MAT 141: SOLUTIONS TO PROBLEMS ON HYPERBOLIC GEOMETRY

ABSTRACT. This is a list of solved problems on hyperbolic geometry, complementing the
problems in Problem Sets 4 and 5 and the lectures and discussions on the topic.

1. PROBLEMS ON HYPERBOLIC DISTANCES

Problem 1. For each of the following pairs of points P,Q € H?, compute the hyperbolic
distance dgz (P, Q):

(1) P =3i and Q = 6i.

(2) P=2i+T7and Q =5i+ 7.

(3) P=tiand Q =1+ 2i.

(4) P =1 and Q = p+ i where p € R is any given real number.

(1) We've seen in class that the hyperbolic distance between two points (x,y1), (z,y2)
with y; < ys is ln( ) Thus, dz (P, Q) = In(2).

(2) Using the formula above, dy2(P,Q) =In (2).

(3) We first construct the geodesic through P, @, then compute the distance along the

geodesic segment from P to ). The line segment PQ has slope 1, so its perpendic-
ular bisector has slope —1. The perpendicular bisector passes through the midpoint

PQLQ = % + %i, so the equation of the perpendicular bisector is (y — %) = —(x— %)
When the perpendicular bisector intersects the x-axis, we have y = 0, and hence
—3 = —z+ 3 = 2 =2, so the center of the geodesic is (2,0). The radius is the

Euclidean distance from (2,0) to P or @, so we compute dg((2,0), (0,1)) = v/5, and
thus the geodesic has equation (z — 2)? + 32 = 5. To find the distance from P to

\/ 1+ (dy/dxz)?

@, we use the formula ds = dx. We rewrite the geodesic equation to get

y
y:\/5—(x—2)2,and%:%. From P to @, we have 0 < x < 1, thus
332)) 1
di>(P, Q) = / L da::...:/ _ V.
:1:—2) 0 5—(2-12)

You do not need to simplify further.

(4) We find the equation of the corresponding geodesic: The center is £, and the ra-

dius is dg((4,0),(0,1)) = \/% +1= \/#, thus the geodesic is (z — §) + y* =

paTH. We parametrize this by (z(¢),y(t)) = <’2’ + M’%THcost, \/@sin t>. For

a general parametrization (x(t),y(t)) = (o + rcost,rsint), we have the formula
\/ d /dt +(d /dt A/ 72 t+r2 2¢
° o) YO dt a SH;SHI: 24t = dt. Now, for p > 0, we have

the lower bound for ¢ satisfies § + /25— +4 cost =p = t =cos ! (% . \/%) =

Cos—l( —p ) —: t5. Thus, dg2(P,Q) = [{* Sodt = In(tan(4))[2. Similarly, for

cos ™! ( £ > : t1, and the upper bound satisfies p +4/ 5= +4 cost =0 = t =

VP24
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p < 0, we have t1 := cos™! <

same one.

> ty := cos™! ( 2 >, and the integral is the

/ 2+4 \ /p2+4

Problem 2. For each of the following paths ~ from P =i to Q = 1 + i, draw the image of
the path « in H? and compute their hyperbolic lengths £ (7):

(1) ~(t) = —i—z t € [0,1].

(2) v(0) = */5(0080 + isinf), where 6 € [arccos (—%) , ArcCos <%>]
(3) 7(t) —t—i—z<4(t— 1 ) teo,1].

(4) Which of the above three paths has minimal hyperbolic length?

(1) We have z(t) = t,y(t) = 1,2/(t) = 1,9/(t) = 0, from which we immediately compute
Uz () = [y Yt = 1 1dt = 1.

0
(2) We have x(0) = 2 + ‘[ cosf,y(f) = \f sinf, and using the formula for computing
()
75

the length of a geodesic segment, we have {g2(v) = In (tan (g)) .
()

(3) We have z(t) = t,y(t) = 4(t — 3)?, and t € [0,1]. However, when t = 1, we get
y = 0 ¢ H?. In particular, v reaches a limit point, and hence it would follow that ~y
has length oc.

(4) The second path has minimal hyperbolic length, since it is the geodesic segment from
P to Q. Here is the picture of them (purple is (2),green is (1), red is (3)):

0.5

Problem 3 Consider the point i € H2.

