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1. (20 points) (Graph Profiling) Consider the graph G = (V, E) in Figure 1.

Figure 1: The graph for Problem 1.

(a) (5 points) Show that the graph G is planar.

(b) (10 points) Show that G is bipartite but it does not admits a perfect matching.

(¢) (5 points) Show that the graph G does not admits a Hamiltonian cycle.
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2. (20 points) (Priifer Correspondence) Solve the following two parts.

(a) (10 points) Find the Priifer Code associated to the three trees in Figure 2. The
trees are denoted by Ty, T, and T3 from left to right.
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Figure 2: The trees 11, T, T3 for Problem 2.(a).

(b) (10 points) Draw the labeled trees associated to the following three Priifer codes:

{0,0,4}, {5,6,2,3,1}, {0,1,2,7,4,5}.
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3. (20 points) (Perfect Matchings) Solve the following two parts.

(a) (10 points) Find two different perfect matchings for each of the three graphs in
Figure 3. Draw the first perfect matching in the graph itself, and draw the second
perfect matching right below.

Figure 3: The three graphs for Problem 3.(a).

(b) (10 points) Let G = (V, E) be a connected bipartite graph with vertex bipartition
V = AU B. Suppose that deg(z) > deg(y) for all vertices =,y with z € A, y € B.
Show that G admits a perfect matching.
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4. (20 points) (Planarity) Solve the following two questions.

(a) (10 points) Let T'= (V, E) be a tree, show that T is planar.

(b) (10 points) Prove that the graph K depicted in Figure 4 is not planar.

Figure 4: The graph K5 for Problem 4.(b).
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5. (20 points) (Chromatic Properties)

(a) (10 points) Show that the chromatic polynomial of the cycle graph C,, in n vertices
is given by the polynomial

o, = (x —1)"+ (=1)"(x —1).

These graphs C), are depicted in Figure 5 for n = 3,4 and 5.
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Figure 5: Cycle graphs C,, for n = 3,4, 5.

(b) (10 points) Find the number of 12 colorings of the graph K5, the complete graph
in 7 vertices. The graph is depicted in Figure 6.

Figure 6: The complete graph K.



