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and coherent way, in the space provided. Work
scattered all over the page without a clear or- 3 20
dering will receive little credit.
4 20
(C) Mysterious or unsupported answers will
not receive full credit. A correct answer, 5 20
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pages; clearly indicate when you have done
this.

Do not write in the table to the right.



Sample Final Examination - Page 2 of 6 March 17 2020

1. (20 points) (Euclidean Geometry) Consider the three Euclidean lines in R? given by
L={(z,y) eR?:2=0}M ={(z,y) e R*:y=3}and N = {(z,y) e R*: x+y = 1}.

(a) (5 points) Find the image of (0,3) € R? under the isometry Ty o Ty 0 Tp.

(b) (5 points) Let R = {(z,y) € R?: y = x+3} C R? be a line and P € R an arbitrary
point in the line. Show that (T o7y 071 )(P) € R.

(c) (10 points) Find a € R? and K C R? a line such that

FNOFMOT"L:taO?K.
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2. (20 points) (Spherical Geometry I) Consider the 2-sphere
S?={(z,y,2) €eR2: 2’ + 12 + 22 =1} CR?,

and its points P = %(1, 1,0),Q = %(1,0, 1) and R = J%(o, 1,1).
(a) (5 points) Compute the three distances dg2(P, @), ds2(R, Q) and dg2(P, R).

(b) (10 points) Let E C 5% be the unique line containing P, Q € S?. Show that
My ={(z,y,2) €ER* 2 —y — 2z =0}

is the unique 2-plane Iy C R? such that IIz; N S? = E.

(c) (5 points) Find the image 7g(R) of R under the reflection 75 : S? — S2.



Sample Final Examination - Page 4 of 6 March 17 2020

3. (20 points) (Spherical Geometry II) Consider the unit 2-sphere S? and the stereo-
graphic projection 7y : S? \ {N} — R? from the North Pole N = (0,0,1). Consider
the two points P, = (1,0,0), P, = %(1, —1,1) and let L C S? be the unique line which
contains Py, P.

(a) (5 points) Find the image 7y (P;) and 7n(FP2) of the two points
1

P =(1,0,0), P, = —(1,—1,1).

Sl

(b) (5 points) Find the two intersection points L N &, where £ is the equator defined
as &€ = {(z,y,2) € S?: 2 =0} C 5%

(c) (5 points) Find all the points of intersection of my(L) C R? and the unit circle
{(z,y) 1 2® +y* =1} CR%

(d) (5 points) Qualitatively draw the image mn(L) C R? in the Euclidean plane.
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4. (20 points) (Hyperbolic Geometry in H?) Let k € N and consider the curves 7, C H?
described as
’YkZ{(JE,y)€H2:O§x§1,y:k}gH2'

(a) (5 points) Compute the hyperbolic distance dyz(P, Q) between P = (0,1) and the
point @ = (1,1).

(b) (5 points) Compute the length [(~;) of 71, and use Part(a) to conclude that v; is
not part of a hyperbolic line.

Hint: Given a hyperbolic line L containing P,Q € H?, the length of the bounded
part in L between P and (), must be the distance dyz2(P, Q).

(c) (10 points) Show that the length I(7y) strictly decreases as k — oo increases.
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5. (20 points) For each of the ten sentences below, circle whether they are true or false.
You do not need to justify your answer.

(a) (2 points) There exist no parallel hyperbolic lines in (H?, dyz).

(1) True. (2) False.

(b) (2 points) Any two lines L1, Ly C K in the Klein bottle must intersect once.

(1) True. (2) False.

(c) (2 points) A triangle T' C (H?,dyz) can have arbitrarily small interior angles.

(1) True. (2) False.

(d) (2 points) A triangle T' C (S?, dg2) can have three interior right angles.

(1) True. (2) False.

(e) (2 points) There exists a triangle T C C in the Euclidean cylinder with two interior
right angles.

(1) True. (2) False.

(f) (2 points) Anisometry f € Iso(S?) which fixes the three points (0,0, 1), \%(0, 1,1),(0,1,0)
in the 2-sphere S%, must be the identity.
(1) True. (2) False.

(g) (2 points) Let P,@Q € S? be two points in the 2-sphere S?, then there exists a
unique line L C S? containing P and Q.

(1) True. (2) False.

(h) (2 points) The product of two reflections 71,7, € Iso(S?) is a rotation.

(1) True. (2) False.

(i) (2 points) The product of two reflections 7,7, € Iso(R?) is a rotation.

(1) True. (2) False.

(j) (2 points) The stereographic projection my : S*\ {N} — R? sends triangles in S?
to triangles in R2.

(1) True. (2) False.