(1) Show that the set of points in H? at hyperbolic unit distance from i is
S;:={z € H?: |z —icosh(1)| = sinh(1)}.

(2) Draw the set S; qualitatively in H?, explain why it is a circle, find its center and its
radius.
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(1) We use the hyperbolic distance formula dy2(z,w) = cosh™! (1 + %)7 and

set w =14,z = x + yi € H?. Then, we have
dyp (2,i) =1 <= 1 = cosh™! <1 n ;ﬁig) — cosh™? <1 n W)
2? + (y— 1)
2y
<= 2y(cosh(l) = 1) =a* + (y—1)? =a2* +y* — 2y + 1
— 2% +y* —2ycosh(1) +1=0
= 2% + (y — cosh(1))? — (cosh(1))* +1 =0
= 2% + (y — cosh(1))? = (cosh(1))* — 1

<= cosh(l) =1+

Using the identity cosh?(z) — sinh?(z) = 1 <= sinh?(z) = cosh?(z) — 1, and
noting that 2% + (y — cosh(1))? = |z + i(y — cosh(1))|?> = |z — icosh(1)|?, we get
|z — i cosh(1)|? = sinh?(1), and thus |z — i cosh(1)| = sinh(1).

(2) Since cosh(1),sinh(1) are constants, |z — icosh(1)| = sinh(1) precisely maps out a
circle centered at icosh(1) ~ 1.543i7 with radius sinh(1) ~ 1.175.

2. PROBLEMS ON HYPERBOLIC LINES

Problem 4. Consider 1+ € H? and L := {z € H? : Re(z) = 1} a hyperbolic line containing
it. Given the point i € H? outside L, show that there are infinitely many hyperbolic lines
through ¢ that are parallel to L.

This is essentially the same problem as PSet 5 problem 2. See solution there.

Problem 5. Consider two points P = iy; and Q = iys in H?, y1,y2 € Ryg and y1 < ys.

(1) Show that the unique hyperbolic line E(P,Q) C H? given as the set of equidistant
points to P and Q@ is
E(P,Q) ={z € B : |2 = y1y2}.

(2) Describe explicitly, using a formula, a hyperbolic isometry f : H? — H? whose fixed
point set coincides with E(P, Q).
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(1) By a Theorem from class, we know that the set of equidistant points to two points
is a hyperbolic line. For the case P = iy, Q = iy, it is clear by symmetry that
the geodesic must be centered at 0. Then, we find the point on the imaginary axis
equidistant to P, ), and use this point to determine the radius. Suppose zg = iy € H?
such that dgz(iy,iy1) = dgz(iy,iy2), with y3 < y < y2. By a Theorem from class,
we also know that the hyperbolic distance between two points (z,y1), (x,y2) with

the same real component is In (gf) Thus, we have In (y%) =1In (yf) — L=

Y1
L2 = y? = yyy <= y = U1y2. In particular, the Euclidean distance from

Oy to 29 is ¥ = /y1y2, and this is the radius of the geodesic. Therefore, the set of
equidistant points to P, Q is the geodesic centered at 0 with radius \/y172, and this
is precisely F(P, Q).

(2) We want to find the formula for reflection across E(P,Q). Recall the standard

inversion across the unit circle |z| = 1 is I(z) = 1, so we do a conjugation by

d g (2) = 1Yz - 2 d\/W( z) = \/yZT/ (d&;ﬁ scales E(P,Q) to align with the

unit circle, and d /z;7; scales the unit circle to align with E(P, Q)), and therefore the

reflection across E(P, Q) is

- z Y1Yy2 Y1Yy2

Problem 6. Consider the two hyperbolic lines L; := {z € H? : |z — 2| = 2} and Ly := {2z €
H? : |z +2| = 2}. Let p € (0,1] be a given real number.

(1) Find the coordinates of the point z1(p) € L, given as the unique point in L; with
x-coordinate equal to p. Similarly, find the coordinates of the point z3(p) € L2 given
as the unique point in Lg with z-coordinate —p.

