LECTURE 2: PRACTICE EXERCISES

MAT-67 SPRING 2024

ABSTRACT. These practice problems correspond to the 2nd lecture of MAT-67 Spring
2024, delivered on April 3rd 2024. Solutions were typed by TA Scroggin, please con-
tact tmscroggin — at — ucdavis.edu for any comments.

Recall that a map f : R® — R™ is said to be linear if it satisfies the following 2
conditions:

() 2z + 1) = f(2) + [(y), for all 2,y € R,
(ii) f(c-z)=c- f(x), for all c € R and = € R™.

See lecture notes from Lectures 1 & 2, and also Section 1.3 in book, for more details.

Problem 1. For each of the following maps, prove whether it is linear or non-linear.

(1) f:R— R, f(z) = bz,

(2) [:R— R, f(z) =5z +1,

(3) f:R— R, f(x) = cos(x),

(4) [ R—R, f(zx) =2 -1z,

(5) f:R—R, f(x) =In(1 + z?),

(6) f:R? — R, f(x,22) = z1 + 4o,

(7) f ‘R? —» ]R, f(l'l,.xg) =3r1 — 22+ 7

(8) f ‘R? —» RQ, f(.’L’l,SL'2> (3331 — .’L’Q,SIZ’Q),

(9) f 'R — ]R3 (3?1, x2,$3) (3%1 — X9+ X3,T1 — T + 4%3,4%1 + $3),
(10) f:R® — ]RS, f(x1,m2,23) = (31 — 29 + 3,21 — T2 + 423, 1)
(11) f ‘R3 — ]R4, (.l’ To, T 3) (31’1 — X9+ X3,T1 — T + 41’3,.7)1173,1’1 — .ZUQ)
(12) f: R — R f (xl,xg,xg) ("3t 3z — x9 + x3, 21 — T2 + 43,0)

Solution. Please note that I shall use the distributive law below without explicitly
mentioning this fact, due to the number of exercises. However, in your proof you
should state when this rule is applied.

(1) Claim: The function is linear.
proof: We verify that f satisfies conditions (i) and (ii):
(i) By the distributive law, f(x +vy) = 5(x +y) = bz + by = f(z) + f(y),
(i) f(ex) = 5(cx) = bex = ¢(bx) = cf ().
(2) Claim: The function is non-linear.
proof: This function fails both conditions (i) and (ii):
(i) Given that
flx+y) =5 +y)+1=5r+5y+1,
)+ fly) = (5 + 1)+ (5y + 1) = 52 + 5y + 2

(52) + 1 # c(52) + ¢ = ¢(52 + 1) = f (x).
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(3) Claim: The function is non-linear.
proof: This function fails both conditions (i) and (ii):
(1) f(z +y) = cos(x +y) # cos(z) + cos(y) = f(z) + f(y),
(i) f(c-x) = cos(cx) # ¢ - cos(x) = c- f(x).
(4) Claim: The function is non-linear.
proof: This function fails both conditions (i) and (ii):
(1) f(z4y) = (x+y)?*+(z+y) = 3+ 3%y + 3oyt +a+y £ P+’ +a+y =
f(@) + f(y),
(i) flc )= (cx)’ + cx = Px® + cx = (P’ + x) £ c(2® + x) = c- f(2).

(5) Claim: The function is non-linear.
proof: This function fails both conditions (i) and (ii).
(1) f(z+y) =In(1+(z+y)?) = In(1+ 22+ 22y +y?) # In(1+2?) +In(1+y?) =
f(@) + f(y),
(i) f(c-z) = In(1+ (cx)?) = In(1+22?) # In(1+22)¢ = cIn(1 +22) = c- f(x).

(6) Claim: The function is linear.
proof: We verify that f satisfies conditions (i) and (ii):

(1)

f((x1,22) + (y1,y2)) = f(x1 +y1, 22 + y2) = (21 +y1) + 4(z2 + y2)
=21 + Y1+ 4x0 +4yp = (11 +422) + (11 + 4y2)
- f(xlvl?) + f(ylay2)7

(i) f(c- (z1,22)) = f(exy, cxa) = (cxq) + 4(cxe) = (a1 + dxo) = - f(21, T2).

