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This examination document contains 6 pages, including this cover page, and 5 problems.
You must verify whether there any pages missing, in which case you should let the instruc-
tor know. Fill in all the requested information on the top of this page, and put your initials
on the top of every page, in case the pages become separated.

You may not use your books, notes, or any calculator on this exam.

You are required to show your work on each problem on this exam. The following rules apply:

(A) If you use a lemma, pmp?sition or the- Problem | Points | Score
orem which we have seen in the class or
in the book, you must indicate this and 1 20
explain why the theorem may be applied.
(B) Organize your work, in a reasonably neat 2 20
and coherent way, in the space provided. Work
scattered all over the page without a clear or- 3 0
dering will receive little credit.
4 20
(C) Mysterious or unsupported answers will
not receive full credit. A correct answer, 5 20
unsupported by calculations, explanation, or
algebraic work will receive little credit; an in- Total: 80

correct answer supported by substantially cor-
rect calculations and explanations will receive
partial credit.

(D) If you need more space, use the back of the
pages; clearly indicate when you have done
this.

Do not write in the table to the right.
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1. (20 points) (Rotations in R?) Consider the two points P = (0,0),Q = (1,0) € R? in
the Euclidean plane. Solve the following parts:

(a) (5 points) Let Rpy /2 be a rotation of angle 7/2 centered at P. Compute the image
Rp.x/2(3,3) of the point (3,3) € R? under the isometry Rp /2.

Q?‘r% = [:03:-_2- "5--4-1-1.] [ -{1
b D
™ Reg 0= [0 07031 - 03] - -3, 3)

(b) (5 points) Let Ro —xs2 be a rotation of angle —7/2 centered at @. Compute the
image Rg,-x2(4,5) of the point (4,5) € R? under the isometry Rg,-z/2.

Aa|'£ = Q-.ﬁ (-6{_¢| "} = ‘&Ct,e) (—D-l Olt("‘l°)

z U 2y

-&C-l;o) 'Q ﬂ[,_ 1‘:(,,,)

(4,5) —>s (3, ) —> (‘f’-B)»—-—-)I(e—B)i

(¢} (5 points) Let (z,y) € R? be any point. Where does (z,y) € R? get send under the
composition RBg,_x/20 Rpxa 7

61 port (), ‘QQ""‘ Q?,f_("f‘l)* €ey, iy (xeg)

(X+\,‘-{+t)—l

(d) (5 points) Show thatEQ,_,,/ao Rpxpe = Lig1,)-

-

So Re-LeReg = T -0

And ?t(”-l)( ()(; ‘1) = ‘F":LU"l) (X’-'-’)

Vecse is (4-—‘1-_‘.1.’3 : rlx+l, —q-1)
, - (X"'(/ "[l—l)

:'{:Ct,t}(‘(.y
<n[£0-—ﬁ o 7 . ~ L _\\\ d
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2. (20 points) (Reflections in R2?) Consider the two lines Ly = {y =0}, L, = {z =y} C
R? and the two lines My ={z =y +1},M; = {z = -y + 1} C R%

(a) (5 points) Show that the only fixed point of the Isometry Ti, 0 FL, is (0,0).

Drgum Ginen ,_Sé—- ey, = __'rf = C—'o],

® Caperd s~ Gond gyt g [31- [201405] - (41

5 = —
o X “f.-— XJ So X =20, “1= o,

go (olo\ f’s L—(l\_o Ob\.} L""-J— Pal-.
(b) (5 points) Prove that the the i iometry TM, OTh, ©TL, ©T 1, is & fTrowshatigh.
Rorrre s Cotontion

-G

(c) (5 points) Show that there exist two lines Ny, N; C R? such that

.1-".‘1,;1 Q FMu o] FL1 Q FLu = FN; OFNn-
o l:wv-b

1 G\L'V-’C_

(d) (5 points) Find the image of a point (z,y) € R? under the isometry Tpy, 0 Ty, .

W .
' R (4 -4
ﬁ é L an 3 M, cwx (-ﬁ“-l/{ wt-kl»— - Char (-%“\;__/ --2‘)

C(f?n-\_ L o P'\,,/ 5o ?;\'a E‘l (J(..v]\

= -{’C o-1) (x, L”

:F(M—‘, ‘1—-\)7
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3. (20 points) (I-Geometry for the 2-Torus) Let 72 = R?/T be the Euclidean Torus,
where T' = (t(o,1), t(1,0)) € Iso(R?) is the group generated by the two translations

t(g’l),t(l'g) - R? — R®,

(a) (5 points) Draw the [-orbits of the two points P = (2,3),Q = (0.5, -7.5) € R?.

A
E‘1 4 @
a8 :,.' .
* .' . L]
L ] . oF
'.q a4 - .1.,.0 ¥
WT-T-'.‘.' Ce
L] )
s * ® tl e a a @
N2

(b) (5 points) Find a fundamental domain Dr C R? which contains P € R%.
2. - —
T"\\’Lﬂ. D(={(Jc,\1\elQ . LS "—Xé’)..sl '2_,-,-5._-.14355 C Rl

(vmuy hicas work) Cr535)- - = - - 4 C2.635)

(!'ffz"r) (1-52.5)

(¢) (5 points) Consider P = (2,3),@ = (0.5,—7.5) € R?*/T as points in the 2-torus.
Show that the line {(z,y) € T? : z = y} € T? contains both P and Q.

