MAT 141: PROBLEM SET 4

DUE TO FRIDAY MAY 15 AT 11:00AM

ABSTRACT. This is the fourth problem set for the Euclidean and Non-Euclidean Ge-
ometry Course in the Spring Quarter 2026. It is due Friday May 15 at 11:00am via
online submission.

1. INSTRUCTIONS

Purpose: The goal of this assignment is to practice problems on the geometry of the
Hyperbolic Plane H2. In particular, we would like to become familiar with hyperbolic
lengths, hyperbolic isometries and hyperbolic lines.

Task: Solve Problems 1 through 5 below. Problem 2 will not be graded but I trust
that you will work on it. Problems 1,3,4 and 5 will be graded.

Instructions: It is perfectly good to consult with other students and collaborate when
working on the problems. However, you should write the solutions on your own, using
your own words and thought process. List any collaborators in the upper-left corner
of the first page.

Grade: Each graded Problem is worth 25 points, the total grade of the Problem Set
is the sum of the number of points. The maximum possible grade is 100 points.

Textbook: We will use “Geometry of Surfaces” by J. Stillwell.

Writing: Solutions should be presented in a balanced form, combining words and sen-
tences which explain the line of reasoning, and also precise mathematical expressions,
formulas and references justifying the steps you are taking are correct.

Mathematical commments: Every instance of “length” or “distance” refers to hy-
perbolic lengths and hyperbolic distance. Similarly, all isometries are taken to be hy-
perbolic isometries. We use the notation z € H? to indicate complex coordinates in
the hyperbolic upper-half plane

H* := {2z € C: Im(z) > 0}.
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2. PROBLEMS

Problem 1. (25 points) Let P = 3 + 4i and Q = —3 + 44 be two points in the
hyperbolic upper-half plane H2. Consider the following two paths from P to Q:

v1:[0,1] — H?,  41(t) = (3 — 6t) + 44,

Yo i [01,00] — H?,  41(t) = 5cos(t) + 5isin(t),
where ¢ = arccos(0.6) and 6, = arccos(—0.6).
(a) Draw the image of 1, ¥, in the hyperbolic plane HZ.
(b) Compute the hyperbolic lengths of v; and ,.

(c) Show that the hyperbolic distance between P and @ is less equal than In(4).

(a) The purple path is 7, and the black path is 7s.

(b) We use the formula

For vy, we have z(t) = 3 — 6t,y(t) = 4, thus 2/(t) = —6,y'(t) = 0. Then the
length of v, is

/1—\’<_6)2+0dt:/1§dt:§
o 4 o 42
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For 75, we have z(t) = 5cos(t),y(t) = 5sin(t), so 2'(t) = —5sin(t),y'(t) =
5cos(t). Then the length of 75 is

/arccos(—().G) \/25 COSZ(t) + 95 sin2 (t) gt /arccos(—O.G) \/ﬁ

rccos(0.6) 5 Sin(t) rccos(0.6) 5 Sin(t)
arccos(—0.6) 1
- / "
arccos(0.6) Sln(t)

arccos(—0.6)
t
=In(tan | -
2

dt

arccos(0.6)

arccos(—0.6)

Alternatively, one could compute the length of v by using the equation of the
circle, 22 + y?> = 52 = y = /52 — 22, thus ﬂ = \/E)Q—L and use the formula

L d”” “dz. As we have —3 <z < 3, we get the length of v, to be
/ \/1+52 = 3 \/%d
—————dx
i T e

3
1

3 1 1
=5 10 ., _10 g4

_ 1%(_ In(5 — 2) + In(5 + 2))|°,
= S (-~ 1n(2) + In(8) ~ (~ In(8) + In(2)

This method can also be used to compute the length of 71 (you can do on your
own).

(c) By definition, the distance between two points is the minimum length of all
possible paths from P to @, and 7 is such a path of length In(4), hence it
follows immediately that the hyperbolic distance between P and () is less than
or equal to In(4).

