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(C) Mysterious or unsupported answers will 4 20
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. . 5 20
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1. (20 points) (Rotations in R?) Consider the two points P = (0,0),Q = (1,0) € R? in
the Euclidean plane. Solve the following parts:
(a) (5 points) Let Rpr/2 be a rotation of angle 7/2 centered at P. Compute the image
Rp/2(3,3) of the point (3,3) € R? under the isometry Rp /.

We have the formula Ry = (;i)sg _C(S)Ibnge , SO R]{g = [(1) _01

b B[] -

} , thus Rp=(3,3) =

(b) (5 points) Let R /2 be a rotation of angle —7/2 centered at (). Compute the
image Rg,—r/2(4,5) of the point (4,5) € R? under the isometry Rg /2.

: . 0 1
By conjugation, we have Rg _z = {(1,0)Rp-zl(-1,0) = t(1,0) [_1 0] t(~1,0), SO

0 1}/(3 5
RQ’_%(4,5) — t(l,O) |:_1 O:| |:5:| — t(l,O) |:_3:| — (6,—3)

(c) (5 points) Let (x,y) € R? be any point. Where does (z,y) € R? get send under the
composition Rg /20 Rpg/2 ?

[0 1] 0 —1{ |z
Ro-zoRpz(x,y) =tao | _; ol 10 {1 0 ] { ]
1
=lao |1 g
0 1][-y—1
= t(LO) _1 0 xr

= t(1,0)

(d) (5 pOiIltS) Show that RQ,—ﬂ/Q o Rpm/g = t(171).
It is shown in part (c) that Rg = o Rpx =t 1).
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2. (20 points) (I'-Geometry for the 2-Torus) Let 7% = R?/T be the Euclidean Torus,
where I' = (¢(0.1), t(1,0)) C Iso(R?) is the group generated by the two translations

t(071), t(l,O) : RQ — R2.

(a) (5 points) Draw the I'-orbits of the two points P = (2,3),Q = (0.5, —7.5) € R%.
The black points are I'(P) and the red points are I'(Q).
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. . .
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. . .
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In particular I'(P) = {(n,m) : n,m € Z} and I'(Q) = {(n+0.5, m+0.5) : n,m € Z}.

(b) (5 points) Find a fundamental domain Dr C R? which contains P € R?.
A valid fundamental domain is the square 1 < x < 2,2 <y < 3.

(c) (5 points) Consider P = (2,3),Q = (0.5,—7.5) € R?/T as points in the 2-torus.
Show that the line {(x,y) € T? : x = y} C T? contains both P and Q.
The line y = x goes through the points (0,0), (0,5,0,5), and we know that on 72,
(0,0) ~ (2,3) = P and (0.5,0.5) ~ (0.5, =7.5) = @, hence this line contains both
P and Q.

(d) (5 points) Find all lines L C T? such that P,Q € L.
We claim that the collection £ := {(z,y) € T? : y = ™22z, m,n € Z} form
all the lines in T? containing P, (). By construction, these lines all go through
(0,0) ~ P,(n+ 0.5,m + 0.5) ~ Q. So it remains to show that any line going
through P, ) must be of this form. If a line L goes through P,(Q, then it must
go through (a,b), (¢ + 0.5,d + 0.5) for some a,b,c,d € Z, and we may apply the
translation t_, 5 on everything, thus yielding the points (0, 0), (n 4 0.5, m + 0.5),
where n = d — b,m = ¢ — a, and the line through these two points is L = {y =

m+0.5 R
e}, which is in L.
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3. (20 points) (Geometry in the Twisted Cylinder) In this problem, all points and
lines are considered in the twisted cylinder M = R?/T’, where I' = (¢(1,9) o T) C Iso(R?).
Solve the following parts:

(a)

(5 points) Consider the points P = (0,0),Q = (0.9,0.2),R = (5.9,-0.2) € M.
Find the three distances d(P,Q),d(P, R),d(Q, R) € M.

d(P,Q) = d(P,(—0.1,-0.2)) = V0.12 1 0.22

d(P,R) = d(P,(—0.1,-0.2)) = v/0.12 + 0.22

d(Q, R) = 0, since we find that Q ~ R in M.

(5 points) Find the intersection points between the line {(z,y) € M : 2 = 0.5} C M
and the line {(z,y) € M : v = —y} C M.

Define L; = {(0.5,y) : y € R}, Ly = {(z,—x) : x € R} C R?, and let 7 : R? —
M = R?/T be the natural projection. In M, we have the relation (z,—z) ~
(x 4+ n,(=1)"(—x)) for all n € Z. So for w(L;), m(Ls) to intersect in M, we must
have x = k+40.5 for any k € Z. If k is even, say k = 2j for some j € Z, then we have
(2, —2) = (27 + 0.5, —2j — 0.5) ~ (0.5, (—=1)%(—=2j — 0.5)) = (0.5, —2j — 0.5). If k is
odd, say k = 2i + 1 for some ¢ € Z, then we have (z, —z) = (20 + 1.5, =2i — 1.5) ~
(0.5,2i+1.5). So 7(Ly)N7(Lsy) = {(0.5,—2j—0.5) : j € ZYU{(0.5,2i+1.5) : i € Z}.
But we also observe that for any 2i + 1.5, we may take j = —(i + 1), so that
2i+15=2(i+1)— 0.5 = —2j — 0.5, and thus the latter set is contained in the
first, hence 7(Ly) N7(Le) = {(0.5, =25 — 0.5) : j € Z}.

