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1. (20 points) (Graph Profiling) Consider the graph G = (V,E) in Figure 1.

Figure 1: The graph for Problem 1.

(a) (5 points) Show that the graph G is planar.

Solution. A planar embedding of G is depicted in Figure 2. 2

Figure 2: A bipartite planar embedding for the graph G.

(b) (10 points) Show that G is bipartite but it does not admits a perfect matching.

Solution. A bipartition of the vertex set if presented in Figure 2. By Hall’s
Theorem, it is a necessary condition for the existence of a perfect matching of a
bipartite graph that the bipartition V = A ∪ B of the vertex set V consists of the
two sets of the same size, thus |A| = |B|. This is impossible since the number
of vertices is 11, which is odd, and thus it must be that |A| 6= |B|, violating the
condition in Hall’s Theorem. 2

(c) (5 points) Show that the graph G does not admits a Hamiltonian cycle.

Solution. A Hamiltonian cycle γ in a bipartite graph, with V = A ∪ B, must
alternate between vertices in A and B. Thus, for such Hamiltonian cycle γ to exist
we must have |A| = |B|, which, as above, cannot happen. Hence, no such γ exists.
2
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2. (20 points) (Prüfer Correspondence) Solve the following two parts.

(a) (10 points) Find the Prüfer Code associated to the three trees in Figure 3. The
trees are denoted by T1, T2 and T3 from left to right.

Figure 3: The trees T1, T2, T3 for Problem 2.(a).

Solution.

T1 : {3, 1, 0, 8, 10, 11, 8, 10, }
T2 : {4, 4, 4, 4, 4}
T3 : {1, 5, 1, 6, 8, 4, 4}

(b) (10 points) Draw the labeled trees associated to the following three Prüfer codes:

{0, 0, 4}, {5, 6, 2, 3, 1}, {0, 1, 2, 7, 4, 5}.

Solution. Below are the respective graphs. In the solutions to Problem Set 5 the
algorithm for converting a Prufer coede into a tree is given. Note that if we insist that
0 is always a root when we pick the smallest available label in the alphabet we exclude
zero; that is we pick the smallest label other than 0. 2



Sample Final Examination - Page 4 of 7 March 22 2019

3. (20 points) (Perfect Matchings) Solve the following two parts.

(a) (10 points) Find two different perfect matchings for each of the three graphs in
Figure 4. Draw the first perfect matching in the graph itself, and draw the second
perfect matching right below.

Figure 4: The three graphs for Problem 3.(a).

Solution. For the first graph take the center node and match it to one of its neigh-
bors. Then the rest of the 8 nodes are all in the outer cycle and we can match
them to each other by deleting every other vertex. Another perfect matching can
be constructed following exactly these procedure but matching the center vertex to
a different neighbor instead.

This is K3,3 so there are in fact 3! matchings. One is to match every node on the
top to the one opposite to it on the bottom. Another possibility is to match the
first on top to the second on the bottom, second on top to the third on the bottom
and the third on the top to the first on the bottom.

The easiest matching is perhaps to simply use the edges connecting the outer pen-
tagon with the inner star. Another possibility is to take two nonconsecutive edges
in the outer pentagon. Now there is one node remaining in the pentagon so we
match it to the node it is adjacent to in the inner star. Finally we match the 4
remaining nodes in the inner star pairwise. 2

(b) (10 points) Let G = (V,E) be a connected bipartite graph with vertex bipartition
V = A ∪ B. Suppose that deg(x) ≥ deg(y) for all vertices x, y with x ∈ A, y ∈ B.
Show that G admits a perfect matching.

Solution. By Hall’s theorem it suffices to show that for all S ⊂ A then |N(S)| ≥
|S|. Let k := max{y∈B} deg(y), then by the assumption the number of edges coming
out have S is at least k|S| which has to match the number of edges connecting to
N(S). However if |N(S)| < |S| then {#edges connecting to N(S)} ≤ k|N(S)| <
k|S|, a contradiction. 2
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4. (20 points) (Planarity) Solve the following two questions.

(a) (10 points) Let T = (V,E) be a tree, show that T is planar.

Solution. We proceed by induction. For n = 2 then T is clearly planar. Now
assume trees with |V | = n are planar. Every tree with |V | = n+1 can be constructed
by adding a leaf. Let’s take the node adjacent to this leaf to be the root . Then we
place the leaf on one side (half-plane) of a line though the root and the rest of the
tree we can embed it on the other half plane by inductive assumption. 2

(b) (10 points) Prove that the graph K5 depicted in Figure 5 is not planar.

Figure 5: The graph K5 for Problem 4.(b).

Solution Recall that planar graphs satisfy e ≤ 3v − 6. Since K5 is complete we
have as many edges as pairs of vertices so e =

(
5
2

)
= 10 > 9 = 3 · 5− 6. 2



Sample Final Examination - Page 6 of 7 March 22 2019

5. (20 points) (Chromatic Properties)

(a) (10 points) Show that the chromatic polynomial of the cycle graph Cn in n vertices
is given by the polynomial

πCn = (x− 1)n + (−1)n(x− 1).

These graphs Cn are depicted in Figure 6 for n = 3, 4 and 5.

Figure 6: Cycle graphs Cn for n = 3, 4, 5.

Solution. We will prove this by induction. For the base case n = 3 clearly all
vertices must have different colors so

πC3 = x(x−1)(x−2) = (x−1)(x2−2x) = (x−1)((x−1)2−1) = (x−1)3− (x−1).

For the inductive step, assume the formula holds for Cn then by the deletion-
contraction formula:

πCn+1(x) := P (Cn+1, x) = P (Cn+1 − e, x)− P (Cn+1 · e, k) = πSn+1(x)− πCn(x)

Here G− e is the graph obtained by deleting an edge e in Cn+1 which in this case is
the straight line graph Sn+1(x). On the other hand Cn+1 · e is the graph obtained
by contracting e in G; that is Cn.( Here π and P both represent the chromatic
polynomial. The notation change was to emphasize the deletion and contraction).
Note that the last graph is a tree so πSn+1(x) = x(x−1)n. Thus using the inductive
hypothesis for πCn(x):

πCn+1(x) = x(x− 1)n − ((x− 1)n + (−1)n(x− 1)) = (x− 1)n+1 + (−1)n+1(x− 1).

2
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(b) (10 points) Find the number of 12 colorings of the graph K7, the complete graph
in 7 vertices. The graph is depicted in Figure 7.

Figure 7: The complete graph K7.

Solution. The number of 12 colorings of K7 is given πK7(12). From the Problem
Set 7 we know that πK7(x) = x(x−1)(x−2)(x−3)(x−4)(x−5)(x−6). Evaulating
at 12 yields 3991680 colorings. 2


