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Abstract

In this dissertation, I show that a higher genus generalization of the be-Motzkin numbers satis-
fies a topological recursion. These be-Motzkin numbers are themselves a generalization of Catalan
numbers, and, remarkably, the topological recursion satisfied by these generalized be-Motzkin num-
bers is identical, up to a change of variable, to the topological recursion which had previously
been proved for generalized Catalan numbers by Olivia Dumitrescu and Motohico Mulase. This
topological recursion is an example of the Eynard-Orantin topological recursion, and it is one of
multiple topological recursion formulas which have come from counting problems in combinatorics.

In the process of obtaining this topological recursion, I show that my higher genus general-
ization of be-Motzkin numbers, which can be defined via an analogy with coloring graphs with v
vertices on the genus g surface, satisfies a recursive formula, and, further, that the discrete Laplace
transform of these numbers satisfies a differential recursion. It has been observed that the discrete
Laplace transform of edge contraction operations in many graph counting problems corresponds to
a topological recursion, and my example of the be-Motzkin numbers is no exception.

Additionally, this definition of a higher genus generalization of be-Motzkin numbers also leads
to some identities and closed-form expressions for generalized Catalan numbers, in the case of small
genus g and small number of vertices v. These results can be proved using the generating functions
for these generalized bc-Motzkin numbers, and in this dissertation I show that these generating
functions satisfy a recursive formula. Using the computer algebra system Mathematica to aid in
computations, I obtain explicit generating functions for the generalized bc-Motzkin numbers for
some cases of small (g,v). Then, based on these examples, I form a conjecture regarding the

general form of the generating functions of these generalized be-Motzkin numbers.

v



Acknowledgments

I would first like to thank my thesis adviser, Motohico Mulase, for many helpful conversations
both about this project and about mathematics in general. I remember a fascinating conversation
one morning about the mathematics behind rainbows leading to a recommendation to read notes
written by him and Olivia Dumitrescu, which then led to me studying topological recursion formulas
which come from combinatorial counting problems, and finally led to this research project. I
especially appreciate Motohico allowing me the freedom to pursue potential research projects which
interested me and which I felt I could progress on, while still providing encouragement, guidance,
and advice when I would get stuck.

I am very grateful to the many faculty members of the UC Davis mathematics department who
have helped and encouraged me throughout my graduate career, in particular Tudor Dimofte, Joel
Hass, John Hunter, Duane Kouba, Blake Temple, Becca Thomases, and Abby Thompson, and all of
the math department main office and IT department staff, especially for their efforts while working
remotely during the COVID-19 pandemic. I would also like to thank the UC Davis mathematics
department for their financial support during my time studying here as a graduate student, as
well as the generous donors for the UC Davis Schwarze Scholarship in mathematics, whose funding
helped to make the completion of this project possible.

I am also very thankful to have had the opportunity to take classes from many excellent profes-
sors during my undergraduate career, and their dedication to student success has both helped me
to succeed at my studies in graduate school as well as inspired me to pursue a career in teaching and
education. I would especially like to thank John Lott and Alexander Melnikov from UC Berkeley,
and Erik Dunmire, Noel Robertson, and Irina Roderick at College of Marin.

Last, but certainly not least, I would like to thank my family and friends for their support
and encouragement throughout my college and graduate school studies, especially those who have
helped me to improve my problem solving, critical thinking, and communication skills. Without
them, this project likely would not have been completed. And, thanks also go to my (stubborn)
high-mileage Toyota 4x4, which has taught me that many hard problems are solvable, but it just
might take a while. Most of my biggest breakthroughs on this thesis problem have occurred when

I was actually trying to diagnose a long-standing unsolved issue on my Toyota.

v



CHAPTER 1

Introduction

Topological recursion was first introduced by Chekhov, Eynard, and Orantin in their 2006
paper [4] (see also [12] for a more precise initial definition of topological recursion), but instances of
such formulas started appearing earlier. In their paper, the recursion structure was used to calculate
multi-resolvent correlation functions of random matrices. However, a topological recursion-like
formula had also appeared in a geometry problem before this. Mirzakhani’s recursion formula
for the Weil-Petersson volume of the moduli space of genus g bordered Riemann surfaces with
n geodesic boundaries, which she proved in her thesis in 2004 (see [17] and [18]) was shown by
Eynard and Orantin to also satisfy a topological recursion after applying the Laplace transform
(see [13]).

Since then, many examples of topological recursion formulas have been discovered. As dis-
cussed in the preface to [16], such formulas have appeared in topological quantum field theory
and cohomological field theory, intersection numbers of cohomology classes on the moduli space
My, of stable curves, Gromov-Witten theory, A-polynomials and polynomial invariants of hy-
perbolic knots, WKB analysis of classical ordinary differential equations, enumeration of Hurwitz
numbers, Witten-Kontsevich intersection numbers, and moduli spaces of Higgs bundles (see, for
example, [2], [5], [8], [11], [22], [23]).

Further, topological recursion formulas have also come from various different counting problems
in combinatorics, such as counting Grothendieck’s dessins d’enfants, and more general counting
problems related to graphs drawn on surfaces (see [3], [9], [6], [19], [21]). One example of this is
a generalization of the Catalan numbers, which is described in detail in [7] and is also discussed
briefly in Chapter 2 of this dissertation. This topological recursion for the generalized Catalan
numbers is what prompted this author to look for a topological recursion based on bc-Motzkin
numbers, which can be viewed as a generalization of the Catalan numbers. It has been observed

in [9] that the discrete Laplace transform of edge contraction operations in many graph counting
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problems corresponds to a topological recursion, and this can be seen in the examples mentioned
above, as well as for the be-Motzkin numbers, which will be described later in this dissertation.
More generally, the Laplace transform can be identified as a mirror symmetry between the A-model

side of enumerative geometry and the B-model side of holomorphic geometry.

Now, what, precisely, is topological recursion? We will not discuss the original definition of
topological recursion in detail in this dissertation. The reader is referred to the excellent survey
papers [10] by Eynard and [1] by Borot to learn more about topological recursion. We will, however,
give a short definition of topological recursion, tailored to the specific case of our combinatorial
examples. This combinatorial definition of topological recursion, which is a special case of the more

general definition, is as given in [9].

DEFINITION 1.0.1. Let t be a choice of coordinate on the one-dimensional complex projective
space P'. The spectral curve of genus 0 is the data (3, 7) consisting of an open Riemann surface

Y of genus 0 realized as an open subset of P', which has a simply ramified holomorphic map
183t n(t) =z c P!

such that its differential dz has only simple zeros. Let R = {p1,p2,...,pr} C X denote the ram-
ification points, and let U = Ui_,U; denote the disjoint union of small neighborhoods U; around
each pj, such that m : U; — w(U;) C P! is a double-sheeted covering ramified only at pj. We
denote by t the local Galois conjugate of t € U; (i.e., interchanging the two sheets). The canonical
sheaf of ¥ (i.e., the sheaf of holomorphic 1-forms on ) is denoted by K. Because of our choice of
coordinate t, we have a preferred basis dt for K and 0/0t for K~='. The meromorphic differential
forms Wy o(t1,t2,...,ty) on XY are said to satisfy the Eynard-Orantin topological recursion if the
following conditions are satisfied:

(1) Woa(t) € H(Z,K).

(2) We have

dty - dts dxy - dzy 0 2
Woolti,te) = ———— — 1" ———= c H (Y x &, K®?(2A
0,2(t1,t2) G0 " o=z € H(X x ,K%%(24)),

where A is the diagonal of ¥ x X.



(3) The recursion kernel K;(t,t1) € HO(U; x 3, (ICEJ,1 ®K)(A)) fort € Uj and t1 € X is defined by

1 [ Woalt1)

Kt t1) = 3 Wor () = Wor ()"

The kernel is an algebraic operator that multiplies dt, while contracting dt.
(4) The general differential forms Wy, (t1,t2,. .., t,) € HO(ZY, K(xR)®°) are meromorphic sym-
metric differential forms with poles only at the ramification points R for 29 —2 4+ v > 0, and

are given by the recursion formula

1 « -
Wgﬂ,(tl,tg,...,tv) = 7271’1' E 7{ Kj(t,tl) |:ng,v+1(t,t,t2,...,tv)
, U,
]:]_ J

i Z Wor i1 (Gt Wey 1141 (8 21 |-
g1+g92=g, ILUJ={2,...,v}, no (0,1) terms

Here, the integration is taken with respect to t; € U; along a positively oriented simple closed
loop around pj, and t; = (t;)ier for a subset I C {1,2,...,v}.
(5) The differential form Wy 1(t1) requires a separate treatment since Wy o(t1,t2) is reqular at the

ramification points but has poles elsewhere.

Wia(t) = Qim Z%] K;(t,t1) [Wo,z(u,v) + W*M]
=17U;

szj'{ 1) [ dt—f)g]'

Let y : ¥ — C be a holomorphic function defined by the equation

u=t,v=t

Woi(t) = y(t) dx(t).

Equivalently, we can define the function by contraction y = ixWy 1, where X is the vector field

on ¥ dual to dx(t) with respect to the coordinate t. Then, we have an embedding

¥ 3t (x(t),y(t)) € C



(6) If the spectral curve has at most two branches, then we choose a preferred coordinate t with the
branch points located at t = oo and t = 0. This results in differentials Wy, that are Laurent

polynomials in t and serves to simplify many of the residue calculations.

1.1. Main Results

For the main result of this dissertation, we show that a higher genus generalization of the
be-Motzkin numbers, which were originally defined by Zhi-Wei Sun in 2014 as a generalization
of the Motzkin numbers (see [24]), satisfies a topological recursion. It is known (see [7]) that the
Catalan numbers can be given a higher genus analogue, and this generalization satisfies a topological
recursion. Thus, it is a natural question to ask whether the be-Motzkin numbers, which are defined
in terms of Catalan numbers, also satisfy a topological recursion.

We have proved that this is indeed true, as given in the following theorem.

THEOREM 1.1.1. Define symmetric v-linear differential forms on (PY)V for 2g—2+4v > 0, called

Eynard-Orantin differential forms, by
W%(b’c)(tl, to, ... ,tv) = dtl s dtvF%(b’c)(tl, to, ... ,tv),

and for (g,v) = (0,2) by

M (b,c) dty dto
1% t,te) = ——2_
0,2 ( ) (tl _ t2)2
Here, Fg]\,{,(b’c) (t1,to,...,ty) is the discrete Laplace transform of the generalized be-Motzkin numbers.

Then, these differential forms satisfy the following integral recursion formula:

i 11 1 T \#2-1)31
WM (1) by, .. ty) = ——— —dt
go it b) = —e s irn a2 a™

- Mb,c Mb,c -~
: [Z( PNt )W (b by, T t)
j=2

M (b, M (b, ~
+ Wb (—t )W (1o, T ,tv)>
M(b,
Wt b, )
M (b,c) M (b,c)
+ Z ng,|1|+1(t’tf)Wg2,|J|+1(_t7tJ)
g1+g2=g, IUJ={2,...,v}, stable
4



where the curve v is as given in Figure 1.1. Here, t; = (ti;, tiy, ... 7ti|1|) for an index set I, and
the notation t/; means that we delete t; from this sequence. The last sum in the above formula
is for all partitions of g and all set partitions of {2,...,v}, and the “stable” summation means

291+ |I| = 1> 0 and 2go + |J| — 1 > 0.

1 Y

N
[/

—

Fi1cUre 1.1. The curve 7.

Our topological recursion for generalized be-Motzkin numbers gives yet another example of a
topological recursion formula that comes from a combinatorial counting problem. What is remark-
able is that this topological recursion is identical to the topological recursion for generalized Catalan
numbers given in [7] (also see Chapter 2 of this dissertation), with the only difference being that
we have made a change of variable depending on b and c¢. All this will be described in more detail

in subsequent chapters of this dissertation.

In the Catalan case, an analogy with counting graphs on the genus g surface was used to

generalize Catalan numbers to the case of higher genus and greater number of vertices. The kth

1 /2
C’“k+1<k>

The first few Catalan numbers for n =0,1,2,3,... are

Catalan number is given by

1,1,2,5, 14,42, 132, 429, 1430, . ..

Catalan numbers appear in numerous different counting problems. For example, the kth Catalan
number (roughly) counts the number of graphs drawn on a sphere with one vertex and k edges,
where one of the half-edges incident on this vertex is chosen to be marked with an arrow. (See

Figure 1.2.)