(7) Claim: The function is non-linear.
proof: This function fails both conditions (i) and (ii).
(i) Given that

flzy +y, o+ y2) =3(x1 +y1) — (T2 +42) + 7
=31+ T2+ 31 +y2 + 7
fx1,z2) + flyr,y2) = Brr + 22 +7) + Byr +y2 +7)
=311+ 12+ 3y1 + y2 + 14,

Eh;;n f((@1, 22) + (y1,92)) # f(21, 22) + f(y1,92)-
f((z1,29)) = flexy, cxe) = 3(cxq) — (cxa) + 7
=3cry+cra+ 7
¢ f(x1,m9) = (321 — w9 + 7) = 3cxy + cxy + Te.

Here, ¢« f(z1,22) # f(c- (21, 22)).

(8) Claim: The function is linear.
proof: We verify that f satisfies conditions (i) and (ii):
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(i)
f((@1,22) + (y1,92)) = f(21 + Y1, 22 + o)
(1 +y1) — (v2 + v2), (22 + y2))
321 4 3y1 — To — Yo, To + Y2)
(3x1 — 2, 22) + (By1 — Y2, ¥2)
[y, 2) + f(y1, 92),

(i) f(c(zy,m9) = flcxyr,cxa) = (3(cxy) — (cwa), cxa) = (c¢(3xy — x2),cx9) =
¢ (Bxy —wo,10) = ¢+ fx1,22).

= (
= (

(9) Claim: The function is linear.

proof: We verify that f satisfies conditions (i) and (ii): (i)
(w1, 20, 23) + f(y1, 92, y3) = f(21 +y1, 02 + y2, 23 + y3)
= (3(w1 + 1) — (w2 +y2) + (23 +y3), (v1 + 1)
— (22 +y2) +4(x3 +y3), 421 +y1) + (23 + y3))
=Br1+ 3y — 22 — Y2+ 23+ Y3, 01 Y1 — T — Yo
+dxs + dys, 41 + 4y + 23+ Y3)
(3xy — xo + w3, 11 — T + 4, day + T3)
+ (By1 — y2 + Y3, 1 — Y2 + 4yz, dy1 + y3)
= f(x1, 22, 23) + f(y1, 42, Y3),

(i)
fle-xy,m9,23) = f(cxy, cxa, cx3)
= (3cxy — cxy + cx3, CT1 — o + dexs, dexy + cx3)
= (¢(3x1 — xo + x3), (X1 — 9 + 43), (421 + 3))
=c-(3ry — xy + x3, 11 — T + 4x3, 471 + 3)
=c- f(xy, 29, x3).
[:RY — R3 f(xy, 29, 13) = (301 — 23 + T3, 11 — T3 + 43, 411 + 73),

(10) Claim: The function is non-linear.
proof: This function fails both conditions (i) and (ii).

(i)
f(@1+ oy, 22+, 23 +y3) = B2 +y1) — (02 +12) + (23 +y3),
(1 +v1) — (22 +y2) +4(73 +y3), 1)
= (321 +3y1 — T2 — Yo + T3+ Y3, 71 + U1
— Ty — Yo + 4x3 + 4ys, 1)
f(z1, w2, 23) + f(y1, 92, y3) = (301 — v2 + 23,71 — 22 + 473, 1)
+ (3xy — 29 + 3,17 — 9 + 423, 1)
= (321 +3y1 — T2 — Y2 + T3+ Y3, 71 + Y1
— Ty — Yo + 43 + 43, 2).
Here, f(z1 + y1, 22 + Yo, 23 + ys3) # f(x1,22,23) + f(y1,y2,y3) because in the

third coordinate we have 1 # 2.
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fle(xr, e, 23)) = f(cxy, cxg, ca3)

= (3cxy — cxy + cx3, T — o + dexg, 1)
¢ f(zy,xe,23) = - (311 — 9 + X3, 21 — X9 + 423, 1)

= (3cxy — cxy + cx3, T — Ty + 4exs, C)

We have that f(c- (z1, 29, x3) # c- f(x1, 22, x3) because in the third coordinate
1 # ¢, unless ¢ = 1.