\w "\'7'/ F= (2,3) = (9,0) e ?x:;ﬁ

—_7

PN ., QA= (Oﬁ',-—?.i’): (O-Y,o.y') e fx =47

(d) (5 points) Find alllines L € T such that P,Q € L.
An7 ]:'n—b Crnm-e 0{-'; L{V"’ +o P'." l“ -~ (KB .
Uf\-l— JJ.L,L(H'C, -k...ch\,'a‘M o Vw‘g - & th!-uu..-g...,-hap JpM:h

&
¢ Z..'h.e— My 9 g0 -l—&ra-yL 9’:'}'.‘“, 5o o5t be f&:*—,.—.@x}
C T

¢ I"\. ﬂ;\?-/ e s[\‘_.[cl L\/;*' G- Co'f""“, 0-‘5_4-“«.\
‘S’"” "\,W\e‘l

So D.S4m = o((o.r.f.,\\“.,g o = -:;-i"_*_' Call dilles

et 7 5[°P'“\.

L:w e ye e CJ"W" ;P\'f =1x . Paew ﬂ"l"lz
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4. (20 points) (Geometry in the Twisted Cylinder) In this problem, ail points and

lines are considered in the twisted cylinder M = R?/T, where ' = (1,0 o T} C Iso(R?).
Solve the following parts:

(a) (5 points) Consider the points P = (0,0),Q = (0.9,0.2), B = (5.9,~0.2) € M.
Find the three distances d(P, @), d(P, R),d(Q, R) € M.

X New Q-R, 5, d(ar)=[0]

Y 10 N S AP A
SRRV RIS | ]

L,
(b) (5 points} Find the intesseabion points between the line {lz,y) EM :z =035} C M

All CJoSE-_'«;,) w RF e ‘_3{:«[»% -4
II(.D.S'/-—O.S_-I-QJ‘) . ne—ﬂﬂ Tlese ecc
all ch*-ﬂ-'.nq. w M.
(c) {5 points) Find two lines K,L C M such that |[LNK|=2.

]<-:. {\,l-_-,\‘g o & sz)(:os \_,Jo(L‘

LE.

(d) (5 points) Show that %iven two points S,T € M in the complement of the line

H = {(z,y) € M :y =78} C M, there exists a continuous path vy C M from S to
T such that |H Ny =0.

Saer  bephe o [alies
Con be COV‘-\#*—!’..J—“—-L/
C[-a-.rb Guy 2L paiate wiHu
Ul__._g Uf%- O Ca {a-Q, Lgv\v\—c.f_,l-'-L.
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5. (20 points) For each of the ten sentences below, circle whether they are true or false.
You do not need to justify your answer.

(a) (2 points) Two lines K, L C T? cannot intersect at more than one point.

(1) True. @e.

(b) (2 points) Let I' € Iso{R?) be a discontinuous subgroup. Then an isometry g € T
cannot have fixed points. .
-*rr_,u .Am-l—'b wow O e C“,m_ﬂ
(1) True. (@e Rty peint,

{c) (2 points) The composition of an even number of reflections cannot be a reflection.

(o"' (€Y 15 = elosnd 9cevp. (a3 an
(1@. (2) False. } : - o\uj,:;,)-

(d) (2 points) A glide reflection admits infinitely many fixed points.
/-\n) non  Qure cattectom 9 [ e C'w--t-a

(1) True. (2@. i oo
(e) (2 points) For any glide reflection 7; € Iso(R?), there exists a glide reflection

72 € Iso(R?) such that 7, o7, = Id.
D:S-v (J--p{-cc-i—- M e saee e

(1@& (2) False. b‘,.\— -f'(hhglc\‘l"" Lc..._.L\u- a../J_J;
(f) (2 points) An isometry f € Iso(R?} which fixes (0, 0), (3, 4), (-6, 6) € R? must send
the point (—5,9.8) to the point (—5,9.8), i.e. it will fix the point (-5,9.8).
ca_ ‘llb'@k(, 70

(@e (2) False. -rLM_éL 5 i:‘w\:J‘LJ_:PQ(._HA C

(g) (2 points) For any pair of points P, € K in the Kleln bottle, there are infinitely
manﬁstmct lines L C K containing P,Q € K.

(1 Try @) False. Oior e loktion sl points in [BS_O0mmany

flof-l_ﬁ
(h) (2 points) There exist rotations Rpg, Rgs € Iso(R%) such that the composition eare. L
Rpg o Rg 4 is not a rotation. pemb

Jew HW2, Oolten Y, ..
(@‘ 108 6.

2} Fal
( ) 5 IQ 2 Q"" = Ro -t QQ ‘rf'--\-:L\l-:‘-..
(i) (2 points) Two lines L, K C M in the twisted cyhnder either 1ntersect 0,1 or in-

finitely many times.

(1) True. (2)@}& Tea Jeey ol PV .

(3} (2 points) Let I" C Iso(R?) be generated by a finite number of translations. Then
there exists a fundamental domain Dr C R? of finite area.

{1) True. (2) False. r= < {C\,o) ) -&(\F)_,o)>
6\4“-: -0 }'-"J" Ol‘