=

FiGure 1.2. Catalan graph with three edges.

This graph analogy leads to the definition of generalized Catalan numbers, from which a dif-
ferential recursion formula on the discrete Laplace transform of these numbers can be proved, and
this subsequently gives a topological recursion (see [7]).

Thus, it is natural to ask if any other numbers frequently appearing in combinatorial problems
admit a generalization of this kind, and if this generalization satisfies a topological recursion. Our
focus in this dissertation is to study bc-Motzkin numbers, which are themselves a generalization of
Motzkin numbers.

The nth Motzkin number is defined in terms of the Catalan numbers as
[n/2] n
M, = kZ:O <2k> C..
The first few Motzkin numbers for n = 0,1,2,3,... are
1,1,2,4,9,21,51,127,323, ...

Motzkin numbers were first introduced by Theodore Motzkin in 1948 in his paper [25]. There are
many different well-known combinatorial interpretations of Motzkin numbers. For example, the nth
Motzkin number counts the number of routes on a grid from the coordinate (0,0) to the coordinate
(n,0) in n steps, subject to the requirement that the path does not cross below the z-axis. (See
Figure 1.3.)

The be-Motzkin numbers are defined by



%%M*Hx
7H<£:ﬂ7<i:

N

FIGURE 1.3. All possible Motzkin paths for n = 4. (Image credit: Wikipedia.)

where b, ¢ € N. These numbers were introduced by Zhi-Wei Sun in 2014 (see [24]), and they appear,
for example, in the work of lattice models of statistical physics.

In particular, when (b,c¢) = (1, 1), we recover the definition of Motzkin numbers,
M, (1,1) = M,,.
And, Catalan numbers are the special case of be-Motzkin numbers when (b, ¢) = (0, 1),
My (0,1) = C,.

Thus, we can also consider these bc-Motzkin numbers as a generalization of Catalan numbers, as
well as a generalization of Motzkin numbers.

This leads us to ask the following questions.
QUESTION 1.1.1. Do the be-Motzkin numbers admit a higher genus generalization?
QUESTION 1.1.2. If so, then does this generalization satisfy a Catalan-like recursion formula?

QUESTION 1.1.3. If we define the discrete Laplace transform for these higher genus be-Motzkin

numbers, does this satisfy a recursion formula? Do we also obtain a topological recursion?

QUESTION 1.1.4. How does the fact that these be-Motzkin numbers are a generalization of Cata-

lan numbers translate into the properties of these recursion formulas?

In Chapters 3 through 6 of this dissertation, we answer all these questions affirmatively by giv-
ing concrete formulas. An unexpected result is that the recursion formula for the discrete Laplace
transform, and hence the topological recursion, is (almost) identical to those for the Catalan num-

bers. The difference between these results for the Catalan numbers and the generalized bc-Motzkin
7



numbers is the coordinate transformation between the defining variables for the discrete Laplace
transform and the variables appearing in these recursion formulas. These coordinate transforma-
tions give a family of deformations of the “spectral curve” of the topological recursion. It is very
interesting to see that a surprisingly simple deformation of the spectral curve produces a vast
generalization of the Catalan numbers.

Note that Catalan numbers are a special case of be-Motzkin numbers, so this is actually a
two-parameter generalization of the results for generalized Catalan numbers.

Further, it is known (see, for example, [27]) that Catalan numbers satisfy the identity

[n/2]
_ n n—2k
Crp1= ) <2k> Crp2v 2k, (1.2)

k=0
Since the right side of this equation is just the be-Motzkin number M, (2, 1), this identity can be
proved by showing that the generating function for C,; is equal to the generating function for
M,(2,1).
Thus, we see that, since the be-Motzkin numbers are defined in terms of the Catalan numbers,
they can be used to obtain identities on the Catalan numbers. This leads us to ask the following

additional questions regarding our higher genus generalization of be-Motzkin numbers.

QUESTION 1.1.5. Do the generating functions for these higher genus be-Motzkin numbers have
a general form, where if we are given g and v then we can determine the formula for the generating

function for the (g,v) generalized bc-Motzkin numbers?

QUESTION 1.1.6. Do these generating functions lead to identities for the generalized Catalan

numbers, similar to the identity given above?

QUESTION 1.1.7. Do these generating functions lead to simple closed-form expressions for the

generalized Catalan numbers?

In Chapters 7 through 9 of this dissertation, we show that the generating functions for the
higher genus be-Motzkin numbers satisfy a recursion formula. We then use this recursion formula
to determine the generating functions of these generalized bc-Motzkin numbers for some cases of

small g and v, and to give a conjecture on the general form of these generating functions. For

8



cases of small g and v, we also show that these generating functions can be used to give some
identities for the generalized Catalan numbers and to determine some closed-form expressions for

the generalized Catalan numbers.

1.2. Organization of this Dissertation

The remaining chapters of this dissertation are organized as follows.

In Chapter 2, we review the results in [7] regarding generalized Catalan numbers, first defining
these generalized Catalan numbers via an analogy with graphs on the genus g surface. This gives
a recursive definition of the generalized Catalan numbers. From this formula, one can then prove
a differential recursion formula on the discrete Laplace transform of these numbers, and from this
formula prove a subsequent topological recursion.

In Chapter 3, using an analogy with counting colored graphs on the genus g surface, we define

the generalized bc-Motzkin numbers as follows.

DEFINITION 1.2.1. For b,c € R with b > 0 and ¢ > 0, we define the generalized be-Motzkin

numbers by
ni n2 Ny n n n
M 1 2
Mg,v(nl,nz,...,nv;b,c)zzZ---Z( >( )(U)
p1=0 p2=0  py=0 K1 H2 Mo

- Cyo(p1, iy - - i) p(natnat-tne)—(pi1tpzt+ o) ittt

Using this definition, in Chapter 4 we give both a combinatorial proof and an algebraic proof

of the following recursion formula for these generalized be-Motzkin numbers:

THEOREM 1.2.1. The generalized bc-Motzkin numbers satisfy the following formula:

Mg o(n1,n2,...,m;0,¢) = bMg(n1 — 1,n2,...,m;b,¢)

v
2 A ~ b
=c { E nj Mgp—1(n1+nj —2,n9,...,1,...,n;b;¢)
i=2

+ Z [Mg1,v+1(C,f,n2,.-.,nv;b,c)

(+&=n1—-2
9



+ D > M911|1|+1(C7n1;bvC)Mgz,|J+1(§anJ§bac)]}

g1+g2=9 TUJ={2,...v}
Note that this is not truly a recursion formula, as the (g, v) term also appears on the right side
in this formula.
Then, in Chapter 5, we show that this recursion formula does actually lead to a differential
recursion formula on the discrete Laplace transform of these generalized be-Motzkin numbers,
R
Z fo” - 1\70,1(0; b,c)logx; if (g,v) = (0,1),

_ n
F%(b’c)(xl, ceeyTy) =

n=1
[e%¢) oo a7
Z Z Mgy o(n1,n2,. .., b, C)g;*m e

PR :U
n1n2 DY nv 1 v ’
ni=1 Ny=1

and with a particular choice of change of variable, this differential recursion formula is identical to

the differential recursion formula for generalized Catalan numbers.

THEOREM 1.2.2. The discrete Laplace transform F%(b’c)(tl,tg,...,tv) satisfies the following

differential recursion formula, for every (g,v) # (0,1),(0,2):

0 w1 L[t (B=1)° 0 S o
aitng,v( 76)(151,752,...,75@):—%2 t%_tQ t% aitng,v—l (t17"'7tj7"'atv)
j=2 J

=1 9 _Fiwe
G )

1~ =1D2[ 0 e 0
_Z(l)[ FM(b,)(tl,...,tj,...,tv)}

t% aitl g,v—1

1 (-1 9 9  §pe
_ 1 9 9 pM@. to, ...t
32 t% 8“1 aug g—l,v+1(u17u27 2 9 ’U) —
1 (82 —1)>3 O L M(be) O M(be)
32 f 2 ot Lot 00 g g (1)

g1t+g2=g, ILJ={2,...,v}, stable

where the “stable” summation means 291 + |I| —1 >0 and 2g2 + |J| — 1 > 0.
We have the initial conditions
O _Mbe),,\ 8t

ot~ 0t ()_(t+1)(t—1)3
10



and

0
oty

(t2+1)

M(bc)
1 t1 to) = .
(t1,2) (t, — 1)(t + t2)

Here, we have used the change of variable ¢; = t;(x;,b, ¢), for i € {1,2,...,v}, defined by

xi—b 4
=24+ .
c +t?—1

In Chapter 6, we show that this differential recursion formula for generalized bc-Motzkin num-
bers leads to the topological recursion given in Theorem 1.1.1 above.
Then, in Chapter 7 we obtain a recursive formula for the generating functions of these gener-

alized be-Motzkin numbers.

THEOREM 1.2.3. Let

g oo oo 3]
M (b,c _ I . ni_.n n
Ggﬂ}( Ny, 29,...,2) = E g E Mg o(ni,ng,...,ny;b,c) xtas? - ay®

n1=0mn9=0 Ny =0

denote the generating function for the generalized bc-Motzkin numbers ngv(nl, N2, ..., My;b,c).

Then,

1 —bx — /1 —2bx + (b — 4c?)x2
2¢% 22

Goi" () =

and

Go (@1, 22) = [1 — 2bay + (0 — 4P)a ]1/2{IIM<“>(551,1;2)}

For (g,v) # (0,1),(0,2), the generating functions satisfy the recursive formula
G%b’c)(xl,xg, cey XTy) = [1 — 2bzy + (b? — 4z ] 1/2 [ZIM(bC)(xl,:UQ, C Xy

R M (b,
+2c%x Zva 1 131,1‘2,...,ZL’j,...,ZL‘v)GO’Q( C)(:L’l,a:j)

2,2 M(bc)
T Gg 1v+1(931,931,$2,...,xv)
+C2x2 Z Gﬁ(b’c) (:E T )Gﬁ(bvc) (.’E T )
1 g1,|[|+1 1,471 92,‘J|+1 1, J

g1t+g2=g, ILJ={2,...,v}, stable

By “stable,” we mean 2g1 + |I| —1 >0 and 2g2 + |J| —1 > 0.
11



M (b,

IIg,U( C)(xlax% 7xv)
- 1x M(be) M(be)

2 145 2 M (b,c ~ 2 M (b,c ~

=c E —— |21 Gy (w1, 02, .., @), .o Ty) — 5 N C (Tj, 2, ..., %4, ...,Typ)
= (z1 — ;)

L1L4 0 | o Mo .
— . —— 25 G (i, e, LT
xy—x; Oxj| 7 97 U@y, @2, By )

and if x; = x1 for j # 1, we take the limit of the above expression for II%,(b’C) (z1,22,...,Ty) as

Tj— T1.

Using this theorem, and the computer algebra system Mathematica to aid in computations,
we obtain explicit generating functions for the generalized be-Motzkin numbers for some cases of
small (g,v), in particular when g +v = 2 and g + v = 3. When g + v = 4, we only compute the
particular case when (b, ¢) = (0, 1), i.e. the case of generalized Catalan numbers, due to the lengthy

computations involved when we work with general b and c.

Lastly, based on these examples computed for G%b’c) (x1,x2,...,2y), we form a conjecture

regarding the general form of the generating functions of these generalized bc-Motzkin numbers.
CONJECTURE 1.2.1. For notational convenience, let
R®) (2;) = [1 — 2ba; + (b* — 4c%)2?).

If (g,v) # (0,1),(0,2), then the generating functions G%(b’c)(:nl,xg,...,xv) for the generalized

be-Motzkin numbers are of the form

M(b,c) _ L1L2 - Ty M(b,c)
Cow @102 80) = G S R0 () - - RO (g o /2L 90 (P12 o),

where:
(i) the exponent a(g,v) = 6g — 3 + 2v,
(ii) P%(b’c) (x1,T2,...,2y) i a polynomial, and
(iii) for v > 2, the polynomial P%(b’c) (x1,21,%2,...,Ty_1) is divisible by [R®) (21)]P9) where

B(g,v) =39 — 3+ v.
12



In Chapter 8, we use the results of the previous chapter to obtain closed-form expressions for
generalized Catalan numbers in the cases when (g,v) = (1,1),(2,1), and (3,1), as well as when

(g,v) = (0,3). This gives the following results.