Problem 2. Let a,b,c,d € R be given such that ad — bc = 1. Consider the map

az+b

f:€—C fle)=—.
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(a) Show that the restriction of f to H? yields a map

f:H?> — H%

That is, Im(f(2)) > 0 if Im(z) > 0.

(b) Show that f is a hyperbolic isometry.

(a)

Suppose z = a + (i, where a, 8 € R, 5 > 0. Note that ¢,d can’t both be 0,

otherwise ad — bc = 0 # 1. So (ca + d)* + (¢f)? > 0 (this is to double check
that we aren’t accidentally dividing by 0 in the following computations), and
we observe:

~ala+Bi)+b

cla+ pi)+d

_aa+b+afi (ca+d)—cpi

T catd+cBi (ca+d) — cfi

_ (aa +b)(ca+ d) + afi(ca+ d) — cfi(an + b) + ac?

B (ca + d)? + (¢B)?

(aca + b)(ca + d) + acB?  acafi+ adBi — acafi — bePi

(ca+d)? + (cB)? (ca+d)? + (cB)?
(e +b)(ca+ d) + acB? (ad — be)Pi
 (ca+d)? + (cB)? (ca+d)? + (¢f)?
(a4 b)(ca + d) + acB® I6; .
 (ca+d)?+(cB)? (ca+d)? + (¢B)?

since 8 > 0 and (ca + d)? + (¢8)* > 0, we have Im(f(z)) = m > 0,
hence f(z) € H2.

By the discussions in section 4.2, we have that the following functions are
isometries on H*: t,(2) = z + o, € R,d,(2) = pz,p € Rop,7(2) = —2. In
addition, the inversion /(z) = 1 was also shown to be an isometry in section
4.2. Now, we consider the following functions on H?*: A(z) = ¢*z + cd, B(z) =
—1,C(z) = z+ 2. Note that A(z) = tcaodez(z), Tol(z) =T(L) =7(£) =
N =—m=-2= —1 = B(z), and C(2) = te(z). In particular, A, B,C

are all products of isometries, hence are isometries themselves. Finally, we
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observe:
CoBoA(z) = CoB(cz + cd)
1
N
c(cz +d)
B 1 + a
ez +d) ¢
ad—bc  alcz+d)
ez +d)  clez+d)
_acz+ad —ad+ be
B c(ez+d)
az+b
—= = Z).
cz+d f(z)
Thus, f is a composition of hyperbolic isometries, hence f itself is a hyperbolic
isometry.
Alternatively, we can show this using the distance ds = hlg(zl). So letting w =
f(z) = %j:g, we want to show Ig&) = %. By the chain and quotient rule, we
a(cz+d)—c(az+b ad—bc
compute |dw| = %d = (cj+§)2 |dz| = m|dz|. We also have
_ (az+b)(cz+d) _ (az+b)(cz+d) _ aczZtbd+adz+bcz _ ac|z|?4-bd+(ad+bc)Re(2)+(ad—bc)Im(z)
(ez+d)(cz+d) lcz+d]? ez+d|? |cz+d|?
and thus Im(w) = IZSJ:SICQ Im(z) = mlm(z), and it follows that h'gg‘;'}) = Ilffé).

Problem 3. (25 points) Consider the hyperbolic isometry
1

fH— W2 f(2) =

(a) Compute the image of the points of the form ki and % where k£ € N.

(b) Show that all the points of the unit half-circle
S:={zeH?:|z|=1}

are fixed under f.

(¢) Prove that S exactly coincides with the set of fixed points of f.

(a) We observe that f(ki) = = = £, and f(+) = %/k = £ = ki.

(b) Let z = a+ i € H? such that |z| = \/a? + 32 = 1. It follows that a?+ 3% = 1,
and we observe that f(z) = QEM . Zigi = aazi%iz = a+ pi = z, so all the points
of S are fixed under f.