(2) Show that the hyperbolic distance between z1(p) and z2(p) is In (;fﬁ)

(3) Conclude that two hyperbolic lines sharing a common vertex in R C i get closer
and closer to each other in Euclidean distance with a rate of \/p when p — 0.

(1) Ly = {(z,y) € H? : (x — 2)%2 + 4% = 4}, s0 z1(p) = p + yi such that (p — 2)% + 9 =
4 = y = +/4—(p—2)2. Similarly for 22(p), we get z2(p) = —p + yi such that
2—p)2+yP=4 = y=/4— (p—2)2. Thus, 21(p) = p+i/4— (p—2)% 22(p) =
—p+i4d—(p—2)>%

rst, we ind the general formula for distance between (o, 5), (—«, or a,p > 0.

2) Fi find th 1 fi la for di b Ié] B f 8 >0
The circle geodesic through them is centered at (0,0) with radius \/a? + 52, so the
equation is 22 + y? = o2 + 2. Then, we have y = /a2 + 32 — 22, gg = \/ﬁv

and thus

di (@, B), (—, B)) / L+ /W

N ek
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/PP +4—(p—2)2 2
Therefore, dyz(z1(p) fpp ) xgd = fpp 4;/; dr = fpp 4p\/;2d:v
Then, we apply partlal fractlons
P2 P A B
/ VP sdx = / + dz
pip—x p2/p—z 2\ptx
1

— 2yp=2pA+ Az +2/pB -~ Br = A=B=

o2 ro1/2 1/2
/ ﬁgdx—/ / + / dz
pdp—x p2/p—z 2yp+tux

<1(— In(2/7 — ) + In(2y/7 + g;))

(o (252))]
-3
_ 1!
2

p

—p

((2220) - (20)
(n (2222 o (25220))
(B (22)

as desired.
(3) We know that the limit

vanishes. The question is asking how fast it vanishes, i.e. the rate at which it converges
to 0. To compute that rate, and show it is equal to ,/p, we compute the Taylor

(a.k.a. Maclaurin) series expansion expansion of In (;fﬁ) around p = 0. Since the

Taylor series expansion for In <1+z> for |[x| < 1is
| I+x 9 +:c3+x5+a?7+
n =2+ —+—+—=+...
1—2 3 5 7 ’

2+\//3_2(1
2=vP 2 (1-

we re-write

_l_

Therefore we obtain

o(25)+((2)-02) 108 1 (0) )

This expression can be simplified to

| 1+ % ) p1/2 . 1 p3/2 . 1 o2 . 1 72 .
n = T3 o T 55 t5 T55
1— @ 2 3 8 5 2 7 128
2 2 2
_ M2 2 32, 4 52 2 12
Pt 24p T 60" T’ T
1 1
_ \[_‘_ 3/2 + %05/2 + mp7/2 + O(pQ/Q)

Thus the convergence rate near p — 0 is indeed dominated by /p, as required.
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Problem 7. Consider the three hyperbolic lines Ly := {z € H? : |z — 1| = 1}, Ly := {z €
H?:|z+1] =1} and L3 := {z € H? : |2] = 2}. Show that the area of the hyperbolic triangle
bounded by Ly, L, L3 is 7.

A Theorem from class states that the area of a hyperbolic triangle with angles «, 3,7 is
T —a— [ — . So to show this triangle has area 7, it suffices to show that the angles «, 3,
are all equal to 0, and this happens precisely when the lines meet on OH? (this is because
the angle a geodesic makes with JH? is always 7/2 by construction, so when two different
geodesics meet at OH?, they both make an angle 7/2 with OH?, and hence the angle between
the two geodesics must be 0). Note that L; has endpoints 0,2, Ly has endpoints —2,0, and
L3 has endpoints 2, —2, and therefore the angles are all equal to 0, hence the area of this
triangle is m. Here’s what the triangle looks like:

3. PROBLEMS ON HYPERBOLIC ISOMETRIES

Problem 8. Consider the two maps fi, fo : H> — H? given by

fi(z) =%, fo2) =<

z

(1) Show that f; and fo are orientation-reversing hyperbolic isometries.
(2) Describe the fixed points of f; and the fixed points of fo.

(3) Determine whether fi o fo equals fy o fi or not.