PrOPOSITION 1.2.1. The (1,1) Catalan numbers are given as follows.

(1) C11(2k+1) =0 for all k.
(11) C11(2k) =0 if k < 1.

(i) C1,1(2k) = WEI) (2:> if k> 2.

PROPOSITION 1.2.2. The (2,1) Catalan numbers are given as follows.

(1) Co1(2k+1) =0 for all k.

(ii) C21(2k) =0 if k < 3.

(iii) Cor(2k) = ﬁ%k(k )k —=2)(k—3) (i’f) if k> 4.

PROPOSITION 1.2.3. The (3,1) Catalan numbers are given as follows.

(i) 0371( )—Ofor all k.
(ii) C31(2k) = 0 if k < 5.
Cs1(2h) = | s+ g5 (k= 6) F gt o (b= 6)(k 7)}
(ii) o ifk>6
~k(/<:—1)(k—2)(k—3)(k—4)(k:—5)<k>

PROPOSITION 1.2.4. The (0,3) Catalan numbers are given as follows.
(i) Cos(a,b,c) =0 if a,b, or c equals zero.
(ii) Cos(a,b,c) =0 if a+ b+ c is odd.
(111) Coz(a,b,c) = (n-m-k) <2n> <2'r7r7> <2k> if a =2n, b=2m, and ¢ = 2k are all even.

n k
(iv) Cos(a,b,c) = %(n -m-k) (2:> (2?:) (2:) if a =2n is even, and b=2m —1 and ¢ = 2k — 1
are odd.
(v) Cos(a,b,c)=—(n-m-k) <2:> <277T> (2:> if b=2m is even, and a =2n—1 and ¢ = 2k — 1
are odd.
(vi) Co3(a,b,c)=—(n-m-k) <2:) (2;?) (2:) if c =2k is even, anda=2n—1 and b =2m — 1

are odd.

13



In Chapter 9, we use the results of Chapter 7 to prove identities for generalized Catalan numbers
in the cases of (g,v) = (1,1) and (g,v) = (0, 2), similar to the identity given in equation (1.2) above
for the case of (g,v) = (0,1).

THEOREM 1.2.4. The (1,1) Catalan numbers satisfy the following relation, for all n.

n

Cra@n—1) =3 (Z) Cra()2m.

n=0
THEOREM 1.2.5. The (0,2) Catalan numbers satisfy the following relation, for all n.
N = n n
S uaten= 3| 305 (1) () Contin 20|
a+b=2n—2 ni+ne=n - pu1=0 u2=0 H1 H1
Finally, in Appendices A and B, we use the computer algebra system Mathematica to compute

exact values of some generalized Catalan numbers and some generalized be-Motzkin numbers, for

small (g, v).

14



CHAPTER 2

Background: Higher Genus Catalan Numbers

In this chapter we summarize some results obtained by Dumitrescu and Mulase in [7], regarding
generalized Catalan numbers.

As discussed in the introduction, the kth Catalan number (roughly) counts the number of
graphs drawn on a sphere with one vertex and k edges, where one of the half-edges incident on this
vertex is chosen to be marked with an arrow. (See Figure 1.2.)

This analogy with counting graphs on a sphere and having one vertex can be extended, and is

used to define the generalized Catalan numbers

Cg,U(:U’lhu’Qv s 7,“”0)7

which count the number of graphs drawn on the (oriented) genus g surface with v vertices that give
a cell decomposition of the surface, where the ith vertex has degree u;, and at each vertex one of
the incident half-edges is chosen to be marked with an arrow (see [7] and [26]).

We will call such a graph a Catalan graph of degree (u1, 2, ..., y) on the genus g surface.

(See Figure 2.1 for an example of such a graph.)

FIGURE 2.1. Catalan graph of degree (6,8) on the genus 2 surface.

Now, the Catalan numbers are known to satisfy the recursion formula,

Co= Y CuCy (2.1)
a+b=n—1

15



This formula has the higher genus analogue given in the following proposition.

PROPOSITION 2.0.1. The generalized Catalan numbers satisfy

v
Cow(pin, iz s o) = Y 1iCom1(pa + 115 = 2, fi2, - i3+ s fiv)

j=2

+ Z |:Cg_1ﬂ)+1(o‘7 /Bu M2y e ey Mv) (22)
a+B=p1—2

T Z Cg17|1\+1(047MI)ng,|J|+1(ﬁ, 1)

g1+g2=g,JUJ={2,...,v}

where pur = (Wi figy - - - ,uim) for an index set I, the notation [t means that we delete p; from

this sequence, and the third sum in the above formula is for all partitions of g and set partitions of

{2,...,v}.

REMARK 2.0.1. Observe that this is not truly a recursion formula, since the (g,v) term also

appears on the right side of the equation.
This formula serves to define the generalized Catalan numbers.

REMARK 2.0.2. With this definition, Cp1(p) is actually the aerated Catalan numbers,

C,2 if pis even,
Coa(m =14 "

0 if p is odd.

In Chapter 4, we will show that the generalized bc-Motzkin numbers satisfy a similar formula,
which reduces to the Catalan formula when b = 0 and ¢ = 1.

To prove this formula, we may proceed as follows. A proof of this result is also given in [7].

PROOF. We start by contracting the edge F corresponding to the arrowed half-edge which is
incident on v;. There are two cases which we need to study.
Case 1. Assume E connects v1 and v; (j # 1).

Contracting E replaces the two vertices v1 and v; with one vertex, of degree p1 4+ p; — 2. To
make this counting bijective, we need to be able to go back to the original graph if we are given

p1 and pj, which are the degrees of v1 and vj, respectively. We do this by putting an arrow on
16



the half-edge next to £ with respect to the counterclockwise cyclic ordering that comes from the
orientation on the surface. (See Figure 2.2.) However, we must first delete the arrow that was
assigned to a half-edge incident on v; in the original graph. So, there are y; different graphs which
produce the same result.

This gives the first term in the Catalan recursion.

X

FiGuRrE 2.2.

Case 2. Assume F is a loop on vy.

Contracting E separates the incident half-edges at v into two collections, with o edges on one
side and (3 edges on the other (note that o or 8 may be zero). Since E is a loop, contracting it
causes pinching on the surface and produces a double point. We separate the double point into
two new vertices. The result may be a surface of genus g — 1, or two surfaces, of genus g1 and g
with g1 + g2 = g. We assign an arrow to the half edge(s) next to E, again with respect to the
counterclockwise cyclic ordering that comes from the orientation on the surface. (See Figure 2.3.)

This gives the remaining terms in the Catalan recursion.

” > <
FIGURE 2.3.

Let us now look at some examples.

ExaMpPLE 2.0.1. Contracting the arrowed half-edge in the Catalan graph of degree 4 on the

genus 1 surface in Figure 2.4 gives a Catalan graph of degree (1,1) on the genus 0 surface.

17



GR=NE

FiGURE 2.4.

EXAMPLE 2.0.2. Contracting the arrowed half-edge in the Catalan graph of degree (4,4) on the
genus 1 surface in Figure 2.5 gives a Catalan graph of degree (4,1) on the genus 1 surface and a

Catalan graph of degree 0 on the genus 0 surface.

@@

FiGURE 2.5.

ExaMpPLE 2.0.3. Contracting the arrowed half-edge in the Catalan graph of degree 6 on the
genus 0 surface in Figure 2.6 gives a Catalan graph of degree 2 on the genus 0 surface and a Catalan

graph of degree 2 on the genus 0 surface.

FIGURE 2.6.

To obtain a topological recursion from Proposition 2.0.1, we first need to look at the discrete

Laplace transform for the generalized Catalan numbers.

18



This is defined by

— C
> ),y Coa(0) logn i (9,0) = (0,1),
ng(azl,xg,...,xv) = (2.3)

Z j: g7 HlaM?a-"a,U'v) —p1— 2 —p
:1':1 :1;2 ...[Ev ”’

=1 =1 H1pe2 - - - oy

and it can be calculated by a recursion formula. The recursion formula is actually a “differential”

recursion, on

0

3t gv(t17t27”'7tv)7
where (t1,t2,...,t,) is a particular choice of change of variables, given by
4 .
1’Z:2+t2j, 16{1,2,,'[)} (24)

7

One may compute from the definition of the discrete Laplace transform, using Proposition 2.0.1

and the above choice of change of variable, that we have

9 o 8t

aFog(t) ST 1P (2.5)
and
B (bt
atho(’;Q(thtz) = o 12)(t1 ) (2.6)

More generally, the following result is given in [7].

PROPOSITION 2.0.2 (Dumitrescu, Mulase, Safnuk, Sorkin ‘13). The discrete Laplace trans-

form F w(tista, ... ty) satisfies the following differential recursion equation for every (g,v) #

(0,1),(0,2).

o o 1 < t; (B-1%0 -
aitng’U(tl,tQ,...,tv):— |:t%—Jt2< t% aitng,v—l(tl""’tj""’tv)
= J

(t? - 1)3 0 C
- F v— (t27 . 7tv)>:|
2 oty o

S o

871ch 1(&,...,@,...,%)}

19



1 (#-12 0 0
_7M77 ¢ (u1)u2’t27"‘7tv)

ul=uz=t
1 (#2—1)3 9 ¢ e
32 2 Z 87151F91,|I|+1(t1’t1) ' 8T€1F927\J|+1(tl’t‘f)’ (2.7)

g1+g2=g, IUJ={2,...,v}, stable

where the “stable” summation means 2g1 + |I| —1 > 0 and 2g2 + |J| — 1 > 0.

Remarkably, the discrete Laplace transform of the generalized be-Motzkin numbers satisfies an
identical differential recursion formula, with the only difference being that the change of variable
from x; to t; depends also on b and ¢. When b = 0 and ¢ = 1, it reduces to the same change of
variables as in the Catalan case.

The proof of Proposition 2.0.2 is very similar to the proof in the bc-Motzkin numbers case (see
Chapter 5), hence a proof of this result is not given here.

The differential recursion formula in Proposition 2.0.2 leads to a recursion in 2g — 2 + v on the

Eynard-Orantin differential forms on (P!)Y, defined by

Wt ta, o ty) = dpy - di, Foy(tr, ta, . f). (2.8)

,U

The resulting recursion formula is called the topological recursion for these generalized Catalan

numbers.

PROPOSITION 2.0.3 (Dumitrescu, Mulase, Safnuk, Sorkin ‘13). For 2g — 2 + v > 0, these

differential forms satisfy the following integral recursion equation:

11 1 T \#2-1)31
WE (t1,ta, ... ty) = —— — —dt
gultys 2 )= G2 W<t+t1+t—t1> 2 dt

v
. [Z <Wgz(t,tj)wgv_1(—t,t2, ot t) F W ()W, (tta, ., ,tv)>
j=2

C c c
F Wiy (b=t b, ) + > Wghuﬂ(t,tf)wg%JHI(—t,tJ)] (2.9)
g1t+g2=g, IUJ={2,...,v}, stable

Here, ~v is the contour in Figure 1.1.

To prove this result, one may apply the definition of the Eynard-Orantin differential forms to

the differential recursion formula in Proposition 2.0.2 to obtain a formula for the Wg (t1,t2, ..., ty),

20



then simplify the integral around the contour v on the right side of the equation in Proposition 2.0.3
to show that the two formulas for ng(tl, ta,...,t,) are indeed equal.

Similarly to the case of the differential recursion formula, the generalized bc-Motzkin numbers
satisfy an identical result, again with the only difference being that the change of variables from
x; to t; now depends on b and ¢. Since the differential recursion formula is identical to the (more
general) be-Motzkin numbers case, a proof of the Catalan case is not given here. The proof of the

topological recursion for generalized be-Motzkin numbers is given in Chapter 6.
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CHAPTER 3

Higher Genus bc-Motzkin Numbers

Recall that in the introduction we defined the be-Motzkin numbers M, (b, ¢) by equation (1.1),
following the definition in [24]. Now, we will define a slightly different version of be-Motzkin

numbers, which are better suited for our purposes in this dissertation, by

/2]
Mo’l(n; b, C) = Z (;) Ckbn_szZk, (3.1)
k=0

where b € R>( and ¢ € Ry.

The difference is that we now write ¢?* rather than ¢*, and we also allow b to be a nonnegative
real number, and we allow ¢ to be a positive real number, instead of restricting to the natural
numbers.

