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1. (20 points) (Euclidean Geometry) Consider the four Euclidean lines in R? given by

L={(x,y) eR*: 2 =0}, M ={(x,y) e R?: z = 1}, N = {(z,y) € R? : x = 2} and
R={(x,y) € R*:y =0}
(

a) (5 points) Find the image of the three points (1,1),(1,0),(0,0) € R? under the
isometry f =FproTyoOT) OTp.

(b) (5 points) Show that f = FroTxyoT 0Ty is a rotation Rpy. Find its center P € R?
and the angle 6 € [0, 27).

(c) (10 points) Let S = {(z,y) € R* : y = —z} C R? Show that the composition
(Ts o f) is a glide reflection, and find o € R? and K C R? a line such that

Tsof=ty,0Tk.
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2. (20 points) (Spherical Geometry I) Consider the 2-sphere
S?={(z,y,2) eR*:2® + 2 + 22 =1} CR?,

and its points P = (0,0,1), @ = (0,—1,0).
(a) (5 points) Draw the three following sets in the 2-sphere S*:

Cr={ReS®:da(P.R)=1}, Cy={ReS*:de(P,R)=2},

Cs={R € S?*:ds:(P,R) =1/2}.

Prove that C}, Cs are not spherical lines, and prove that Cj is a spherical line.

(b) (5 points) Find the unique spherical line L C S? containing P,Q € S2.

(c) (10 points) Find the image (T¢, oT7)(P) of any point P = (z,y, z) € S? under the
isometry T¢, o7 € Iso(S?).
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3. (20 points) (Spherical Geometry II) Consider the unit 2-sphere S? and the stereo-
graphic projection 7y : S? \ {N} — R? from the North Pole N = (0,0,1). Consider
the two points P, = +=(1,0,1), P, = \/ig(l, —1,1), and the spherical line

V2
Liy={T € 8%:de(P,,T) = ds: (P, T)} C S,
of points equidistant to P;, P, € S2.

(a) (5 points) Compute the distances dgz(Py, P2) and dgz(7n(Py), 7n(P,)) and deduce
that 7w is not an isometry.

(b) (5 points) Give an example of four points Q1, Q2, Ry, Ry € S? such that

ds2(Q1,Q2) < dR2(7TN(Q1),7TN(Q2)), and dsQ(Rl, Rg) > dRz(T(N(Rl)ﬂTN(RQ)).

(c) (5 points) Show that Py, Po, N & Ly, where N = (0,0,1) € S? is the North pole,
i.e. prove that none of the points P, P,, N € S? belong to L.

(d) (5 points) Is the image mx(L12) C R? of the spherical line L5, an Euclidean line,
an Euclidean circle, or neither ?
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4. (20 points) (Hyperbolic Geometry in H?) Let us consider the hyperbolic half-plane
H? = {z € C:Im(z) > 0} = {(x,y) € R? : y > 0},

and the two points P = —1+4i=(—1,1) and Q = 2+ 2i = (2, 2).
(a) (5 points) Compute the hyperbolic distance dyz(P, Q).

(b) (5 points) Compute the hyperbolic length I() of the Euclidean line segment con-
necting P, @, i.e. the region of the line {(z,y) € H* : —z + 3y = 4} C H? bounded
by the two points P, @Q € H?. Is it true that I(y) = d2(P, Q) ?

(c) (10 points) Find the unique hyperbolic line L C H? containing P, Q € H>.
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5. (20 points) For each of the ten sentences below, circle whether they are true or false.
You do not need to justify your answer.

(a) (2 points) Let L C H? be a hyperbolic line and P € H?. There exists a unique line
M C H? parallel to L and passing through P.

(1) True. (2) False.

(b) (2 points) Every isometry f € Iso(S?) must have at least two fixed points P, Q € S,
i.e. there exists P,Q € S? distinct with f(P) = P and f(Q) = Q.

(1) True. (2) False.

(c) (2 points) There exists an isometry g € Iso(R?) which does not preserve angles.

(1) True. (2) False.

(d) (2 points) Let P,@ € S? be two points in the 2-sphere with distance dg2(P, Q) < 7.
There exists a unique line L C S? containing P and Q.

1) True. (2) False.

(
(2 points) Let h € Iso(R?*) be an isometry which fixes every point in the line
L={(z,y) € R?*:z =y} and h((1,0)) = (0,1). Then it must be that h =7y,

(e)

(1) True. (2) False.
(f) (2 points) The curve L = {(z,y) € H? : y = 1} C H? is a hyperbolic line.

(1) True. (2) False.

(g) (2 points) The hyperbolic distance dy2(P, Q) is always less than or equal to the
Euclidean distance dg:(P, Q) for any two points P, Q € H?.
(1) True. (2) False.

(h) (2 points) For any glide reflection ¢, o7y, € Iso(R?), we must have that the compo-
sition t, o7, = T, o t, commutes.
(1) True. (2) False.

(i) (2 points) Let Rpy, Rg.» € Iso(R?) be two arbitrary rotations. Then we must have
that RRQ o RQ#/) = RQ,w o Rp,g.

(1) True. (2) False.

(j) (2 points) There exists two curves 71,72 C H? such that the hyperbolic length
luz(y1) of 41 is greater than the Euclidean length Ig2(71) of 1, and the hyperbolic
length lgz(72) of 5 is less than the Euclidean length lgz2(72) of 7».

(1) True. (2) False.