(4) Find all the fixed points of f; o fo.

(5) Show that fi o f5 is not the identity but (f; o f2)? is the identity.

(1) It suffices to write fi, f2 in the form f(z) = :gjrrg, with ad — be = 1, since we know
from a theorem that the orientation reversing isometries on H? are of this form. So,
we have fi(z) = :022101’ fa(z) = %, and these already satisfy ad—bc = 1, hence
they are orientation-reversing hyperbolic isometries.

(2) We’ve seen in discussion (or maybe also in class) that fi(z) = —Z is the reflection

across the y-axis, hence the fixed points of f; are all the points on the y-axis. We've
also seen in discussion that f(z) is the inversion across the unit circle, hence the
fixed points of fo are all the points on the unit circle |z| = 1.

(3) Note that the y-axis and the unit circle intersect at an angle of 7/2, thus f o fo and
fo o f1 are both rotations by . We can also do this with explicit computations:

fao fi(z) = fa(=%) =

(4) f1 o f2 is the rotation about ¢ by 7, hence there is a single fixed point of f1 o fo,
namely 1.
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(5) Since f1 o fg(%) = _i/% =—==2 £ 5, it follows that fi o fo # Id. However, we
have (f1 0 f2)%(2) = (f1 0 f2)( g) = ——7; = #, hence (fi 0 f2)* = Id.

Problem 9. Consider the map

3Z+5
52 +3°

(1) Show that f is an orientation-reversing hyperbolic isometry.

fH2 —H?, f(2)=

(2) Prove that f has no fixed points.
(3) Find a hyperbolic line L C H? invariant under f, i.e. such that f(L) = L.

(4) Find an explicit formula for the unique hyperbolic isometry ¢ : H? — H? such that
f o g is the identity.

(5) Find the fixed points of g.

(1) As with problem 8, we want to write f in the form f(z) = =2t with ad — be = 1,

cz+d’
and then it would follow from a theorem in class that f is orientation-reversing.
For f(z) = ggig, we have ad — bc = —39 - (—25) = 16, and we want to normalize
by dividing by v/16 = 4. So f(z) = : i;, and here ad — bc = 1, hence it is an

orientation-reversing hyperbolic 1sometry
(2) Assume z = x + yi € H? is fixed by f. Then

32+5 3z +5—3yi
524+3 bx+3—5yi

< (z+yi)(bz +3 —5yi) =3z +5 — 3yt

<« 52% + 3z — Sayi + bxyi 4+ 3yi 4+ 5y? = 3z + 5 — 3yi

T+yr=2z=

— 522+ 5y? =5 and 3yi = —3yi,

But the latter implies y = 0, hence z ¢ H2. So f has no fixed points.
(3) To find a hyperbolic line invariant under f, we look for the two endpoints of the line
on OH?. If z € R C 9H? is fixed by f, then we have z = 325 — 522 4 3z =

S5x+3
3r+5 = 22 =1 = 2 = £1. So the geodesic through 1, —1 is invariant under

f, i.e. the unit circle |z| = 1.

3545 ~ 3,45
(4) We find the inverse of f(z) = % Define f(z) := 4ZI§ , and consider the reflection
4 4 4

across the y-axis r(z) = —2z. We have that f = for and thus g = f~1 (f or)~l =

ro f~L Using matrix representations, f — [ % % and its inverse matrix is

3 _5 -~ 3,5
4| «— fU2):= £=%. Then, we compute
171 i3
3,_5 3, 5 35 5 3_ . 5
1N (2P T 1) _ 1*FT 1 1*F "1 _ "1*Ttg
g(z) =rof (Z)__<5Z_3>__5 3  b5_3 5z_3
a4 1* 71 71 ¥ 1

(5) If 2¢ is fixed by g, then f o g(z0) = f(z0) # 20 because we showed in part (2) that f
has no fixed points. But by part (4), f o g = Id, thus we must have f o g(z9) = 2o,
which is a contradiction. Therefore, g has no fixed points as well. Alternatively, we
can also compute explicitly for fixed points in the same way as part (2).