Thus, we may write these (0, 1)-be-Motzkin numbers in terms of the (0, 1)-Catalan numbers as

n

Mo (n;b,e) = (Z) Co1 ()b k. (3.2)

pn=0
We would like to generalize the (0, 1)-be-Motzkin numbers, just as was done for Catalan num-
bers. To do this, we first construct an analogy with colorings of Catalan graphs on the genus g

surface. We are led to make the following new definition.

DEFINITION 3.0.1. Let
Fg,v(nla TLQ, AR} nU; /‘1’17”27 cee ’Nv)

denote the number of ways to color Catalan graphs of degree (1, o, - . ., ly) on the genus g surface,

subject to the following requirements, for all i € {1,2,...,v}.

(1) The degree u; of the ith vertex is less than or equal to the number of colors n; with which the

half-edges adjacent to that vertex can be colored.
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(2) We choose u; colors from the set of n; colors with which to color the half-edges adjacent to the
ith vertez.

(8) The set of n; colors associated with the ith vertex is ordered. Of the u; colors chosen from this
set, the lowest-indexed color is assigned to the arrowed half-edge incident on that vertex, and
the colors increase in ordering as we traverse the edges by going counterclockwise around the

vertez.

Then, we define the generalized be-Motzkin number to be equal to the following weighted sum

of cardinalities of this set:

N ni  no Ny
Mg o(n1,n2,...,ny;b,¢) = Z Z Z IDgu(ni,no, .oy nys o1, 12, - -+ 5 o) |
n1=0p2=0  py=0

L plnatnettne) —(pitpet-tp) Jpatpot o (3.3)

Here, b € R>g and ¢ € Ry.

ExXAMPLE 3.0.1. The degree (6,8) Catalan graph in Figure 3.1 has been colored according
to the requirements in Definition 3.0.1, with 6 colors (kél),kél),kél),kél),kgl),k%)) chosen from
a set of 10 possible colors and assigned to the first vertex vj, going counterclockwise around
this vertex with respect to the orientation on this genus 2 surface and starting with the low-
est indexed color on the arrowed half-edge in the underlying Catalan graph. And, 8 colors
(kgz),kéQ),kéz),kf),kéz),kém,kgz),kéz)) have been chosen from a set of 8 possible colors and as-
signed to the second vertex vy. (The superscript (1) on the first set of colors denotes that they are

to be assigned to the vertex vi, and similarly for vs.)

=S

S

FiGure 3.1.
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REMARK 3.0.1. In the case when g = 0 and v = 1, we see that Definition 3.0.1 gives

n

Mo (n;b,c) = > [T (n; )| b ek,
n=0

and Lo 1(n; )| = (Z) Co,1(pe), since once we have chosen p different colors from the set of n possible

colors, this uniquely determines the coloring on the Catalan graph of degree . Thus, this definition

does indeed coincide with our earlier definition of (0, 1)-be-Motzkin numbers in equation (3.2).

More generally, we have the following equivalent definition of the generalized bc-Motzkin num-

bers, in terms of the generalized Catalan numbers defined in Chapter 2.

DEFINITION 3.0.2. For byc € R with b > 0 and ¢ > 0, we define the generalized bc-Motzkin

numbers by

ny  n2 Ty
ot = 35 353 (1) (1) (1)

#1=0 p2=0 =0

- Cyolin, 2, - - i) p(nitnotetny)—(pitpzt-tpw) pitpzt o (3.4)

Note that, as expected, this definition is symmetric in its arguments n;, since the generalized
Catalan numbers are symmetric in their arguments ;.
REMARK 3.0.2. If (b,¢) = (0,1), then we recover the generalized Catalan numbers,

Mg o(ni,n2,...,1ny;0,1) = Cgo(ni,na, ..., ny). (3.5)

Hence these generalized be-Motzkin numbers are also a generalization of Catalan numbers.
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CHAPTER 4

The Recursion Formula for Generalized bc-Motzkin Numbers

As a first step towards obtaining a topological recursion for the generalized be-Motzkin numbers,

we wish to find a recursion formula for these numbers.

4.1. The (0,1) Recursion Formula

It is known that the (0, 1)-be-Motzkin numbers satisfy a recursion formula, similar to the (0, 1)-
Catalan numbers. This recursion formula was initially proved by Yi Wang and Zhi-Hai Zhang

in [27].

PROPOSITION 4.1.1. For n > 1, the (0, 1)-bc-Motzkin numbers My 1(n;b,c) satisfy
Mo, (n;b,c) —bMo(n — 1;b,¢) = ¢ > My,1(0; b, ¢) Mo, (B3 b, c). (4.1)
a+pB=n—2
Before proving this recursion formula, we first need to prove the following “Vandermonde-like”

identity.

PROPOSITION 4.1.2. For all 0 < i+ j <n, we have
b 1
3 <a)<>—<”+ 1>. (4.2)
omen N1/ \J 1+ +
Proor. We will prove this statement using induction on n.

Base case. Assume n = 0. This implies that we must have i = j = 0, so

b 0\ /0 0+1
Z 0/\0 0/\0 04+0+1
a+b=0

Thus the claim holds for n = 0.
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Inductive case. Assume we know

> (0)-(40)
i 1) \J t+5+1
is true for all 0 < i+ j < n.

Then, using Pascal’s Identity and the inductive hypothesis,

=G0+ ()
)02 (0

a+b=n

() GIG)

N—
+

-2 ()0)

a+b=n+1

which proves Proposition 4.1.2. O
Now, we may prove the recursion formula for (0, 1)-be-Motzkin numbers.

PROOF. Using equation (3.2) as the definition of the (0, 1)-bc-Motzkin numbers, we may com-

pute

Mo,l(n; b, C) — b]/\\jo,l(n — 1; b, C)

n n—1
—1
= <n> Coa ()" e = by <n ) Co,1(p) 0"~ Het
12 =0 ©

S (R e e



" /n—1 ) n
S (12| T ot ore
©n=0 ® i+j=p—2
n—2

=) <(n N ?) g 1) Co,1(2)Co,1 ()b~ it

n—2
=c? Z Z Z (i‘) <f> Co.1(i)Co (j)blotP)=(+) it

p=01i+j=p | a+pB=n—2

> [i(?)cm )i

a+pf=n—2 Li=0

> (%) ntr s

Jj=0

=c® Y Mo(asb,c)Moa(B;b,c)
a+pB=n—2

Here, we recall from equation (2.1) that the Catalan numbers satisfy the recursion formula
Cor(p)= > Cor(i)Coals),
i+j=p—2
and we used the above “Vandermonde-like” identity.

This proves Proposition 4.1.1. ]

4.2. The Recursion Formula for General (g, v)

We now wish to obtain a recursion formula for generalized bc-Motzkin numbers. To do this,
we first observe that the generalized bc-Motzkin numbers are defined in terms of the generalized
Catalan numbers in Definition 3.0.2, and Proposition 2.0.1 gives a “recursion” formula for the

generalized Catalan numbers. Thus, we are led to prove the following result.

THEOREM 4.2.1. The generalized be-Motzkin numbers satisfy the following formula:

Mg o(n1,n2,...,ny;b,¢) — b]ﬂ\\jgm(nl —1,n9,...,n4;b,0)
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v
2 i ~ b
=c { E nj Mgy—1(n1+nj —2,n9,...,1,...,n;b;¢)
i=2

+ Z |:M917’U+1(C’£7n27 cee ,nv;b, C)

(+§:n1 —2

+ Z M917U|+1(<7n1; b, C)Mgz,UHl(fan; b, C)] } (4.3)
g1+92=g, ILJ={2,...,v}

Observe that, as in the Catalan case, this is not truly a recursion formula, since the (g,v) term

also appears on the right side of the equation.

REMARK 4.2.1. The (0, 1) case of Theorem 4.2.1, for the (0, 1)-bc-Motzkin numbers, is the same
as in Proposition 4.1.1, as expected. Further, when b = 0 and ¢ = 1, we recover the formula in

Proposition 2.0.1 for generalized Catalan numbers.

The above theorem may be proved combinatorially, by using Definition 3.0.1 for generalized
be-Motzkin numbers in terms of the graph coloring analogy, and following the same approach as
for the proof of the Catalan “recursion” formula. It can also be proved algebraically, by applying
Definition 3.0.2 of the generalized be-Motzkin numbers and Pascal’s identity to simplify the left side
of the above relation, then plugging in the Catalan formula from Proposition 2.0.1, simplifying, and
re-writing the result entirely in terms of generalized bc-Motzkin numbers via some combinatorial
identities.

We will first give the combinatorial proof, referencing the proof of Proposition 2.0.1 in Chapter 2

for the Catalan case.

PROOF. Recall that Mg,v(nl,ng, ..., Ny; b, ¢) equals the number of ways to color all Catalan
graphs of degree (u1,M2,...,My) on the genus g surface and having v vertices, subject to the
coloring requirements in Definition 3.0.1, where p; < n; for all ¢, and the sum of cardinalities of
sets of colored Catalan graphs is weighted in a particular way by b and c.

Now, in each underlying Catalan graph, we fix the color on the arrowed half-edge incident on
v1 to be the lowest indexed color in the set of possible colors for vy, call it kgl). Then, the resulting

number of ways to color such Catalan graphs, subject to the necessary restrictions and weightings,
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is

Mg (n1,n2,...,ny;0,¢) — bMg (n1 — 1,n9,..., 1m0, ¢).

This can be seen by observing that ]\7971,(111 —1,n9,...,ny;b,¢) gives the number of ways to color
the graphs in the definition of Mg,v(nl, N2, ..., Ny; b, ¢) without using the color kgl) on the vertex
v1. The exponent of b essentially counts the difference between the number of possible colors which
can be assigned to a vertex and the degree of that vertex.

To show that this equals the right side of the above formula, we will to contract the edge F
corresponding to the edge incident on v; which is colored by k:gl). As in the proof of the analogous
result for generalized Catalan numbers, there are two cases.

Case 1. Assume E connects v and v; (j # 1).

Contracting E replaces the two vertices v and v; with one vertex, call it v. Since there were
ny possible colors which could be assigned to vy, and n; possible colors which could be assigned to
vj, we see that there are ny + n; — 2 possible colors which can be assigned to this resulting vertex
.

For notational convenience, assume that the colors on vertex vy are (k‘gl), kélz), .. k&)l) and the

) 1.0)

colors on vertex v; are ( by Ky kéﬁ ), with the color on the other half-edge of E being kéi). We

J

will make the convention that all colors on vertex v; have higher index than those on vertex vy, so

that our list of colors on the vertex v is, in order,

(kS kD kD kD k).

apy by

Then, we color the half-edges incident on the new vertex v starting with the lowest indexed
color k(g? on the half-edge that was next to E with respect to the counterclockwise cyclic ordering
coming from the orientation on the surface, and continue by going counterclockwise around the
vertex v. Observe that this will not change the coloring on the half-edges that were originally
assigned to v;. (See Figure 4.1.)

Since there are n; choices for the color kéi ), we see that there are n; different graphs which

produce the same result, which gives the factor of n; in the sum.
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FiGURE 4.1.

Further, since the weight ¢ counts the degree of the underlying Catalan graph, and the graph
resulting from contracting edge E has degree two less than the original graph, we thus have a factor
of ¢? in front of the resulting term.

This gives the first term in the above formula,

v
2 o ~ b

c E angvv_l(nl—f—nj—2,n2,...,nj,...,nv,b,c).
Jj=2

Case 2. Assume FE is a loop on v;.

Just as in the proof of the analogous result for generalized Catalan numbers, contracting F
separates the incident half-edges at v; into two collections, with a edges on one side and 3 edges
on the other (note that o or 8 may be zero). Since E is a loop, contracting it causes pinching on
the surface and produces a double point. We separate the double point into two new vertices. The
result may be a surface of genus g — 1, or two surfaces, of genus g1 and go with g1 + g2 = g. Note
that we do not need to re-assign the colorings in this case.

Observe that, since we contracted an edge which was incident twice on vy, there are two less
colors with which we can color the resulting vertices. Further, the remaining colors must now be

shared between two vertices. (See Figure 4.2.)

koo
9 ka7(l)
k3D
a3 kaﬁ(l)
kaa(D)
FIGURE 4.2.
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As in the previous case, since the weight ¢ counts the degree of the underlying Catalan graph,
and the sum of the degrees of the graphs resulting from contracting edge E is two less than the
degree of the original graph, we are left with a factor of ¢? in front of the resulting terms.

