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5 problems.
the instruc
your initials

You are required to show your work on each problem on this exam. The following rules apply:

(A) If you use a lemma, proposition or the
orem which we have seen in the class or
in the book, you must indicate this and
explain why the theorem may be applied.

(B) Organize your work, in a reasonably neat
and coherent way, in the space provided. Work
scattered all over the page without a clear or
dering will receive little credit.

(C) Mysterious or unsupported answers will
not receive full credit. A correct answer,
unsupported by calculations, explanation, or
algebraic work will receive little credit; an in
correct answer supported by substantially cor
rect calculations and explanations will receive
partial credit.

(D) If you need more space, use the back of the
pages; clearly indicate when you have done
tIns.

ProbLem Points Score

1 20

2 20

3 0

4 20

5 20

Total: SO

Do not write in the table to the right.
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1. (20 points) (Rotations in 1W2) Consider the two points P = (0,0),Q = (1,0) 2 in
the Euclidean plane. Solve the following parts:

(a) (5 points) Let R12 be a rotation of angle ir/2 centered at P. Compute the image
Rp,77(3, 3) of the point (3,3) E R2 under the isometry p,/2.

‘-c1 (3•3) =

(b) (5 points) Let RQ._/2 be a rotation of angle —r/2 centered at Q. Compute the
image Rq._r12(4, .5) of the point (4,5) e 1W2 under the isometry RQ_,/2.

,Q’I)

(c) (5 points) Let (x, y) C R2 be any point. Where does (a:, y) C R2 get send under the
composition Rq,_,q2 o Rp,,q2 ?

(d) (5 points) Show t.hatBq._,q’oRp,ri2 = t(+I.l).
. —,

(K’,,

[co)

,:.,2L
ro -(

0

ro —r r 3
Li oj’ [-]

‘1-

t — , 0)C

‘(io) L- c—’, ‘)

4_iz17
(3, r) t— 3)

C’-’f it ‘ Ii
7-

(xl
y fL’,1) )

I

—I)

3

s ( I
2- t

jl

So 7E (

4 Tt,I1(
c’,-’) , -

—

on-c



L
J

(I

I
’

V

_
0

0
l‘I

I
.

I
a

-v

o

C
I’c

1’
4

R
J1H

E
j
j
o

CC
l

0C
lLiI-.

-oPx

4
-Z

Li
4-Z0z

4t
lb

=

L
i

C

4
d

0
t

U
IH0

c-I

‘ruI
—

o
—

o
II—

0
H

I-.
o

—
;

0
+

i
i

C
—

•
-
tC
l

C

—
n

C6

II
1k1kIt•s

is.
at0x(CC0
—

I
0
1

I

ci

1-

N
-

-
T

h

r

I
4

3
-

-
I

1k0

.I
-

1k

:1
0V

I
iiA

-‘

0
o

s_
_

_
>0(2]

—
‘

V

-4-fC
’

I
)

-
p

I
4

t
I

-d

I

a

0tCzC
IwHC0aLi00LiS0

-CC(2)

C0ato

-
j

0
*tL1:

•%
C’

II

2
-o

4
-;

Li
I-;

0‘
4

a
)[1]

4
—C0a

r
‘
J
r

S

-C

S
a

-1



Sninic i\lidt.rrti Exniiiitiatioii — F’age 1 of U February 7 2020

• •

______________
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• •

(b) (5 points) Find a fundamental domain D c R2 which contains P C JR2.

TL o%(X,f’E (Q1..

(c) (5 points) Consider P =

Show that the line {(x, y)

& 2SI

— — -

a:’

-4

Z•c)

(2,3), Q = (0.5, —7.5) C JR2/F as points
e r . = y} C T2 contains both P and Q.

I

& 731

i.i (a..’).

7
14r.,.L

°‘-::?‘-‘,

a—-4-
I

3. (20 points) (P-Geometry for the 2-Torus) Let T2 = JR2/P be the Euclidean Torus,
where F = (t(o,l), t0,o)) ç Iso(JR2) is the group generated by the two translations

t(o,i),t(i,o) JR2 —* JR2.

(a) (5 points) Draw the F-orbits of the two points P = (2,3), Q = (0.5, —7.5) C JR2.
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in the 2-torus.

. T, j (z,3 (o,o’) e

k T2, 0 Co .ç7 c (o. r, p. r)

(d) (5 points) Find all lines L ç T2 such that P, Q C L.
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4. (20 points) (Geometry in the Twisted Cylinder) In this problem, all points and
lines are considered in the twisted cylinder Al = R2/F, where F = (t(l,o) or) c Iso(R2).
Solve the following parts:

Q (a) (5 points) Consider the points P = (0,0), Q = (09,
Find the three distances d(P, Q), d(P, 1?), d(Q, R) C Al

e

UoSc ; tQ1 cc. (:1-ic c4

S.V
(d) (5 points) Show that ven two

H = {c,y) C Al : y = b} ç Al,
T such that H fl 7j = 0.

SM-i. ‘i-L LW4a
Co .4- _3—— i__

c[arj, c9 2

0 Cc c

‘-I

.4 a 4

0.2), B = (5.9, —0.2) C Al.

•cQ

(b) (5 points) Find theintersection points between the line
and the line {1y) C Al : x = —j.’} ç Al.

{G y) C Al x = 0.5} C Al

‘I”

(c) (5 points) Find two lines K, L C Al such that IL fl K1 = 2.

{H = 1o3

points S T e Al in the complement of the line
there exists a continuous path 7 ç Al from S to
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5. (20 points) For each of the ten sentences below, circle whether they are true or false.
You do not need to justify your answer.

(a) (2 points) Two lines K, L C T2 cannot intersect at more than one point.

(flTrue. e.

(b) (2 points) Let F C Iso(R2) be a discontinuous subgroup. Then an isornetry g E F
cannot have fixed points.

i(- ;&4 .j- C.w
(1) True. . k&-tsy poLt4.

(c) (2 points) The composition of an even number of reflections cannot be a reflection.

lr±(n,tN s c.. aaajr.-.p. Ce,.’ crt
(2) False.

(d) (2 points) A glide reflection admits infinitely many fixed points.

b%Q’- r4I-..-—
(1)True. (2 Fals. )

(e) (2 points) For any glide reflection C Iso(R2), there exists a glide reflection
r C Iso(R2) such that r2 Yi = Id.

j.- -tk+- ; ‘-‘-—

(1)e. (2) False. H-aL3-’—
(f) (2 points) An isometry fc Iso(R2) which fixes (0,0), (3.4), (—6,6) ER2 must send

the point (—5,9.8) to the point (—5,9.8), i.e. it will fix the point (—5,9.8).

t’Lt_,.c 7o.c-1 o-(t

(2) False. 4 ç i j.

(g) (2 points) For any pair of points P, Q C K in the Klein bottle, there are infinitely
many distinct lines L ç K containing P, Q C K.
(1). (2) False. Oc-. tL t+;- -- po:i- L 1R

(h) (2 points) There exist rotations fig0, RQ0 C Iso(R2) such that the composition
figo o RQ, is not a rotation.

(2) False.

(i) (2 points) Two lines L, K C Al in the twisted cylinder either intersect 0,1 or in
finitely many times.

(1) True. (2)e.

(j) (2 points) Let F ç Iso(R2) be generated by a finite number of translations, Then
there exists a fundamental domain D C R2 of finite ares.

(1) True. (@se. r < *Cua °))
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