8

MAT 141: SOLUTIONS TO PROBLEMS ON HYPERBOLIC GEOMETRY

Problem 10. Consider the map

|

(V3—-1)z+2

: 2 2 Z) = .
fH*—H*, f(2) N

(1) Show that 1+ 4 is the unique fixed point of f.

(2) Show that f9 is the identity.

(3) Prove that f is a hyperbolic rotation centered at 1 + ¢ and determine its angle.

(1)

(2)

V-1 2 1% (1va—1 2 7Y
-1 \/§+1] -

Suppose f(z9) = zp. Then we have

(V3-1)2+2

—z+(V3+1)

= 22+ V3r+2=V32—-2+2
= 22 -224+2=0

2+/4-8 2+£2
= = 5 = 5 - 1471,
and since 1 — i ¢ H?, it follows that the unique fixed point of f is 1 4 .

V3-—1 2

We have f +— [ 1 V34 1] , and we just compute f6 directly:

-1 V341

V3-1 2 ][3-2V3+1-2 2/3-2+2/3+2]\°
-1 V3+1] [-V3+1-v3-1 —2+3+2/3+1

V3-1 2 '[2—2\/3 43 D2

(

:<_ -1 V341 -2v3 2+2V3
_([2V3-6-2+2v3-4/3  12-4V3+4+4V3 ]
(: —2+2V/3-6-2V3 —4x/§+2\/§+6+2+2\/§]>
(B8 =GR

:64[_01 _01],

which we can just normalize to get [(1) ﬂ . Hence, % =1d.

Since f is an orientation-preserving isometry, and fixes a single point in H?, it follows
from the classification of Mobius Transformations that f is a rotation about its fixed
point 1 + 4. To determine the angle of rotation, we consider the geodesic L :=
{(z,y) € H? : x = 1}, and observe how it behaves under f. Note that f(1) =

VBEL 34V ) ?, and f(o0) = ‘[3711 =1—+/3. So f(L) is the geodesic

—1+v3+1 3 N
V3 q_
with endpoints at 1 + @, 1 — /3, center s ;1 V3 _ 5o =1— ? and radius

V3
1+22 143 . .
— A= —2‘3/5, so its equation is

2
3 4
(x,y)€H2:<x—1+\3[> +y2=§
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We want to find the equation of the tangent line at 1 + ¢, and find the angle between
this line and the line x = 1. We consider the vector g, 1) (this is the vector from
the center of the circle to 1 4 i), and note that the tangent line is perpendicular to
this vector, hence for any point (z,y) on the tangent line, we must have <§, 1) (x
Ly—1) =0 <= ?m—?—&—y—l:O = y= —?m—{—l—{—@. Consider the
Euclidean right triangle bounded by L, the tangent line, and the z-axis. We note that
the tangent line intersects the z-axis at (v/3 + 1,0), and that the other two vertices
are (1,0),(1,1). This forms a special triangle (30° — 60° — 90°) triangle, and thus the
angle formed by L and the tangent line is 5. It follows that its vertical angle is also
%, and hence f is a rotation about 1 + i by angle

|

1+

1 sqrt3)+1
5] 2 25 3

Alternatively, we could also do a conjugation by the limit rotation t1(z) = z + 1 and
look at tl_l o f oty, which is a rotation about i. We compute this formula directly:

titofoti(z) =t "o f(z+1)
_ <(\/§—1)2+\/§—1+2>
- "1

—z—14++v3+1
_(\/3—1)Z+\/§+1_—z+\/§
B —2+/3 —2+3

V3z+1 [\/?Z 1}
TRV EE R

V3

1
which has determinant 4, and we can normalize to get ¢, o f ot; +— 21 \%]
the
1
2

Recall we’ve seen in the homework that the rotation about ¢ by angle 6 is glven by
cosf/2 sinf/2

—sinf/2 cosf/2

matrix \/g

] By observation, we have that cos7/6 = %2, sin7w/6 =

1 V3 } , and therefore tfl ofoty

2 2
is the rotation about 7 by angle /3. We conclude that f is the rotation about 1+ i

by angle /3.

V3 1 i
. Y2 5| _ | cosm/6 sinm/6
and hence t] "o foty <— [ ] - [_sinw/G cos /6
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