This gives the remaining terms in the above formula,

02 Z |:Mg1,v+1(<7£7n2a" . 7nv;b> C)

(+H€=n1—2

- Z My, i1141(C nrs b, ) Mg, 1 7141(&,n3 b, €)
g1+g2=g, IUJ={2,...v}

We now present the algebraic proof of this recursion formula for generalized bc-Motzkin num-

bers.

ProOOF. We first apply Definition 3.0.2 of the generalized bc-Motzkin numbers, and Pascal’s

identity, to simplify the left side of the formula in Theorem 4.2.1.

Mgy o(ni,n2,...,np;b,¢) = bMyy(n1 — 1,n9,..., 040, ¢)

ni no Ny
S () () ()
#1=0 p2=0 Hy=0 pa—1 H2 Ho

’ Cg v(ﬂla ) Mv) b(NI+...+nU)_(M1+...+MU)CMH_M—HM (4'4)

Then, we plug in the Catalan “recursion” formula of Proposition 2.0.1 to the above equation,
simplify the resulting three terms, and re-write them in terms of generalized bc-Motzkin numbers.

The key ingredients in this proof are Vandermonde’s identity,
a\ (b a+b
= 4.
> (0 (4
i+j=k

and a particular version of the “Vandermonde-like” identity in Proposition 4.1.2,

26065 "
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For notational convenience, we let

Mg o(n1,...,n5b,¢) — bﬁgm(nl —1,n9,...,ny;b,0)
=Ig0(n1,...,np;b,¢) +11g (N1, ..., np; b, ¢) + 111 (R0, ..., ny; b, ¢),  (4.7)

where the three terms correspond to the three terms of the Catalan “recursion” formula.

To shorten notation, we will sometimes write

ﬁ:(nlv"'vnv)

and
] = o+ + e,
and similarly for .

For the first term, we have

B ol oY R e

j=2 pu2=0 pi—1=0 pj+1=0 Hi—1 Mj+1 My

|: Z Z (Ml B 1) < >/-chg,v—1(,ul + M — 2, p, ... 7/-Zj7 . 'a“l}) b|ﬁ|_|ﬁ|c|/j|:| :
p1=0 p;=0
g n; — 1)
Ml = s Ny,
(Mj) ’ (uj -1

G ny—1\ (n; —1 Szl @
Z Z ( >< ] >n]CgU 1(/’LI+/'L] 27”27'"7/jj7"'7uv)b‘n|7|u|cw‘

Now, since

et =1 pr—1) \py—1
ni—1mn;—1
- Z Z (nl - 1> (nj _ 1)nj Cg,v 1(#1 + s 2, - a,Ut]ﬁ R nuv) pIfil =@+ 2HAl
=0 1,0 M1 Hj
ni+n;—2

. ni—1\/n;,—1 )
- Z Z < ' )( ]N' )nng,v—l(k7N27---7Mj7-~-7,uv)
J

k=0 pi+pj=k H1

Ll =@kt st A ) (24K p2 TG )
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ni+n;—2

ny+n; —
-y < "

2 .
)n] Cg,v—l(knul% sy Mgy 7,“’0)
k=0

. 2p((natn;=2)Fngt A+ tne) = (ktp g+t po) (k+pe g+ )

where we have applied Vandermonde’s identity (4.5).

Substituting this back into the above expression for I, ,(i; b, ¢) then gives

v
2 F .
c)=c E nj Mgy—1(n1+n; —2,n9,...,15,...,n4b,c¢).

=2

Igav (ﬁ; b?

Now, for the second term, we may proceed as follows, using the Vandermonde-like identity of

equation (4.6).

o= 33 (1)

p2=0

: Cgfl,erl(

631p>ep>

OL,B,MQ,...

-y Z (W)

()]

p1=0 a+pB=p1 -2

1) Bl 17

L. 2 505

H2=0 p1=0 a+p=pu1 -2 k=0
Cytor1(a, By iz, ..y i) DIl

no =2
(-0 2 2y (50
Cy1p+1(, By pay - ooy i) pl7l =il I

-y Z (”2>

I 22200

p2=0 k=0 ¢(+&{=k a=0 =0

il = ((a+B+2) +pate i) (atB+2)+pia++pw
'Cg—l,v+1(a,5vuz,-.-,Hu)bw ((at+B+2)+n2 1) ot B42)+po+-+p
n1—2

PP 3R 3 s oY [ [ W R W

k=0 (+é=k a=0 =0 =0 H2 Fro

) pri—2=kp((CH+E)+na+-+no) = ((atB)+pzt-+pw)

. Cg—l,v+1(a7 /87 H2, ...

.ol BE2)Fpot

33



ny—2

— c2 Z b(n1—2)—k Z |:Mg—1,’u+1<C7€a N2, ..., My; b, C)

k=0 (+He=k

- ng*LU‘Fl (C - 17 fa T2, ..oy Noy; b7 C):|

ny—2
[me 2)—k Z 1U+1C§,n2,...,ny;b,c)

ek
ny—2
= pmm AN N A, 1U+1C§,n2,...,nv;b,c)}
k=1 CHe=k—1
ny—2
{Zb’“ D7 N My_1,041(C, 6 ma, . ni b c)
Ce—k
ni—3
— anl TN My 104a(C §,n2,...,nv;b,0)]
ek
= CQb(nl—Q)—(”1—2) Z J\A/-fg—l,uH(C?&,nz,...,nv;b, C)
(+&=n1-2
= > Mg1041(¢&ma, . nusb,c).

(+E=n1—2

Finally, for the third term, we have

M1, ,(7; b, c) = Z Z Z <n2> - <n>

gi1+92=g, IUJ:{Q ..... U} p2=0 Ho

ni e — 1 ﬁ_ ) )
| [ Z Z (Mi — 1):|Cgl’”+1(a"u'1)cg2,|J|+1(6vMJ)bl =il el

#1=0 a+pB=p1—2

SR 4ot iy

g1+g92=g, IuJj= {2, 71)}[142 =0 /’LU

' [Z Z Z (i) <§):|Cgh[|+1(a7/”)cgz,J|+1(ﬂnuJ)

p1=0 a+pB=p1—2 (+{=n1—-2

pl(E+OAn2ttno) = ((atB)+p2t+-tiw) (At S+2)+pzt -+

B EEDG)

g1+g2=g, IUJ={2,...,v} p2=0 v

' { > ZZ( )( )] gul11+1( 1) Coy 1 141(B, 127)

(+€=n1—2a=0 =0
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L pCHEtnatdny) = (atBtpat ) cotBtpzt -t

= 62 Z Z Mgl,HH—l(C’nI;ba C)M927|J‘+1(f,nj;b, C)

g1+g2=g, IUJ={2,...,v} (+{=n1 -2

where we again used the Vandermonde-like identity of equation (4.6).

Putting all this back into equation (4.7) thus completes the proof.
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CHAPTER 5

Differential Recursion for Generalized bc-Motzkin Numbers

We now wish to use the formula in Theorem 4.2.1 to obtain a topological recursion. In analogy
with the approach in [7], we first define the discrete Laplace transform of the generalized be-Motzkin

numbers, from which we will then obtain a differential recursion formula.

DEFINITION 5.0.1. We define the discrete Laplace Transform of the generalized be-Motzkin

numbers by

> M n;b,c) _ ~ .
_ Z Ol(n) " = Mo (0;0,¢)logxy if (9,v) = (0, 1),
FMO) (..., 2,) = (5.1)

gv n17n27-'~7n’u;bac) —n1 —Ny
xl .--"L‘v .
ning N

ni=1 ny=1 v

‘We would like to obtain a recursion on

0
aTFg%(b b1, tg, ... ty),

for a particular choice of change of variable t;, similar to the Catalan differential recursion given in
Proposition 2.0.2.

We will first study the case when (g,v) = (0,1). We differentiate the definition of F{ M(b ) (x)
with respect to © = z1 and apply the recursion formula for (0, 1)-be-Motzkin numbers from Propo-

sition 4.1.1 to obtain

0 bc) -n—1 _ 7ar . -1
%F Z Mo1(n;b,c)x — My 1(0;,¢)x
=g 1 — Z <b]f\\4/071(n —1; b, C)
n=1

> Moa(Cib, )Mo (&b, C)) L1

(+€=n—2
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) Z Mg@(k’; b, c) = -1
k+1=1

- C2ZZM01 Cib, )Mo (&b, c) w2~
¢=0¢=0

= ' —pa! Z Mo,l(k; b,c)x k1

o o0
— Y N Mo (G b o) Mo (§b,0) 8¢
(=0 =0

=1 = bx_l( 4 F ( )( )) 0256_1< aF]V[(bc)(sn)>2
ox o~ 01

of O M) 2 3 M (be)
c %Fo,l (z) | +(xz—0b) o Fop (@) ) +1=0.

Solving for 9/0z I M bie )( ) and applying the quadratic formula then implies

0 _Mbe) 1 x—b z—b\>
I pMbe) gy = 2| - - —4
Oz 01 (z) 2¢ [ < c > < c > ’

where we took the negative square root in the quadratic formula.

This implies

Thus, we want to make a particular choice of change of variable so that the quantity under the
square root is a perfect square, and we can simplify the expression for 9/dz FM(b c)( ) further. We
also want to choose the change of variable in such a way that it reduces to the change of variables
for the Catalan case, which was given in equation (2.4), when b = 0 and ¢ = 1.

With this in mind, we let

r—b 4 2 +1

=9 =2 .
c +t271 2 -1

So,
ox —8t

ot ‘-0
Then, applying this change of variable, we obtain

8 Mb,c ax a Mb,c
aFO,l( )(t):E%Fm( )(95)
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-8t \ 1 2+ 1 24+1\?
=(c@2_1>2)20[—2t2_1—¢(2t2_1) -]
—8t t2+1 (24 1)2 — (12 —1)?
(t2—1)2[_t2—1_ (12 —1)2 ]
8t
t+1)(t—1)3%

Thus, we have shown that

0 FM(b’C) 8t

a 0,1 ( ) = (t + 1)(t — 1)3' (52)

Observe this is precisely the same formula in terms of ¢ as was obtained for 9/ BtF(fl (t) in the
Catalan case, and, when b = 0 and ¢ = 1, the above change of variable formula does indeed reduce
to the change of variable formula (2.4) used in the Catalan case.

More generally, let t; = t;(z;,b,¢), for i € {1,2,...,v}, be defined by

:L’Z'—b_ 4

=24+ . 5.3
c + t2—1 (5:3)

Then, we are led to prove the following new result.
THEOREM 5.0.1. The discrete Laplace transform F%(b’c)(tl,tg,...,tv) satisfies the following

differential recursion formula, for every (g,v) # (0,1),(0,2):

9 3 L[t (=18 Hee ~
%Fg,v( 76)(t17t27"'7tv):_ﬁz t%_tQ t% aitng,v—l (t17"'7tj7"'atv)
j=2 J

(t2'_1)3 0 M(b,c
- jTawa;{,(_bi)(t% s ;%))]

J

I~ -120 ~

- — ( L 2 ) |: ;\7{](_1]716) (th 7t]7 7t’U>:|
64 & [on

1 (=120 9 _Jiwpe

—_—— " (ug, U, ta,. .., ¢t
32 t% ur Oug g—1,v+1( 1, U2, 12 v) —
1 (12 -1)3 ) 9 N(be)
Rog 2 oty orlt 01D Fa i ()04

g1+g2=g, IUJ={2,...,v}, stable

where the “stable” summation means 2g1 + |I| —1 >0 and 2g2 + |J| — 1 > 0.
38



And,
0
oty

(t2+1)

M(bc)
1 t1 to) = .
(t1,2) (t, — 1)(t + t2)

(5.5)

REMARK 5.0.1. With this choice of change of variable, the formula in Theorem 5.0.1 has no
dependence on b and c¢. The dependence on b and ¢ only appears in the definition of ¢;(z;, b, c).
Further, this result has precisely the same form as the Catalan differential recursion formula in
Proposition 2.0.2, and the choice of ¢; in that case corresponds to t;(x;, 0, 1), which is as expected,

since the be-Motzkin numbers reduce to the Catalan numbers in the case when b =0 and ¢ = 1.

To prove this result, we may proceed as follows.

ProOF. We first differentiate the formula for F%(b’c)(xl,azg, ..., x,) with respect to z1, then
plug in the be-Motzkin “recursion” formula from Theorem 4.2.1.

