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1. (18 points) (Euclidean R?) Consider the two points P = (1,2),Q = (—1,—5) € R? in
the Euclidean plane. Solve the following parts:

(a)

(b)

(5 points) Find the Euclidean distance between P and Q.
d(P,Q) = /(-1 =1)>+ (-5 —2)> = V4 + 49 = V/53.

(5 points) Let M = {(z,y) € R? : x = y} and consider the unique line L C R?
equidistant to P and (). Determine the image of ) under the isometry ry; o rp.
By a corollary from class, we know r; swaps P and @, so r;(Q) = P. Since the
reflection across the line y = x precisely swaps the x and y-coordinates (this is a
simple enough reflection where I do not think it’s necessary to prove that it swaps
the x and y-coordinates), we have that ry; o rp(Q) = ry(P) = ra(1,2) = (2,1).

(5 points) Find all the fixed points of the isometry 7y, o rp.

The line L is the perpendicular bisector of PQ, and PQ has slope %, hence L has

slope —%. So M, L are not parallel, and by a Theorem from class, ry; o ry is a

rotation with exactly one fixed point at the point of intersection of M, L. L passes

through the midpoint of P,Q, which is (151, 252) = (0, —2), so L = {(z,y) € R*:
7

2 0 2
y—l—% = —%x} M, L intersect when x—i—% = —%x - %x = —% = T=—5=Y.
So the fixed point of ry; o ry is (—%, —%).

(3 points) Show that there is no line N C R? such that ry o ry o7y = id.

We've deduced from part (c) that rp o ry is a rotation, which is orientation-
preserving. However, for any line N, ry is orientation-reversing, and hence ry o
ry o7 is orientation-reversing. But id is orientation-preserving, and it follows that
ryory ory # id.
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2. (18 points) (I'-Geometry for the cylinder) Let C' = R?/T" be the Euclidean cylinder,
where I' = (t(1,0)) C Iso(R?) is the group generated by the translation

(a)

(b)

()

t(l,O) : RQ — R2.
(5 points) Draw the I'-orbits I'P and I'Q in R? of the two points

P=(-1,4),Q = (3.25,-7.75) € R*.

(5 points) Compute the distance in C' from I'P to I'Q.
We take the points (0,4) € I'P, (0.25, —=7.75) € I'Q, so dc(P, Q) = /0.25% + 11.752.

(5 points) Show that there are infinitely many lines in C' through I'P and T'Q.

Consider the point P € I'P. For each Q' € T'Q, we get a line from P to @', each
with a different slope, hence they are all distinct when we quotient by I'. Since
there are infinitely many such Q’, we conclude that there are infinitely many lines

in C' through I'P and I'Q.

(3 points) Consider the projections 7(Ly),m(Ls) to C of the two lines

Ly={z=0} CR? L,={4Tz+y=4} CR*

Explicitly find all the intersections points of 7(L) and 7(Ls) in C.

Lifting to R?, we have that 7—!(L,) is identified with all lines {z = n} for n € Z, so
for w(Ly), m(Ls) to intersect, we look for the points (n,y) € Lo, which get mapped
to (0,y) € m(Ly) Nmw(Lsg). Rewriting, we have Ly = {y = —47z + 4}, and thus the
intersection points (0,y) of w(Ly) Nm(Ly) are precisely (0, —47n+4) for all n € Z.
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3. (18 points) (Spherical geometry) Consider the 2-sphere

S? = {(z,y,2) ER*: 2® +9° + 22 =1},

endowed with the spherical distance.

(a)

(5 points) Consider the points P = (1,0,0) € 5% and Q = \/Lg(l, —1,1). Compute
the spherical distance dg2(P, Q) from P to Q.

We compute the angle between (1,0, 0) and (%, —%, L

N L \/§> using the formula u-v =

[ul[vlcos§ = 6= cos™(u-v), so dse(P,Q) = cos™(J5).

(5 points) Let Rpr/2, Rox/2 € Isom(S?) be the rotations of angle 7/2 centered at
P and Q. Show that Rp /s 0 Rg /2 is a rotation and find its center and angle.

By a theorem from class, we know products of rotations on S? are also rotations,
s0 Rpr/2 0 Rg /2 is a rotation. Now, the hard part, using only things that we've
learned: We know from class that rotations on S? centered at a point with angle
6 are products of reflections across planes in R? intersecting at the point and its
antipodal, with angle of intersection 6/2. Define G to be the unique plane through
O = (0,0,0), P,Q. By choice of reflecting planes, we may have Rg /2, Rpx/2 be
written as products of reflections, where one of the reflections is across G. So we
write Rpr/2 0 Rgr/2 = Ta0rg0orTg0orR = 14 07p, Where A, B are planes to be
determined. The idea is that the intersection point AN BN S? will be the center of
rotation, and the angle of rotation is twice the angle between A, B. The plane A
is easier to find, by looking at the sphere from the z-axis (like a bird’s eye view):
We see that the line z = 0 forms an angle of 7 with G, so A is the xy-plane. B is