(c) Part (b) shows one direction, and it remains to show that if a point z is fixed
by f, then z € S. So assume f(z) = z. Then z = f(z) = % = £ = 25 which

zz  |z[%)
implies |z|*> = 1, and hence |z| = 1, therefore z € S.
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Problem 4. (25 points) Consider the family of hyperbolic isometries

_az—i—b

(21) f : H2 — Hz, f(Z) = m,

where a, b, c,d € R be given such that ad — bc = 1.

(a) Let P,Q € H? be two points, show that there exists a hyperbolic isometry of
the form (2.1)) above such that f(P) = Q.

(b) Let P € H? be an arbitrary point. Describe all the isometries of the form (2.1))
such that f(P) = P.

(a) Without loss of generality, we may assume P = i. (If not, we may apply
a translation to move P to the y-axis, then a dilation to scale it to 7). Let

Q = v+ 0i. We want to find an f(z) = Z;J_rs such that f(P) = @, so we

compute the following, noting that there is a choice we're allowed to make:

ai+b d—ci  ac+bd+ (ad —bec)i
ci+d d—ci c? 4 d?

d—0b 1
a2+d§: 2+d2,Wechoosed:0,c:_‘
C C

Ve
2+ d? 3

Vo V5

b
Finally, we must have 1 = ad — bc = —— = b= —V/.

Vo

f(P) = =Q=y+0di

:(5:

We also have v =

So we take a = \/ig,b: 6, ¢ = %,d:o. Note that 6 > 0, so a,b,c,d € R,

i/ -
and we check that ad —bc = 0+ 1 = 1, and f(P) = \/gii = 71/\/? =
75

v+ 01 = @, as desired.

Another, perhaps easier way, is to construct f as a composition of known
isometries, namely translations and dilations. Let P = o + (i,Q = v + 01,
with a, 8,7,0 € R, 3,6 > 0. We first apply the translation t_,(z) = z — «
to send P to (34, then apply the dilation ds/3(z) = % to send (i to di, and
finally apply the translation t.(z) = z + 7 to send §i to v + di = ). Note that

1 «
0 1] and

the matrix representation of translation by « is t,(z) = ¢ +— [

0+1

] 0

dilation by p is d,(z) = pozjlo = \o/iio > [\{)/_) L} Looking at the matrix
g VP
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representations of these, we have that

LI _
f=tredgpotn o [L ] Vi ]

01

8
s

VB i
il
0 \/;

So the desired isometry sending P to () is

5 ) 8
BZ — ] + v 5
f(z) = -
0z +14/%
(b) We first investigate the fixed points of an arbitrary isometry f(z) = % (as-

suming f # Id, since the identity fixes all points). Note that if zy is a fixed

point of f, then
azg+ b

ZO:f(ZO):CZO—l—d — czpp+(d—a)zg—b=0

a—d=++\/(d—a)?+4bc
2c

a—d=+ a2+ d? — 2ad + 4be
2c
a—d=+ a2+ 2ad + d? — 4ad + 4be

2c
_a—dE/(a+d)?—4
2¢ ’

If (a+d)? —4 > 0, then the two possible fixed points are real (i.e. Im(zg) = 0,
hence 2o & H?). If (a+d)?—4 < 0, then there are two possible fixed points, but

—d—x/ 2_
W has a negative imaginary part, hence is also not in H?. In partic-
ular, any such isometry can have at most one fixed point in H?. Soif P = o+ i
is an arbitrary point in H?, then the isometries of the form (2.1]) that fix P sat-