Since that formula has four terms, for notational convenience we may write

o nlng...n'bc___ _
7FM([JC)($17$2,“.7 j: 2: ) ) s Ty, Uy )xl’m lxzm---xvn”
o0x1 Ny
ni=1 ny=1
=1y u(z1,22,...,20) + g (21,22, ..., 2y)

+ g (21,22, .., 20) + IVga(x1,22,...,24). (5.6)

Then, for the first term, we may compute

00 ni—1_—no —ny

o0 —
"r "L‘ -"x
Ly o(z1,22,...,2y) = Z Z [ngv —1,n9,...,ny;b,¢)| L 2 z

n2...nv

1 k y N2, ey Ty b: C) —k—1_,—n2 -n
bx E E g T Ty Ly ez,
v

k=1n2=1  no=1 n2-

1 0

Mbc
= —bx] . +—F, ( )(ml,xg,...,xv).
For the second term,
Iy (1,22, .., 2y)
—ni1—1_—no —Ty
w :L‘ ...x
- . 1 2 v
E E [ E Mgo—1(ni+n; —2,n9,...,05,...,n;b;¢) F—
ni=1 ny=1 2 v
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n2njnv 1 2

oo r —_~
— 2 Z Z Mgﬂ}—l(nl +n; —2,n2,...,nj,...,nv;b;c) Cni—1 —ng .

o0 [e.9] [e.9] Tr

) Yy Mmook

n PR n c e e e n
=2 k=lna=1  ny=1  ny=1ngtn;=k+2 ety

—_—
—ni—1,_~Nj\ —ns —n; —n

:CQZZZ Z Z Mg,— 1kn2,../.\,ﬁ},...,nv;b;c)

n ...n-.--n
j=2k=1ny=1 nj=1 n,=1 2 J v

—_—
—ni1—1_—"nj —ng —nj —-n

[ E (2] z; )]$2 cexy ey ™

TL1+TLj=k:+2

v [e e R —~

_022 :2 : 2: Z Z Mg,v_l(k,ng,...,nj,...,nv;b;c)

j=2k=1n2=1 n;=1 ny=1 2 J v
xfk 1 xfkfl —

1 J —n2 nj -1y
—_ |z ...g;j STy,

z1(z; — 1)

w—1(k,na, ... 0, ..., ny; by )
S0 SETTe DI z 3 Ml ot

k=1 no=1 i ny=1 My
—_—
—k—1 L Ny —Ny —n2 —MNj—-1_—k—1_,—Nj+1 —Ny
. [ 1 2 DR x‘y DY xv _ x2 .. a:.j_l x‘] wj_l’_l IR xv ]]
= 1 0 0
2 M(b c) ~ (b c)
=c E — | - —F (x1,...,7j Ty) + A F 0 (T2 @) |
1 ’ [tV R ) s Lo
= xl(l'j — .’L‘l) [ 6331 gv= ox ]

where we used the fact that

X — X,
—m-l,—n; 71 75
Z T x; T = ' .

ni+n;=k+2,n1,n;>0

For the third term,

I, (21, 22, ..., 2y)
© > —n1—1,_,—ng —ny
2 I3 . Ly Lo R
— Z E [c E Mg_17v+1(§,€,n2,...,nv,b,c)} pa——
n1=1 ny=1 C+é=n1—2 2 v

() S U

2022 Z Z |: g— 1U+1(< E’nQ""’nv;b,C)]xl P R

n...n
(=1 €=1n2=1 ny=1 2 v
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o0

0o 00 0o I
_c . _1 g 1v+1(§ 57”27"'7n'U7b7C)$_C_1x€_1x_n2...xfn”
1 1 1 2 v
67 - n2...nv

¢=1 ny=1

1 0 0 L Npe
Ty 8u1 8u2 g—1,0+1

=c? (U1, ug, X2, . .., Ty)

U1=U2=r1

For the fourth term,

IVg (21,22, .., 2y)

Z Z [ . > My, j1141(C,np3b,¢) My, 141 (€, ng3 b, 0)}

ny=1 (+H=n1-2 g1+g2=g, ILJ={2,...,v}

—ni1—1_—no -n
Ty o !

..xv

ng -+ My

o0 o0 [o¢] o0
Y S S Mo i)
g1tg2=g, ILJ={2,...0} ~(=1n=l&=1ns=1

—(¢+€+2)—-1 —n; nj
Ty [Licrzi ™ Iljes 5
[Licsmi HjeJ nj
0 0 I
_ 2 —1 M(bﬂc) . M(b,C)
= "] Z 7F!]17|I|+1($17:UI) . ng,\JHl(xl’ xy).

8%‘1
g1+g2=g, IUJ={2,...,v}

Upon substituting these four terms back into the original equation (5.6), we obtain

8 —
LI DR,
gt 9 FM(0)
= boy g - Fp O (e, 22, 20)
1 0 0
9 (bye) ~ M(b,c)
— e § M[_axng’” VU (x 1,...,l‘j,...,$v)+87Jng 18 (z2,...,T)
0 0 _
2yl (b,c)
x4 a'LL1 8'11,2 g— 11)—}—1(’“/17“27-7}27 . .,xv) T
2 O e 0y O pMed
cxy E: Dy ol LT 5 gy 41 L L)

g14+92=g, IUT={2,....v}
We will first look at the particular case when (g,v) = (0,2). Then, this becomes

0

—1 0 M(b,c)(
5'351

g1 =
(1, 2) = by 92, F02

x1,%2)
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1 0 0
2 _ __F (bc) 7FM(Z’C)
¢ T (.172 — xl) |: 61'1 0,1 (xl) * 01‘2 0,1
— 262x_1iFM(b’C) (x1) iF (b<) (x1,2)
1 8%1 0,1 8%1 0,2 )

This implies

The change of variables formula in equation (5.3) then implies

Oxi _ =8l
ot (2 —1)2

Now, observe that

1
j— 1) £ + 241
(i) ()
1 (t7 = 1)(t5 - 1)
" 2 2+ 1) —1) — (t% +1)(2 - 1)

1 (8- 1)(2 1)
Tac (1))

And, recall from equation (5.2) that, for this choice of ¢,

F .
ot 0.1 (tl + 1)(t1 — 1)3

Hence, changing variables from z; to ¢; and plugging in for Fé\ﬁ(b’c) (t1) gives

Qt%—i-l Ot1 0 _Mbe) 0tr 0 _Mbe)
— — 277F ’ 77F ’
(at%—1+ ouy oty 01 (1)) gy Foz (0 12)

1 (=Dt -1) Ot1 0 _N(be) Oty 0 _N(be)
— — L MOy 4 2 2 My
e (82 —13) Oxy Ot; 1 (b)) + Oxg Oty 01 (t2)
2 2 _ 12 2 _
_ <2t% +1 Q(tl 1) 8ty ) (t1 1) 0 FM(b 0) (11, 2)
cty — 1 —8cty (tl + 1)(t1 — 1)3 —8ct1 Oty
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L@ - -1 (- 1)? 8t1 N (5 - 1)? 8ta
4c (t% — t%) —8cty (tl + 1)(t1 — 1)3 —8cto (tQ + 1)(t2 — 1)3

_ (@ -1) 2 +1) RGN
1 \G o Dm D) o) an e (ot

RRGERICEDY [ (-1 (- 1)}

i@ @8 (-1 (12

(t% - 1)2 —2t1 0 M(b 0
- — 50 (g,
—4c?t; \(t1 —1)(t1 +1) ) oty 0,2 (t1,t2)

1<ﬁ—m@—nvﬁ—n_<@—n}
i@ (G- |t-12 (1)

_(H-1) 0 Mo 1 (-1t 1) [ -1  (#B-1 ]
( :

(t1,t2) +

2¢2 ot 2 42 (12— 13) t1—1)2 (ty—1)2
Therefore,
O _Nbe) -1 2 (B-DEB-)[E -1 (i3-1)
oy a0 = e e T (]
RCERICERRCES)
S 2(tf - 13) [(t2 -1 (- 1)]
1 (E-1) 2(ty — o)
- 5@%2— t3) [(tl —1)(t2 — 1)]
(t2+1)

as was claimed.

Now, returning to the general case, we want to write the sum in IVy,(x1,22,...,2,) in such
a way that it does not contain any (g,v) or (g,v — 1) terms (so that we can combine these terms
with the comparable terms occurring elsewhere in the formula). And, after pulling out the (g, v)
and (g,v — 1) terms from this sum, the remaining terms are precisely the “stable” terms, i.e. when
2g1 +|I] —1>0and 2¢g2 + |J| —1 > 0.

Thus, we see that

IVg (21, 22,. .., 2y)
0 0 _r
_ 2 M(b,c) M (b,c)
— ¢ [ Z 0x1 F911|1\+1(x1’x1) 0x1 F927|J|+1($1’$J)
g1t+g2=g, ILJ={2,...,v}, stable
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0 M(b,c 0 M(b,c
+ Q%Fﬁ(b’ )(xl) . aixng]t{)(h )(.’El,xQ, v 7‘7:'0)

Mb 0 Mo, R
+22 axl ( c 1;xj)'%Fg,vglc)(xl,xQ’...,.Tj,..-,ﬂfv) .

We now substitute this and the other three terms into equation (5.6) again, rearrange terms so
that 8/6m1F%,(b’C) (x1,x2,...,2,) appears only on the left side, then change variables to t; using

equation (5.3) and simplify the result.

We obtain
0
axlF%(bC)(xlax2a" . 7xv)
1 0 .
= _{ —ba 1187FM(Z’ Nx1,..., @)

v
1 o i
2 E (bc) R
(s — 1) F .. > PR
+c s ﬂf]_(x] — ﬂjl) |: 8$1 g,v ( Ty, ,.’Ifj, 7:[;,0)

0 _Mbe)
4 FMO gy 1)
83,:‘7 g,v v
O 0 il
2, .—1 (b,e)
+cx UL, UD, T, vy X
1 Ouq Ouy 9~ 1v+1( 1, U2, T2 v) R
+ 27! E: 0 M) (21, 21) - 0 M0 (21, 2.)
! Oy guIFL L) g gy a1 L T
g1+g2=g, IUJ={2,...,v}, stable
O M(be) 0 5@
+281‘ FOl ( 1) ’ axng,v( ’C)(ﬂfl,ﬂjg,...,xv)

M(b 0 M(b ~
+ 2207;1%7]%2( N, aj) 8715%(—’10)(3717172’ SRSETERE 7%)} }
j=2

This implies

r1—b 0
0:< 162 )[axng]\/{)(bc)(ml,xQ,...,xv)}

1 0 M(b,c —~ 0 M(b,c
+Z(»’U‘)[_F (, )(xl,...,a:j,...,xv)—i-'ngv(l)(azg,...,xv}}

_ g,v—1
j=2 J I 8'1"1 aIE]
0 0 _Mbe
g—1,0+1\%1, U2, L2 s Ly
8U1 8’LL2 B
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0 _Mbe) 0 _Mbe)
+ Z axl Fgl’|1|+1(x1’xl) ’ axl F927|J|+1(x17xJ)
g1t+g2=g, ILJ={2,...,v}, stable

0 c o
+26761FM(b )( 1)'%ng\é(b’c)@lafz,---,%)

M (b 0 _M@® .
+2 Z Tgcho,z( Nay, ) - aTchg,v(—’lc)(mla T2y Tjy oo Ty)-
=2

And, hence,

Tl — b 0 M(bc) 0 M(b )
= 2—F — [A0C ey Ty
0 < 2 + P (1) oz, P (T1, T2, ..., Ty)

0 _Mbe)
+Z o) [&L‘ng’Ul (xg,...,xv)}

(b,c) 1 0 (b,c) N
—|—Z<2F (xl,xj)—w> |:8x1Fg’U 1 ( 1,...,1’j,...,£L’v):|

j— 1)

0 0 9 Ll

g— 1U+1(U1,U2,x2,--.,xv)
8U1 8u2 w1=us=x1
Z 0 _Mbe) 0 _Mbe)
+ 8x1F91,II\+1(5E175”) ' 8x1F92,|JI+1(3317$J)

g1+g2=g, IUJ={2,...,v}, stable

After applying the substitution for z; in terms of ¢; from equation (5.3), this becomes

263 +1 0t O _M(be) ot 0 i
=(Z 9~ _— e ZH 7 pM(be)
<C t2 -1 8%1 oty 0.1 <t1) Oxy O0t; 9°

