as a �-weight, and

�/�
�

∗
ℂ

∗

�

�
.



We can fix and let and we get the following result.

Theorem (Gorsky-S.-Vazirani) Consider the non-reduced curve �
�

Then:

a) There is an action of the rational Cherednik algebra �,� on the 

equivariant homology ∗
ℂ

∗

� � affording the polynomial 

representation of �,� . 

b) There is an action of the spherical rational Cherednik algebra �,�

on the equivariant homology ∗
ℂ

∗

� affording the polynomial 

representation of �,� . 



III. Generalized affine Springer fibers and Coulomb 

branches

Given a reductive group acting on a vector space Braverman-

Finkelberg-Nakajima define a Poisson algebra whose spectrum is 

known as a The algebra admits a natural 

quantization ℏ that we call a Coulomb branch algebra. 

BFN’s construction was generalized by Webster to account for non-trivial 

line defects. Besides and , this algebra depends on a parahoric 

subgroup and a nice subspace that is stabilized 

by BFN’s construction is the special case and . 



All of the algebras that have appeared so far are (generalized) Coulomb 

branch algebras.

• The spherical rational Cherednik algebra �,� is the Coulomb

branch for � acting on �
�

. (Kodera-Nakajima,

Webster)

• The full Cherednik algebra �,� appears with the same and as

above, but choosing , the standard Iwahori, and
�

.

(Webster)

• The quantized Gieseker algebra � is the Coulomb branch for

�
�

acting on �
� �

. (Nakajima-Takayama + Losev)



BFN Springer theory

Let and , be as above. For we define 

the generalized affine Springer fiber

�,�
��

�,� � �,�

�

Theorem (Hilburn-Kamnitzer-Weekes, Garner-Kivinen 2020) Under mild 

assumptions on , the (generalized) Coulomb branch algebra acts on 

∗
ℂ

∗

�,� .
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Then,

• �[ � ],�[ � ] (Garner-Kivinen).

• � 𝔦⊕ℂ [�]
�

, � (Garner-Kivinen, Gorsky-S.-Vazirani).

• �
�

= �[ � ],�[ � ] (Gorsky-S.-Vazirani).
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of Hilbert schemes even in the non-coprime case. 
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Note: We did not need the fact that and are coprime to identify Hilbert 

schemes with generalized affine Springer fibers. So BFN Springer theory allows 

us to conclude that Cherednik/Gieseker algebras act on equivariant homology 

of Hilbert schemes even in the non-coprime case. 

Problem: Describe the corresponding representation. It is no longer irreducible. 

Conjecture: This representation is completely reducible and has minimal 

support (i.e., its annihilator is the unique maximal two-sided ideal).

Evidence for the conjecture:

• Character formulas of Etingof-Gorsky-Losev match conjectures of Oblomkov-

Rasmussen-Shende. 

• The EKLS theorem relating representations of quantized Gieseker varieties 

with those of RCA is valid for representations with minimal support. 
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Moreover, ((compositional) parabolic) punctual Hilbert schemes on plane curves 

are generalized affine Springer fibers.

Recall that �
�

According to BFN Springer theory, the equivariant 

homology ∗
ℂ

∗

�
�

� should have an action of the algebra of functions 

on

�×�
�

�×� �×�

�

Is this in any way related to the representation of the Cherednik

algebra on ∗
ℂ

∗

?



Thanks for your attention!


