
Notes on the Laplace Transform for Math 22B
based on Chapter 6 of Boyce and DiPrima’s Elementary Differential Equations and Boundary Value Problems.

Section 6.1: Definition of the Laplace Transform.
Definition. A function f is piecewise continuous on an interval ↵  t  � if the interval can be partitioned by a finite number of
points ↵ = t0 < t1 < · · · < tn = � so that
(i) f is continuous on each open subinterval ti�1 < t < ti, and
(ii) f approaches a finite limit as the endpoints of each subinterval are approached from within the subinterval.
Theorem 6.1.1. Assume f is piecewise continuous for t � a.
(i) If |f(t)|  g(t) when t �M for some positive constantM , and if

R1
M g(t) dt converges, then

R1
a f(t) dt also converges.

(ii) If f(t) � g(t) � 0 for t �M , and if
R1

M g(t) dt diverges, then
R1

a f(t) dt also diverges.
Theorem 6.1.2. Suppose that f(t) is piecewise continuous and of exponential order as t!1, i.e.
(i) f(t) is piecewise continuous on the interval 0  t  A for any positiveA, and
(ii) |f(t)|  Keat when t �M > 0, whereK > 0 and a are real constants.
Then, the Laplace transform

L{f(t)} = F (s) =
Z 1

0
e�stf(t) dt

exists for s > a.
Fact. The Laplace transform is a linear operator. I.e., if f1 and f2 are two functions whose Laplace transforms exist for s > a1

and s > a2, respectively, then, for s greater than the maximum of a1 and a2,

L{c1f1(t) + c2f2(t)} = c1L{f1(t)} + c2L{f2(t)}.

Section 6.2: Solution of Initial Value Problems.
Theorem 6.2.1. Suppose that
(i) f is continuous and f 0 is piecewise continuous on any interval 0  t  A, and
(ii) there exist constantsK , a, andM such that |f(t)|  Keat for t �M .
Then, L{f 0(t)} exists for s > a, and

L{f 0(t)} = sL{f(t)}� f(0).

Corollary 6.2.2. Suppose that
(i) f, f 0, . . . , f (n�1) are continuous and that f (n) is piecewise continuous on any interval 0  t  A, and
(ii) there exist constantsK , a, andM such that, for t �M ,

|f(t)|  Keat, |f 0(t)|  Keat, . . . , |f (n�1)(t)|  Keat

Then, L{f (n)(t)} exists for s > a and is given by

L{f (n)(t)} = snL{f(t)}� sn�1f(0)� · · ·� sf (n�2)(0)� f (n�1)(0).

Using the Laplace transform to solve a differential equation.
1. Use the above definition of L{f(t)} and the above results regarding L{f (n)(t)} to transform an initial value problem for an
unknown function f in the t-domain into an algebraic problem for F in the s-domain.
2. Solve this algebraic problem to find F (s).
3. Recover the desired function f from its transform F by “inverting the transform,” i.e.
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The following table for inverse Laplace transforms is from page 321 of BDP. Note that the inverse Laplace transform is linear.
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