1)(t2 - 1)) [8@ O _Mbe)
——F " (tz,...,tv):|
22 ( t?) 8.7}j 8tj gv—1

ot 0 _M(be) 1 (=15 - 1)
p R B - =
* ; ( Oxy Oty 92 (t,5) de (11 —t2)

Ot1 0 _Mbe) ~
{amlatl MO (b1, Gy t)

(t17t27 s 7t1}):|

8t1>2 0 9 e
— —F UL, U, Loy .oy Ty
(3961 Ouy Ougy 7~ Lot (v, 2, 2 )u1:u2:t1
Ot1 0 _Mbe) Ot1 0 _Mbe)
* 2 By oty Lol (0D o P (11 80)

g1+g2=g, ILJ={2,...,v}, stable

2 2 1)\2 2 1)\2 —
:(2t1+1 2(t1 1) 8ty >[(t1 1) iFM<b7C>(t1,t2,...,tv)

c t% -1 —8ct1 (tl + 1)(t1 — 1)3 —8ct1 Ot 97
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(ta, ... ,tv)}

L (1 <t%—1><t§—1>>[<t§—1>2 0 i

j= dc (t%_t?) *8Ctj 8tj gv—1

S B2 () 1@ -DE-1)
i Z < —8ct1 (ti—1)(ti+t;) 4de (2 - t2) )

tl — 1) 0 M(b c) —~
[ —8cty (%1 gu—1 (t1,.. b5, .., ty)

B-1\> 9 9 il
" <_80t1 8711 8u2Fg 1U_%_1(u1,u2,t2,,__7tv)
u1=u2="t1

+ 3 #1720 privo (v B=D 0 Lo
g1+92=g, IUJ={2,...,v}, stable —8cty Oty ol —8cty Oty 91+

t2—12 t2 1 2 _
_ ( 1 ) ( 1+ B (tl 1) > |: 0 FM(bC)(tl,tQ,-n,tv):|

—4ct \2—1 (t,—1)2) |0t 9

G- -1°Ta
_ (b,e)
Z 32¢2t;(t7 — t7) L‘)t]ng (2,5t )}

B-13((+D)tG+) | G-\ Fpe ~
+Z 32¢2t) < t(t +t;) t (@_@) |:8t1Fg,v1 (t1y. sty sty)

(tQ—l) 0 9 o

6407%281“ Oug 9~ 1v+1(u17U2,t2,... ty)

up=uz=t1
# -1 0 _M(be) 0 _Mbe)
+W Z atnglv‘IHl(tl’tl) 8t1Fg2’|J|+1(t1’t‘]>

g1+92=g, ILUJ={2,...,v}, stable

-2 (@D -+ D2\ O e
NN CECE) >[amf5“ <“¢%“'¢“]

2 2 N
B G- -1 d 0 LMk (t 0)
Z 32C2t] t2 tj?) (%j g,v—1 2y ...y ly

v
t1—1P3(t1+1  t;-1 ti+1 d R
+ J ( c) ‘
jz:; 3202t1 tq + t1 — tj t1 + tj ot Fg v— (tb . ,tj, ... ,ty):|

H-D' 9 0 W

64c2t2 Ouy Oug I~ Lo (UL, Uz, o, t)

ul=u2=t1
-1 0 pMbe) 0 Wb
6de2t Z ot ot Lo \I|+1(t1’t1) Gitngz,lJlJrl(tl’tJ)

g1+g2=g, ILJ={2,...,v}, stable

_ _2t1(t% - 1) 0 M(b,c)
- —462t1 8t1ng (t17t2a-~~atv):|
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Z =D =121 e
32c2t;(t3 — t2) [atj gv—1

v
-1 -t LA1N[ O _Fbo ~
+; 3262t1 tl(tl—tj) tl—l—t]’ (9t1 g,u—1 (tlv 7t]7 ,tv)

G0 0 0
64c2t2 duy Qug 9~ 10 H

(ta,... ,tv)}

(ul,UQ,tQ, - ,tv)

ul=u2=t1
(ff —1)" O L M(be) 0 _M(be)
toer 2 s Faih (tntn) - 5 FG )

g1t+g2=g, ILJ={2,...,v}, stable

B-1[0 p
= 1202 8t1F~‘%(b V1, ta,. .. ty)

@B-1E-1%T0 5
B F (s, ot
Z 32C2t t2 _ t2) |:at] gu—1 (tQ, ’t ):|

(tf — 1)° (= Dt;\[ 0 e ~
+ZW 1+W %Fg,v—l (t17--~7tj;---,tq))

Jj=2

=11 0 0 e

64c2t2 Quy Qug 9~ Lot (U, uz,tas .o ty)

w1 =uz=t1
(# —1)* 0 M) 0 _Mbe)
“oae 2 g Fartiia (s tn) - 5 ElGe (1),
L g14g2=g, IUJ={2,...,v}, stable
Therefore,

0
a—tngf‘ﬁ(” Nty g, ... ty)

_ _262{ _ ZU: (i - 15— 1) {6FM(_’”C)(752, o ,tv)}

(2 —1) = 322, (12 —t2) |ot; 9!

v
(7 —-1)° (=Dt \ [ 9 gt -
+Z 320712 1+ 2 87ng71,_1 (t1,. 0ty ty)
j=2 J

HE-1D' 0 0 Mo
6422 Ouy duy 9~ Lot

(u17u27t2a s 7t’u)

u1=u2=t1
(7 - 1! 0 M) 0 _M(be)
+W Z aﬁth |I|+1(t17t1) at F92 J|+1(t17tJ)}
L gi4go=g, ILJ={2,...,v}, stable
_y G- 10 paee
25 161,77 — ) Lor, ot 2o
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v t2 _ 1 (t% _ 1)2 o M(b o R
B —F 7ttty
]Z; |:16t2 t2 t2) + 16t% :| |:8t1 g,v—1 (t1, yUjs )

2 _
_#-1D 9 9 e

UL, U2, t2, ..., 1t
3275% 6u1 8u2 9= 1v+1( 172,02 U)

u1=u2=ty
(1 — 1) 9 M) 0 L M(be)
R ) a1, ot (81 - 5 Foy 1 (b £)-
1 g1+g2=g, IUJ={2,...,v}, stable
This completes the proof of the above theorem. O
From this differential recursion formula, we can obtain all F%(b’c) (t1,...,ty), where (g,v) #

(0,1),(0,2), by integrating the right side of the equation in Theorem 5.0.1 from —1 to ¢; with

respect to the variable ¢;. We will now look at two examples.

EXAMPLE 5.0.1. For the case when (g,v) = (1,1), we see that

0 FM(ILC) (1) = 1 (t2 — 1)3 0 0 FM(b’C)

a L1 32 t2 8u1 (9U,2 0.2 w1 =ug=t
_ 1@
o128 ¢t
S0 t ( 2 )3
M (b,c) 1 74 -1
F. = —— d
S TTY =
(5.7)
_ LA+
384 2
EXAMPLE 5.0.2. When (g,v) = (0, 3), we see that
M(b c) 1 1
F (tl,tg,tg) = —f(tl—i-l)(tg-i-l)(tg-‘rl) 1+ . (5.8)
16 titots

REMARK 5.0.2. Since F’ 1(b C)( t) and Foj\f,,(b’c) (t1,t2,t3) are both Laurent polynomials, the differ-

ential recursion formula in Theorem 5.0.1 implies that all higher order discrete Laplace transforms

ng‘,/{,(b’c) (t1,t2,...,t,) will also be Laurent polynomials. This can be seen by observing that Fg]\/{,(b’c),
for (g,v) # (0,1),(0,2),(0,3), and (1,1) depends only on F;’ M(b.) JF, M) and higher order FyL%),

bl )

which, recursively, must be Laurent polynomials, because FLl( ) and Fo,g( are Laurent polyno-

mials.
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It follows from Theorem 2.0.2 and Theorem 5.0.1 that, since the differential recursion formulas
for the be-Motzkin numbers and the Catalan numbers are identical (up to the change of variable)
and have the same initial conditions, their discrete Laplace transforms must be the same. This

gives the following Corollary.

COROLLARY 5.0.1. We have
FMO (b1, ty, .. ty) = FO(t,ta, . 1), (5.9)

where on the left side the t; are defined by equation (5.3) and on the right side the t; are defined by

equation (2.4).

Therefore, we see that the following results which are known to hold for generalized Catalan
numbers are also true for the case of generalized bc-Motzkin numbers. (See also [3], [7], [9],
and [19].)

For all (g,v) with 2g — 2 + v > 0, the discrete Laplace transform F%(b’c)(tl, ta,...,1,) satisfies

the following corollaries of Theorem 5.0.1, where the t; are as defined above.

COROLLARY 5.0.2. F%(b’c)(tl,...,tv) is a Laurent polynomial in the t;-variables, of degree

3(29 —2+v). And,
F%(l”c)(l/tl, 1/tg,...,1/t,) = F%(b’c)(tl,tg, o ty).
COROLLARY 5.0.3. The special values at t; = —1 are given by
FMOO (1 g, )1 = 0,

for each i.

The diagonal value at t; = 1 gives the orbifold Euler characteristic of the moduli space Mg,

FMOA(1,1,..,1) = (—=1)"x(Mgn).



COROLLARY 5.0.4. The restriction of the Laurent polynomial Fg%(b’c) (t1,...,ty) to its highest

degree terms gives a homogeneous polynomial defined by

— v 2d;+1

FM(b,c),highest " L) = (_1)U 2d: — 1IN ti

g,v (t1y. oo sty) = 92g—2+v Z <Td1"'Tdu>g7nH| i " 9 )
di+-+dy=3g—3+v 1=1

where the (Tq, -+ - Ta, ) gn represent the intersection numbers on the moduli space of stable curves.
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CHAPTER 6

Topological Recursion for Generalized bc-Motzkin Numbers

Just as for the Catalan case, as discussed in Chapter 2 of this dissertation and in [7], the differ-
ential recursion formula for generalized be-Motzkin numbers in Theorem 5.0.1 leads directly to the
following topological recursion for generalized bc-Motzkin numbers. Note that, since the be-Motzkin
differential recursion formula has the same form, with the same initial conditions, as the differen-
tial recursion formula for Catalan numbers which was given in Proposition 2.0.2 (up to the slightly
different change of variables from z; to ¢;), the topological recursion for generalized be-Motzkin

numbers and its proof are identical to those in the Catalan case, as given in Proposition 2.0.3.

REMARK 6.0.1. Just as with the differential recursion formula, the dependence on b and ¢ only
appears in this change of variable from the x; to the ¢;. This tells us that there does indeed exist
a topological recursion for these generalized bc-Motzkin numbers, and furthermore it has precisely

the same form as the result which was obtained in [7] for the generalized Catalan numbers.
Thus, we have the following new theorem for the generalized bc-Motzkin numbers.
THEOREM 6.0.1. Define symmetric v-linear differential forms on (P1)? for 2g —2+v >0 by
WMO (1 o, ty) = diy -+ dyy FIOO (1 9, 1,), (6.1)

and for (g,v) = (0,2) by

M(b, dtq dt
Wo (t1,12) = h—ta)?

Then, these differential forms satisfy the following integral recursion equation:

(6.2)

i 11 1 I\ —-1)31
WMO) (4 by, ty) = ——— — dt
go Btz o) = e irn Tren) e a™

- Mb,c Mb,c ~
: [Z (Woa( Nt )W (o, T L)
Jj=2
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+ Wl (W s T ”“’))

g,0—1
+ WL (b, )
M(b,c) M(b,e)
* Z ‘/Vgnll\ﬂ(t7 tf)ng,\JHl(—t, ty)| (6.3)

g1t+g2=g, IUJ={2,...,v}, stable

The “stable” summation means 291 + |I| —1 >0 and 2g2 + |J| —1 > 0.

The curve v is as given in Figure 1.1.

As in the Catalan case, given in Proposition 2.0.3, these differential forms are called the Eynard-
Orantin differential forms, and the recursion is called the topological recursion for the generalized

be-Motzkin numbers.