(11) Claim: The function is non-linear.
proof: This function fails both conditions (i) and (ii).

(i)

[ +y1, 20 + 12,03 +y3) = 3z +y1) — (w2 +92) + (23 + y3),
(1 +y1) — (22 +y2) + 4(w3 + y3),
(w1 +y1)(z3 +y3),
(1 +y1) — (22 + 12))
= (321 + 3y1 — w2 — Yo + 23 + Y3,
1+ Y1 — T2 + Yo + g + dys,
T1r3 + T1Y3 + Y173 + Y1y,
T+ YL — To — Ya)
flr, mo,23) + f(y1, y2,y3) = (3x1 — wa + 23, 1 — Ty + 423, 1123, T1 — T3)
+ (3y1 — Y2 + Y3, y1 — Y2 + Y3, 1Ys, Y1 — Yo)
= (3z1 + 3y1 — T2 — Y2 + 73 + Y3,
1+ Y1 — T2 + Y2 + 4wy + dys,
123 + Y1Y3, T1 + Y1 — T2 — Yo)

Therefore, f(x1 + y1, 22 + Y2, 23 + y3) # f(x1, 2, 23) + f(y1, 92, y3) due to the
difference of the additional term of ziys + x3y; in the third coordinate for
f(xr +y1, 22 + Yo, 23+ y3).
(ii)
fle- (w1, 29, 23)) = f(cw1, cxg, c3)
= (3cxy — cxg + 3, c11 — Ty + dexs, T3, €T — CTo)
= (¢(3z1 — o + x3), c(x1 — X2 + 4x3), c(cx123), (11 — X2))
¢ f(xy,m9,23) = ¢+ (3x1 — g + X3, 21 — Ty + 43, 123,71 — Ta)
= (¢(3z1 — o + x3), c(x1 — T2 + 4x3), c(x123), (1 — 22))
Here, we see that f(c- (z1,x2,23) # ¢+ f(x1, 22, x3) by the discrepancy in the
third coordinate of ¢? # ¢ unless ¢ = £1.

(12) Claim: The function is non-linear.

proof: This function fails both conditions (i) and (ii).
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(i)
F@1 4 y1, w2 + Y2, w5 + ys) = (e HITEI B0y 4yr) — (29 + yo) + (w3 + ),
(r1 + 1) — (22 + 12) +4(2s +y +3),0)
= (™™ eI By — 20 + 134 3y1 — Yo + Ys.
Ty — o + 4w + Y1 — Y2 + 4y3,0)
f(xy, w0, 23) + f(y1, 92, y3) = (€™, 321 — @9 + 13, 21 — T3 + 423, 0)
+ (e¥T 3y — Y2 + Y3,y — Y2 + 4ys, 0)
= (™™ 4 eV 3y — 29 + 23 + 3Yy1 — Yo + 3,
Ty — w3 + 4wz + Y1 — Y2 + 4y3,0)

[iR3 — RY f(xy, 29, 3) = (€371 311 — 19 + 3,71 — To + 473,0)

Hence, f(z1 + y1, 72 + Y2, 23 + y3) # f(21, 72, 73) + f(y1, 2, y3) for the discrepancy in
the first coordinate.