N

Q=1/sqrt(3)(1,-1,1)
P=(1,0,0)
-2 - \i
jus

a little more tricky. We know already that GG, A form an angle of 7, and we want
B, G to form an angle of 7 as well (be careful with the sign of the angle; we had
the angle § from G to A, and now we want the angle 7 from B to (). Consider
the following picture, viewing from the axis y = —x, 2 = 0:

O

(0,0,1)

(0,—1,0) (z,‘y, 0) (1,0,0)
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By symmetry, if we were to have B,G form an angle of 7, then we must have
ds2(P, (z,y,0)) = ds2(Q, (z,y,0)), and (z,y,0) € S?. But we may also just compare
the Euclidean distances between them, hence we have the equation

( 12 + 42 ( 1>2+(+1)2+1
x — = T — —= — =

! v3) VT VB) s
= (z—17+ 2—<x—i>2+( +i>2+1

2 2 2 2 1 2
— rr-2r+1+y =ux ——3:v+—+y +—=y+5+5

1 1

— (l-—4)2+-—7=y=0

( \/S) V3’

— y:_<1—%)x~\/§:(1—\/§)x.

Then, we substitute this into the equation 22 + y? = 1 to get

1 1
P2+ (1-V3)P=1 = x2:—2 = xr =
and
y=—1=¥8
1+ (1 —/3)?
. 1 1_\/§ .
So, B is the plane through O, @, (\/1+(1—\/§)2’ T’ O). Using 21C methods,

we can construct two vectors from these three points, compute their cross product
to get a normal vector, and then using the 21C definition (or theorem?) that the
equation of a plane through (0,0, 0) with normal vector (a, b, ¢) is ax + by + cz = 0,
we ultimately arrive at B being the plane (v/3 — 1)x +y + (2 — v/3)z = 0, or some
scaling of this. Here’s what the planes look like:
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By the construction above, i , 1v3 ,0 ] lies on both A and B, and
V1+(1-v3)2 7 /14(1-/3)?

therefore is fixed by r4 o rg. That is, the center of rotation of Rp/2 0 Rg /2 is

VI+(1-v3)27 /1+(1-v3)2’
twice the angle between A, B. From 21C, we know the angle between two planes is
equal to the angle between their normal vectors. A has normal vector n; = (0,0, 1)
and B has normal vector ny, = <\/§ —-1,1,2 — \/§> The angle between them is

1 2-V3 4 2-V8

= cos™~ =cos ——= =778

n ||| \/<\/§_1)2+1+(2_\/§)2 12 —6v/3

< L 1v3 0). Finally, we compute the angle of rotation, which is

—1 I3 -1y

COS

and thus the angle of rotation is 2 cos™! —22V3  ~ 155.6°.

vV 12—-6v3

(5 points) Determine whether Rp /2 0 Rg /2 is equal to Rg »/2 © Rp /.

We claim that Rp /20 Rg r/2 # Rgx/20 Rpxj2, and it suffices to show that Rg /20
Rp /o is a rotation with a different center. As with part (b), we write Rg r/2 ©
Rprjp =rcorgorgorp =rgorp, where C, D are planes to be determined. From
the same picture above, we see that the line y = 0 forms an angle of 7 with G, so

N

Q=1/sqr(3)(1 i\ 1) \
P=(1,0,0)
-2 - \‘0

D is the xz-plane. By symmetry, if we were to have G, C form an angle of 7, then
we must have dg2(P, (7,0, 2)) = ds2(Q, (2,0, 2)), and (x,0,2) € S? and a similar

computation as above yields z = (v/3 — 1)z, and substituting into 2? + 22 = 1 gives
1 3—-1
P+ (WV3-1D)?=1 —= z= 2= V3 :

1+ (V3-1) 1+ (V3-1)

With the same reasoning as above, we deduce that Rg /20 Rp /2 is a rotation with

center ! ,0, V31 , and it follows that Rpr/2 0 Rgr2 # Rz 0
VI+(V3-1)27 7 /14(V3-1)2

RP,ﬂ'/2'
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(d) (3 points) Is there a spherical isometry f € Isom(S?) such that f o (Rpy/2, Rgx/2)
has no fixed points?
Yes (I'm assuming the professor meant f o (Rpr/2 0 Rg/2)). By above, we know
that Rp /90 R r/2 is a rotation, which fixes only the center and its antipodal point.
So we take f to be the reflection across the set of equidistant points to the center
and its antipodal. Then clearly, f o (Rpﬂr/g o RQyﬂ-/Q) does not fix the center and
its antipodal. Points on the line of reflection remain on the line of reflection, but
are translated by Rpr/2 © Rg /2, then don’t move by f. The remaining points
get reflected to the opposite side of the line of reflection, hence we conclude that
J o (Rpx/20 Rgx/2) has no fixed points.
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4. (18 points) (Hyperbolic distances and lines in H?) Let P = i,Q = 3 + 41 € H? be
points in the hyperbolic upper-half plane H?. Solve the following parts:

(a)

(5 points) Show that L = {z € H? : |z — 4]*> = 17} C H? is the unique hyperbolic
line through the points P and ().