(5 points) Find two lines K, L C M such that |L N K| = 2.

Consider L = {z = 0.5}, K = {y = 0.5}. Note that the horizontal line K traverses
the segment 0 < z < 1,y = 0.5, crossing L once. Then, since (1,0.5) ~ (0,—0.5),
K traverses the segment 0 < o < 1,y = —0.5, crossing L a second time. Since
(1,-0.5) ~ (0,0.5), Ly closes back up to its initial starting point. Thus, |[LNK| = 2.

(5 points) Show that given two points S,T € M in the complement of the line
H = {(xz,y) € M : y =0} C M, there exists a continuous path v C M from S to
T such that |H N~v| = 0.

We may take S,T to be in the fundamental domain 0 < x < 1. Write S =
(x1,11), T = (22,y2), with 1, y2 # 0. If 1355 > 0 (i.e. either S, T are both above H,
or both below H), then we may take ~ to be the straight line through S, T (drawing
such a line in the fundamental domain may not look continuous, but keep in mind
that with the identification given by the quotient, these lines are indeed continuous
in M). If yyy2 < 0, then note that T = (z2,y2) ~ (x2+ 1, —ys), and (z2+ 1, —y2), S
are either both above H or both below H, so we may take v to be the straight line
through S and (22 + 1, —ya).
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4. (20 points) (Spherical geometry) Consider the 2-sphere

S? = {(z,y,2) ER*: 2® +9° + 22 =1},

endowed with the spherical distance.

(a)

(5 points) Show that there exists a unique line L C S? containing the points (1,0, 0)
and (0,1,0).

By definition, a line in S? is the intersection of a plane through O in R? with S2.
We know from 21C that there exists a unique plane through 3 noncollinear points in
R3, and since (0,0,0), (1,0,0), (0, 1,0) are noncollinear, this plane is unique, hence
there exists a unique line through (1,0, 0), (0,1,0) in S2.

(5 points) Prove that there are infinitely many lines in S? containing the points
(1,0,0) and (—1,0,0).

Since the three points (0,0, 0), (1,0,0), (—1,0,0) are collinear, there exists infinitely
many planes containing the three points, hence there are infinitely many lines in S?
containing (1,0,0) and (—1,0,0).

(10 points) Let Ry : S* — S? be the rotation with center (1,0,0) and angle /2,
and Ry : S* — 52 be the rotation with center (0,0,1) and angle 7/2. Determine
whether the isometry Ry o Ry is equal to Ry o Ry.

We show that Ry o Ry # Ry o Ry. Consider the point (0, 1,0), and observe that Ry
is just rotation about the origin in R?, with the z-coordinate fixed, so (0,1,0) gets
sent to (—1,0,0). Then (—1,0,0) is on the axis of revolution of Ry, so it is fixed
by Ry, hence Ry o R2(0,1,0) = R;(—1,0,0) = (—1,0,0). Similarly, observe that
Ry is the rotation about the origin in the yz-plane, with the xz-coordinate fixed, so
(0,1,0) gets sent to (0,0,1). Then (0,0,1) is on the axis of revolution of Ry, so it
is fixed by Rs, hence Ry o R1(0,1,0) = R2(0,0,1) = (0,0, 1).
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5. (20 points) For each of the ten sentences below, circle whether they are true or false.
You do not need to justify your answer.

(a) (2 points) Two lines K, L C T? cannot intersect at more than one point.

(1) True. (2) False.

(b) (2 points) Let I' C Iso(R?) be generated by translations. Then an isometry g € T’
cannot have fixed points.

(1) True. (2) False.

(c) (2 points) The composition of an even number of reflections cannot be a reflection.

(1) True. (2) False.

(d) (2 points) A glide reflection admits infinitely many fixed points.

(1) True. (2) False.

(e) (2 points) For any glide reflection 71 € Iso(R?), there exists a glide reflection
7y € Iso(R?) such that 7y o7y = Id.

(1) True. (2) False.

(f) (2 points) An isometry f : S? — S? is uniquely determined by the image of three
points.

(1) True. (2) False.

(g) (2 points) There are no isometries in the Mébius band except for the identity.
(1) True. (2) False.

(h) (2 points) The product of two rotations in S? is necessarily a rotation.
(1) True. (2) False.

(i) (2 points) Any isometry f : S* — S? can be written as the product of at most
three rotations.

(1) True. (2) False.