(ii)
f(cxy, crg, cwz) = (€37 3cxy — ey + cxs, ey — cxo + 4cxs, 0)

¢ flay, 29, 13) = (€™ e(321 — 29 + x3)C, () — X9 + 423),0)

Since e“#3+e1) £ cest1 ynless ¢ = 1, then f(c- (21,22, 23) # ¢+ f(21, T2, 73). d



Problem 2. For each of the following pairs of maps f : R* — R™ and g : R™ — RF,
write their composition g o f : R® — R*_ defined by

(go f)(@r,. . ) = g(f((x1, .., 2n))).
(1) f:R— R, f(z) =3z and g: R — R, g(s) =4s+ 1.

(2) f:R—R? f(x)=(22,7z) and g : R* — R, g(s,t) = s + 6t.
3) f:R? — R?, f(z,y) = (20 +3y,7r —y) and g : R? — R, g(s,t) = 35 — 1.

(4) f:R? — R3, f(x,y) = (x — 2y,42 + Ty, ), and the map
g: R — R? g(s,t,u) = (s + 3t —u,s +u).

Solution.

(1) go f: R — R, where
(go f)(x) =g(f(x)) = g(3z) =4(3z) + 1 =12z + 1.

(2) go f: R — R, where
(go f)x)=9g(f(x)) = g((22,7x)) = 22 + 6(7x) = 20 + 422 = 44x.

(3) go f:R* — R, where
(g0 f)x.y) =g(f((z,y)) = 9((22 + 3y, Tx — y)) = 3(2z + 3y) — (T2 — y)
=62 +9y — Tr +y =13z + 10y.
(4) go f: R* — R? where
(g0 )z y) =9(f((z,y)) = 9((z — 2y, 4z + Ty, z))
= ((x —2y) + 34z + Ty) — z, (x — 2y) + z)
= (r — 2y + 122 + 21y — 2,2z — 2y) = (122 + 19y, 2z — 2y).



Problem 3. Prove, with an argument, or disprove, with a counter-example, each of
the statements sentences below.

(1) Suppose that f : R* — R™ and g : R™ — R¥ are two maps. If f and g are
linear, then the composition g o f is linear.

(2) Suppose that f : R* — R™ and g : R™ — R* are two maps. If f is linear,
then the composition g o f is linear.

(3) Suppose that f : R* — R™ and g : R™ — R* are two maps. If f is not
linear, then the composition g o f is never linear.

(4) For any map f : R® — R™ there exists a linear map g : R™ — R* such that
the composition g o f is linear.

(5) For any non-linear map f : R® — R™ there exists a linear map g : R™ — RF
such that the composition g o f is not linear.

Solution.
(1) This statement is true.

Proof. Suppose that the maps f, g are linear. First, we want to show that
composition of linear maps preserves vector addition, i.e., (go f)(z +y) =

(g0 f)(z)+ (g0 f)y).
(go Nz +y)=g(f(z+y))
=g(f(z)+ f(v)) (by linearity of f)
=g(f(x)+9(f(y)) (by linearity of g)

=(go N@)+ (g0 f)y).

Now, we want to show that the composition of linear maps preserves scalar
multiplication, i.e., (go f)(c-z) =c-(go f)(x).
(gof)c-x)=g(f(c-x))

=g(c- f(x)) (by linearity of f)

=c-g(f(x)) (by linearity of g)

— e (go ).
Therefore, since (g o f)(z) satisfies the conditions of scalar multiplication and
vector addition then the map is linear. O

(2) This statement is false.
Counterezample: Let f: R* — R where f(z1,75) =21+ 22 and g : R — R
where g(z) = €*. Then the composition map go f : R?> — R is defined
(g o f)(x1,22) = "2 violates both scalar multiplication and vector addition
since

(g0 f)(@1+yr, a2+ yp) = e TIN5 eTTE2 4 T2 = (g0 f)(2) + (g0 f)(y),

(g0 f)lc-a) = ) 2 et = ¢ (g o f)(a).
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(3)

This statement is false.
Counterezample: Let f : R — R where f(z) = ¢” and g : R — R where
g(x) =Inz. Then the composition map go f : R — R is defined as (go f)(z) =
x, which is clearly linear. To check this
(gof)z+y)=z+y=(g0f)(x)+ (g0 /)W)
(90 f)lex) = ca = c- (g0 f)(x).
This statement is true.