We construct the geodesic through P,Q. PQ has slope 1, so its perpendicular
bisector has slope —1, and passes through P%Q = % + gz So the perpendicular
bisector has equation y — 2 = —(z — 2) = —z + 3. It intersects the z-axis at
y = 0, so —g = —x + % =—> x = 4. Therefore, the center of the geodesic is
(4,0). The radius is dg2((4,0), (0,1)) = v/17, and thus the geodesic through P, Q is

{(z,y) eM?: (z—4)2+¢y* =17} ={z e H*: |z —4)* =17} = L.
(5 points) Compute the hyperbolic distance dyz(P, Q).

Wehavey— V1T — (-4 2’dx = ﬁ,andfromPtoQ,wehaveOSxSS,

\/1+ 17($ 144 \/ 17— (2~ 4)2
d P
(P Q) = /\/17— (x—4 V17— (z—4

_/ VIT
~ )y 17— (@—42"

(5 points) Find the unique hyperbolic line M equidistant to P and Q.

First, we know from a theorem from class that reflection across M exchanges P, Q).
In particular, M is perpendicular to the Euclidean line segment PQ. By the con-
struction of a circle, the radius from the center to any point on the circle forms an
angle of /2, and thus we may extend PQ to intersect the z-axis, from which we get
that the center of M is (—1,0). Next, we find the radius. As M has center (—1,0),
and must pass through some point on the segment PQ), it follows that M must pass
through the y-axis as well. So, consider a point 37 € H? equidistant to P, Q). We've
seen from class that dgz(P,y0i) = In(yo), and we set de(Q yoi) = In(yg). Let’s
derive dy2(Q, yo?): The perpendicular bisector has slope ———, and passes through
the midpoint M from which we get the equation of the perpendicular bisec-

4+yo _ 3 ( 3)

tor is y — = @ —3) When y = 0, we get the center of this geodesic

4 4— 16—y2+9 25—y2 . . . .
H?”)(;M + % = go = 6?!0. The radius is the Euclidean distance

2
dE(%,S + 44) = %(W) +16 = (7 yO) + 16. Thus, this geodesic has

to be © =

2 2
equation (x — %) +y? = (LTy%> + 16. We have the following simplification

of the distance formula for a geodesic with center («,0) and radius r:
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r—a r2
/ VA dy/d.ﬁ[ \/ L+ r? ((:L" ) \/ rZ—(z—a)?
\/T :E—Oz \/T .ZC—Oé

A B
_/mdl‘_/r—(x—a)—i_qu(x—a)dx
— r=Ar+ A(x — a) + Br — B(x — «)

— Ar+Br=rA(zr—a)—Blx—a)=0

1
— A+B=1= A=B=_
1 1
2 2
= d
/r—(m—a)+r+(x—oz) ‘

1 1
:5(—1n|r—(:E—oz)|—|—ln|7“—|—(x—oz)|)zéln

3
2 2 2

3 V(L) +16 L) a6 (o 20E)
de(Q,yoz’):/ dr = —In

0 (7_y8)2+16—<x—25_y3)2 2 (7 yo) +16—< 25—y3>
0

So we get:

2 2
ET ][ =
= 5111 — 5111 .
(7 y0> +].6 (?mi;) (7 yo) +16+ 25— yo

Setting this equal to In(yp), we can simplify this to
(Fet) v 16+ (B7) \/(T) + 104 2

() o (57) () o=

As this gets a bit too rnessy for me to TeX it, we shall skip the details. But one
may solve this and get y2 = 7, hence yy = \/_ Finally, we compute the radius of
M to be the Euclidean distance from the center (—1,0) to the point (0,+/7), which
is /1 +7=+/8. Hence, M = {(z,y) € H? : (x +1)> +¢*> =8} .

(3 points) Let 7,7y € Isom(H?) be the hyperbolic inversions along L and M.
Compute the image of P and () under the composition r; o ry.

By part (a), we know P, Q € L, and therefore rp(P) = P,r.(Q) = Q. We also know
by a theorem from class that ry, swaps P and @, and it follows that ry; o rp(P) =

ru(P) = Q,ryorn(Q) =ry(Q) = P.