isfy 52 = a, —”4_2(j+d)2 = f, and ad — bc = 1,]a + d| < 2. However, we do
note that this probably doesn’t give us much intuition on what these isome-
tries look like, so let us also give a geometric description of them. Note that
isometries of the form are orientation-preserving isometries by definition,
and by the hyperbolic three reflections theorem, we know that such isometries
must be products of two reflections. Certainly, reflections across two disjoint
lines (geodesics) have no fixed points (reflections across ultraparallel lines, i.e.
actually disjoint lines, are translations along a line, and reflections across as-
ymptotic lines, i.e. lines that meet at the boundary of H?, are rotations about
the common limit point). So the remaining case would be reflections across in-
tersecting lines, which are rotations about the point of intersection. Therefore,
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the isometries of the form that fix an arbitrary point P € H? are prod-
ucts of reflections across two lines intersecting at the point P, and equivalently,
these are rotations of H? about P.
Remark. It is not necessary to simplify the computations of the fixed point
the way we did here. But rewriting in this form is nice because if we identify
a b
i)
trix, which would be helpful when we are classifying Mobius Transformations.
The ones we found here are called elliptic, and the other two types of Mébius
Transformations are parabolic and hyperbolic.

f then (a + d)? is precisely the square of the trace of the ma-

Problem 5. (25 points) Let a,b,c,d € R be given such that ad — bc = 1. Consider
the maps

(a)
(b)
()
(d)
()

(a)

-1
fZH2 —>H2, f(Z):7
-1
- H? — H? = .
g . 9(2) P

Find the fixed points of f and g.

Describe f and g geometrically as well as you can.
Show that f? := f o f is the identity.

Show that ¢ := g o g o g is the identity.

Consider the composition h = f o g. Describe h geometrically and rigorously
show that there exists no n € N such that A" is the identity.

If z is a fixed point of f, then we must havez:—% — 2=—-1 = z2=1.

If 2 is a fixed point of ¢, then 2z = — 2 — 224 241=0 = P Ve

241 2
—1++/3i
===, but we only take the one with positive imaginary part. Therefore, the

fixed point of f is ¢, and the fixed point of g is ’71 + \/ng

2

By 4(b), f, g are both rotations about their fixed point. We try to determine
the angle of rotation. For f, we observe that, say 2i, is sent to _7 = ;, SO
22,% are on the same (vertical) geodesic, thus f is a rotation about 7 at angle
7. For g, we look at points of the form —% + fi for f > 0, which lie on the

vertical geodesic through the fixed point. Then, we see that g(—l + pi) =

l_ .
_%iﬂi = — 12+i§; = 1+4ﬂ2 + 1+4B22 and this maps out the geodesic with equa-
tion (z +1)? +3* = 1. We want to find the angle this geodesic makes with the
vertical line z = —% (which is the angle between the tangent lines). This is

probably overkill, but here’s a construction without using any crazy machinery:

By construction, we know QP makes an angle of 7/3 with the z-axis, thus
ZQPR = 7/6. By definition, the tangent line of a circle is perpendicular to
the radius of the circle meeting the point of tangency, hence ZSPQ = 7 /2 (S is



()
(d)
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/— P

any point on the tangent line to the right of P). It follows that ZSPR = 7/3,
and its supplementary angle is 27/3. Now, we need to identify whether g is a
rotation by /3 or by —27/3 (rotation counterclockwise vs clockwise). Take
the point —3 + i, which is above P. We observe that g(—3 + i) = —2 + i,
which is a point to the right of P. Thus, we deduce that g is a rotation about
—3+ \/751 by angle —27/3 (or equivalently, by angle 47/3).

We compute fo f(z) = f(—1) = f}z =z, so f% =Id.

z

We compute

=+l
-1
=

so ¢ =Id.

We compute the formula for h directly: h(z) = fog(z) = f (%) = = = z+1,
z+1

which is a limit rotation about oo, t1(z) = 1 + z. We show by induction that
h™(z) = z + n. The basis for induction, n = 1, is obvious by definition. So
assume h*(z) = z + k for some k € N. Then h**1(2) = ho h*(2) = h(z + k) =
z+k+1, as desired. Since n # 0 for all n € N, it follows that there is non € N
such that A" =Id.
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