Proof. Let g : R™ — R* be the zero map. Then the composition map (g o
f)(z) = 0 € R*. We have that the zero map is trivially linear because

(gof)lz+y)=9(flz+y)=0=0+0=(go f)(z)+ (g0 f)(y)
(gofllc-x)=0=c-0=c-(go f)(z)

O

Note that if the problem statement had asked for a nontrivial map ¢, then
this statement would be false. In this case, the function f could be some
combination of the linear and non-linear terms, making it impossible for the
function g to resolve the non-linear terms without creating new non-linear terms
out of the linear terms from f.

The statement is true.

Proof. 1f we suppose k = m, then let g be the identity map. Therefore, gof = f
which is non-linear by definition.

Otherwise, let f(z1,x9,...,2,) = (fi(z1, 22, .., T0), o, fr(T1, 20, .. 2y))
and let y; = fi(x1,x9,...,2,) for 1 <7 < m be the function which is non-linear.
There may be more than one non-linear function, here we choose one.

Now, suppose k # m, i.e. k < m or k > m, then let g(yi,...,ym) =
(¥:,0,...,0), in other words, let g be the identity map on the coordinate asso-
ciated to the non-linear equation and 0 for the remaining |k — m/| coordinates,
we call this function the projection map. Here, the map ¢ is linear since it
satisfies vector addition and scalar multiplication:

gz + 2, +al) = (v, +25,0...,0)
= (24,0,...,0) + (2,0,...,0)
X1y Tm) +g(xy, .. 2l)

glc-(x1,...,xm)) = glcxy, cxay . .. cTy)

=c-g(x1,z9,...,2,).25€3
However, the composition map which is defined

(go /)(z1,...,zn) = (filz1,...,2,),0,...,0)

is non-linear. 0



Problem 4. Suppose that a map f: R — R satisfies f(z +y) = f(x) + f(y).

(1) Show that f(n-z) =mn- f(z) for all natural numbers n € N.
(2) Show that f(q-x) = q- f(z) for all rational numbers ¢ € Q.

In particular, a continuous function satisfying condition (i) of linearity also satisfies
condition (77).

Solution.

(1) We show that f(n-z) = n- f(x) for all natural numbers n using a recursive
argument.
First, we see that f(1-2) = f(z) =1- f(z) and forn =2, f(2-2) = f(x+2) =
f(x)+ f(z) = 2f(x). Similarly for n =3, f(3-z) = f(2x+x) = f(22)+ f(x) =
2f(x) + f(z) = 3f(x),
Since the natural numbers are defined recursively, i.e., if n € Nthen n+1 € N,
let’s now suppose that the statement holds for some arbitrary n, i.e., f(n-z) =

n - f(x), and we'll show that f((n+1)-x)=(n+1)- f(z).
flln+1)-z)=fn-z+z)=n-fz)+ flz) = (n+1) f(z).
Now, we have shown that for any natural number n € N that f(n-z) = n- f(z).
This type of argument is called an inductive proof which works for showing

that a statement holds for a natural number and can be generalized to the
integers. The general procedure to show an inductive proof is you show that
the statement holds for a ”base case” typically 1 but can be for any integer k.
Then you perform the ”inductive hypothesis” step which is when you assume
that the statement holds for some particular natural number n and then you
show that the statement holds for n + 1.

(2) Let ¢ =2 € Q where p € Z and r € N. First we want to show that f(1-z) =
Lf(x), using the results from part (1) we see that

f@) = fr- o) =7 f(a)

Therefore, f(x) =r- f(1z) and since r # 0, then we may divide by 7 to obtain
1(x) = f(ka).

Now, to show the desired statement, we initially use the results from part
(1) then the result from above,

fla-a) = FE0) = flp o) = pfC2) = pfla) = af (0).