2:
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5. (18 points) (Hyperbolic isometries in H?) Consider the map f, g : H*> — H?

f(z) = :

(a) (5 points) Show that f is a hyperbolic isometry and it has no fixed points.
By a theorem from class, we know that orientation-reversing hyperbolic isometries

are of the form f(z) = :Z;st, with ad —bec = 1. So it suffices to write f in this form.
We normalize f by dividing by /(1) (=5) — (=3)-9 = /5 +27 = v/32. So
Z+9 \/%72(54_9) _J_3L2E+\/L37 -1 . -5 -3 9
f(z) = 35_5 = T3z o5) =55 and we check: 5 % — =5 o =
5427 _ ¢ vz N V2 _ Z49
225+ =1, and thus f is a hyperbolic isometry. Next, we assume that 2o = =5 for

some zg = x + yi € H2. Then, we have

r+9—yi=(r+yi)(3r —5— 3yi)
= 32% — b — 3wyi + 3wyi — Syi + 3y
— 327 — 62— 9+3y>=0,—4y = 0.

The latter equation implies y = 0, in which case zy & H2. Therefore, f has no fixed
points.

(b) (5 points) Let g : H*> — H? be a hyperbolic isometry such that
_§+E‘ — _§+%' —2‘ _1_74_2' —1_|_‘
g i)l =14, g i) =2, g|l-mtgi)=1+i

Determine the image of the point 2 4 3¢ under the composition f o g.
We first do a cheeky observation:

i) = —i+9  —i+9 —5+3¢_5¢+3—45+27¢__§+§2,
 —3i—5 —-5—-3i -5+3i 34 R A
. —=2i4+9  —2i4+9 —546i 10i+12—45+54i 33 64,
—6i—5 —5—6i —5+6i 25 + 36 61 61
£(1+1) 1—i+9 10—7 —2+43i —20+30i+2i+3 17+32.
1) = —= . — — —1.
3—-3i—5 —2—-3i —2+3; 449 13 13

By a theorem from class, hyperbolic isometries are uniquely determined by the
images of three noncollinear points, thus it follows that g = f~!. Therefore, f o
g9(2+ 3i) =2+ 3i.

(c) (5 points) Find a hyperbolic line L C H? such that f(L) = L.
We look for the two fixed points on OH?, continuing from the computations in part
(a). We have 0 = 32?2 —62—9 = 0=2*-22-3=(z—3)(z+1) = z=-1,3.
So the hyperbolic line invariant under f has endpoints at —1, 3, and thus has center

712+3 =1, radius 2. Therefore, L = {(z,y) € H? : (x — 1)® + ¢* = 4}.
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(d) (3 points) Show that there exists no n € N such that f™ = id.
Since f is orientation-reversing, we know that any product of odd numbers of f will
also be orientation-reversing, hence could not be id. So to show that there exists
no n € N such that f™ = id, it suffices to check for even powers of f. We compute

1

29 19 29 | 272-45 282 — 36 72— 9

f2(2>: 3z—5 _ 325 32=5 =
s ST iR BB

ol
— ~ | 8 S|.
5ol

. . a —b e —f
Observe that given any two matrices e d|'|=g h

Wehave{a —bl{e =/ :{ae—}-bg —af —bh

] with a,b,c,d,e, f,g > 0,

e d||-g n —ce—dg cf+dh | with entries ae + bg, cf +

dh > 0; —af — bh, —ce — dg < 0. In particular, the top right and bottom left entry
will never be 0, so the product of such matrices is never the identity. Since f? is of

this form, it follows that f2* = (f2)* # [(1) (1)] for any k € N. We conclude that

there exists no n € N such that f" = id.
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6. (10 points) For each of the ten sentences below, circle whether they are true or false.
You do not need to justify your answer.

(a) (2 points) Two different lines in the twisted cylinder cannot intersect only at two points.

(1) True. (2) False.

(b) (2 points) Any orientation-reversing hyperbolic isometry must have a fixed point.

(1) True. (2) False.

(¢) (2 points) A spherical isometry is determined by the image of three distinct points.

(1) True. (2) False.

(d) (2 points) For any two points P,Q € S?, there exists a unique line between them.

(1) True. (2) False.

(e) (2 points) Any hyperbolic triangle with vertices in H? must have area less than 7.

(1) True. (2) False.

(f) (2 points) There exists a regular hyperbolic hexagon whose angles are all 7 /2.
(1) True. (2) False.

(g) (2 points) For any two distinct hyperbolic lines L, M C H?, there exists a hyperbolic
isometry f:H? — H? with f(L) = M.
(1) True. (2) False.

(h) (2 points) If L C R? is the line equidistant to P,Q € R?, then any isometry fixing the
points of L must send P to Q.

(1) True. (2) False.

(i) (2 points) If two hyperbolic lines L, M do not intersect, then there exists a unique hy-
perbolic line that is perpendicular to both L and M.

(1) True. (2) False.