REMARK 6.0.2. Observe that using Equation 5.5 above for 0/8t1F£(b’c) (t1,t2) gives

o 0 M (b,c) dty dto dt1 dto - - dxy dxo
— — F (4 1) dty dty = = —(F xR 6.4
Oty Oty 02 (b1, t2) dty iy (t1 +t2)2  (t1 —t2)? (7 > ) (1 — x9)? (6.4)
where 7 : P! — P! is the variable transformation
t2+1
xi:Qc(t:?—l) +b (6.5)
which was defined in (5.3).
We may prove Theorem 6.0.1 as follows.
PRrROOF. For notational convenience, we define the functions w%,(b’c) b,
WMO (ty, by, .. ty) = w)h P (1, b, .. ) diy dty - dty. (6.6)

We will use the following observations:
(1) When (g, v) is stable, the w%,(b’c) (t1,t2,...,t,) are symmetric in the variables ¢;. And, they are
Laurent polynomials, so the only singularities can be when one of the t; is zero.

(2) Further, W%(b’c) is an odd differential form, so w%)(b’c) (t1,t2,...,t,) is an even function.

We first apply the definition of the Eynard-Orantin differential forms to the differential recursion

formula in Theorem 5.0.1. Since there are four terms in this formula, we may write
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W%(‘”C)(tl,tz,...,tv):i.. 0 | 9 phpe

T P (b1, tg, ..., ty) | dty dta - - dt,

= Ig’v(tl,tg, .. ,tv) + IIg’v(tl,tg, - ,tv) + IIIg’v(tl,tQ, - ,tv) + IVgﬂ](tl,tQ, - ,tv). (67)

Then, we will show that the result is equal to the formula given in equation (6.3) of Theo-
rem 6.0.1.

For the first term, we see that

Igﬂ,(tl, to, ..., ty)

o .9 [_1 - [ t; <(t?—1)3 0 Fi(be)
2

T oty ot | 164 |2—2\ 2 o 9!
j= J

(t1y ety ty)

B -1% 0 Fie
2 oty 9!

10K t; (=120 8 0 i ~
- 160t Ty Ry D (ST S
166tjzt%—tj2< t% 8151 8tj atv g,v—1 (17 s Uy s 1;)

(tQ, L. ,tv)>:| dt1dts - - - dt,,

=2

_M 8 . a Fﬁ(brc)

2 o ar T gv—1 (t27"'7tv)>dt1dt2---dtv
t; Oty Oty 7

10t [(-1° e ~
= - — W ’ t7...7t'7..-’t dt
16 8tj JZ:; t% _tJZ |: t% g,v—1 ( 1 J 'U) J

(tz B 1)3 M(bc
— o W (2 1) dtl}
J

1 < [ 0 ( t; G- e )
\ 42 2 2 v—1 ) >
16 ]ZZQ o \t3 -2 3 g
(7 = 2)(1) = t5(=2t) (12 = 1)®__ Fipe ~
—_ J(t% gy L 2 WO by, G ) dt]}
J
1 < [ 0 ( t; G- e )
] 2 2 2 U 1 9 )y v
164 o\ -2 &2 g
B8 @G-’ pieo, o }
— o— Tyeoesliyee, by il
o g e (et

And, from the topological recursion formula, we have

1 1 1 1 21 1
s (vt ) S
Y

64 2mi t+t;  t—t 2 dt
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v — —
M, M, ~
<> <W072( Nt b)) WD (~t by, T t)
=2

+ oo t,tj)WgAf,(_b’f)(t,ta,---,fja""t”))

11 2(t2 — 1)3/t 1
~ 642mi <(t+t1)(t—t1)> a

dt-dt:  Titbe . -
X Z <(t_t‘§2w;‘/ﬁf’l)(—t,t2,...,tj,...,tv) (—dt) - dty---dt;---dt,
=2 !

—dt-dt; M(be
ey )2w9” !

=iz ) \aama— )3
64 2mri (t+t)(t—t1)/) dt
b,c ~
XZ< 2 gv( 1)(t’t2,.,.,t]’,..-,t1})

1 R
S )2w;‘{f (¢, tg,...,t],...,tv)>dt~dt'dt2~--dtv

- é j; [;mL ((ti(il_)(?—g/ti)) <(t —1tj)2 IRC +1tj)2)

M( )(t t27"'7t/;7 ,tv)dt]dtldthtv

(¢, tQ,...,tA,...,tv)dt-dtz"-c?t\jmdtv>

gv 1

1 < (t2 +2)(t2 — 1)3/t
= —— Resi—t, + Resi—_¢, + Resj—¢. + Resi—_¢, J

16]-2{( TR e tﬂ)<<t+t1><t—t1><t—tj>2<t+ <

><wé\i}(f’f)(t,tg,...,fj,...,tv)]dtl-dtg---dtv

B 1Z{< (H+)(H - 1%/t

16 = (tl + t1)(t1 — tj)Q(tl + tj)2

_tl)( tl—t)( t ;)2 ) et VDI R

(
o (B+)t* 1)/t Wi(be
{8( (t+t1) t—tl)(t+tj)2 X Wy

(¢, tg,...,t/\,...,tv)>

t=t;

L Hdtl-dtgmdtv
t=—t;

o (B+)* 1)/t M(be
8<(t+t1)(t—t1)(t—tj)2 X Wyl

(¢, tg,...,t/;,...,tv)>

o4



2 42 3 v
Z (3 + t2 )( -1) w4ty )

t —1
6< %)(bf)(t27 s 7tv)> }dtl . dt2 .. .dtv

ot \t;(t3 — 1)
_ 116: {(F;(?(t;gl) W%( V(b1 o, by ty) di;
- % > [ <tz_1t)3)wf;(b’f>(t2,...jtv)> dt;

(t%+t§)(t%—1) o) R
QT Wt (b1, te, sty L) dtj}
J

= Ig’v(tl,tg, ceyty),

where we used that

t2+t2 t2—1 3 t —~ ~
b <( ( j)( )/ M(b,c)(t,tg,,,,,tj,...,tv)>

A\ (t+t1)(t —t1)(t +1;)2 907!

_ (t* —1)° M(bc) ~ 2 &+t
_ L(Htl)(t—tl)w%”‘l (ot Bt G

t*+t3) o (t2 —1)3 M(bye) ~
+ dl Dty ta, .ty .ty
(t+t;)? at(t(t+t1)(t—t1)wg’“ (120t )>Lt

t=t;

J

_ (5 —1)° WO (g, )((tj +15)%(2t5) — (85 + £5)2(t; + tj))
tity +t)(t; —ta) v (t; +15)
t2 42 t2 —1)3
(J])8< U7 Jeag, ))
(tj +15)% Ot \t;(t; + 1) (t; —ta) &
2 3 — 3 3
_ GV e, tv)(S@—Sg)
ti(ty + )ty —tn) ST (2t5)*

22 9 (t2 —1)3 —
i 9 j M (be)
i (2t)2 Ot ( it + )t — ty) o (t2; .. ,tv)>

10/ G-1° wpe
= ia—tj <(t2—t2) Wy 1 (tg, - ,tv)>
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and

o _EHEE DY i
O\ (t+t1)(t —t1)(t —t;)2 ~ 9v!

(t,t2,...,@,...,tv)>

t=—t;

2 _1)3 i - 2 + 2
— (-1 w Tttty o+
tt+ )t —t1) 97 ot (t —t;)?

t*+1t3) o ( (t* — 1) M(be)
(

— tito, ...t ty
+ (t —t])2 at t t_’_tl)(t_tl)wg,v—l ( s U2, » Y] I )>:|t:tj
2 —1)3 o —t; — t;)%(—2t;) — (82 + 12)2(—t; — ¢;
( ) 'Il}‘(]]\{}(gf)(tQ,,tU)(( J J) ( ]) (] . j) ( J J))
—t;(—t; +t1( tj—tl) ’ (=t; — t5)
2 2 3
( +t5) (t; —1) LM Vty 1)
(—t; —t;)? ftj(—tj+t1)(—tjft1) gv—l e
(7 —1)° —8t3 + 8t
—tj(—tj +t1)(—=t; —t1) & (2¢5)

26 (0 G-1° g N
2602\ 0t )\t (—t; + 1)t + tp) vt et
2 _1)3 —
_L1o ((J)wM@c)(tQ, . ,tv)>,

1
2 0t tj(t§ —t3) 9

Here, we applied the Cauchy Residue Theorem to evaluate this integral around the contour ~
given in Figure 1.1.
The second term in the differential recursion formula of Theorem 5.0.1 becomes zero when we

differentiate with respect to ¢;, so
Iy (t1,t2, ..., ty) = 0.

Now, we may compute

11 1 1\ (2 —1)3
-—— + dt
642mi J, \t+t1 t—t 12

1 e, 2E=DYE b -1
= [R t=t t+ i) —t) + Resi=—¢, (t—l—tl)(t—tl)]
12088 - 1) 288 - 1)%/(—t)
_64[ 12151 "+ —2t 1]

1 (-7
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Thus, for the third term in the differential recursion, we have

Iy, (t1, t2, ..., ty)

0 0 1L (#—=12 0 0 Mo ]
- 2 - = ¥ U1, U, to, ,t dt1dt dt
O Ot B B Ouy duyt otttz ) DN I
1 (ty—1) M(b,c) 1 1
= , 9 7t ) 9 7 dt
32 2 gfl,v+1(u1 U2, 02 U)dul P - 1
1t —1)° 0 Mbe) 1
f— ETWg_l,vc+1(tl’tl7t2"'.7tv)d7t1‘
And, from the topological recursion formula, we have
11 1 1 \(#2-1)3 1 M(bse)
- S dty x W t—t,to, ...ty
64 27i (t+t1+tt1> 12 dt g1t 2 )
11 1 1 t2—1)3 1
=——-— + ( ) — - dtq
642rmi J \t+t, t—-t) 2 d

M(bc)
X wgfl v+1(t’

t2—1)3 i
[27” <t+t1 t_tl)( Al o, ) dt] - d -t

752—1 3 o
:——( ) g(l,fﬂ(tl,tl,tQ,...,tv) dty - dty - - - dt,

—t,to, ..., ty) dt - (—dt) - dtg - - - dt,

NG —1)

M(b,c)
_ﬁ t% ngl,v+1(t17 t1,ta,... ,tv) ditl

e I CI )

Again, we applied the Cauchy Residue Theorem to evaluate this integral around .

Finally, from the fourth term in the differential recursion formula, we have

IVgu(ti, ta, ..., ty)

_ 0 o _ 1(@-1)7
T Oty Ot,| 32 t2

a Mbc 8 bc

g1+g2=g, ILJ={2,...,v}, stable
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1 (2 —1)3 Z 0 0  _Mpe)

32 t% Oty Otr g1,[1]+1
g1+g2=g, ILUJ={2,...,v}, stable

(t1,t7) dtydi

9 0 _Mbe 1
AT A Vo (t, ty)dt dt j—
atl atj 927|J|+1( 1, J) 1 Jdtl
L (7 —1)° M(b,c) M(bc) 1
32 2 ) Woritea (b tr) - Wo, [y (i ta) - 2
1 g1+g2=g, IUJ={2,...,v}, stable
And, from the topological recursion formula, we have
11 1 1 t2—1)3 1
Y + ( ) C— dtl
642mi ), \t+t1 t—t1) 2 dt
0 L M(be) M(bye)
x [ Z %ng,HH—l(t’tI)Wgz7|J|+1(_t>tJ)

g1+g2=g, ILJ={2,...,v}, stable

11 1 T \(#-13 1
== + c— - dty
642mi J,\t+t1 t—1t 12 dt

X > [wé)hqu(t,t[) dt - Hdtz} [wgwﬂ(—t,w) (—dt) - Hdt]}

g1t+g2=g, IUJ={2,...,v}, stable el jeJ

11 1 N 1\ (#2—1)3
S 642mi o \t+t  t—t t2

D D
% ) W 141t W, g (b E) di - dity - diy - - - diy

g1+g2=g, ILJ={2,...,v}, stable
1 (12 -1)3 D D

A ) Woy 1141 (1 B0 W, 42 (E1, 87) dlby - by - by

1 g1+g2=g, IUJ={2,...,v}, stable

1(t2-1)3 D D 1

= 7372? Z Worn+1 s t) W, g (t1, ) dty

g1+g2=g, IUJ={2,...,v}, stable

= IVg’v(tl,tz, .. ,tv).

Yet again, we applied the Cauchy Residue Theorem to evaluate this integral around ~.

This completes the proof of Theorem 6.0.1. ([l

(b,0)

From this topological recursion in Theorem 6.0.1, and the initial case of I/V(iw2 given in that

theorem, we can recursively compute all of the Eynard-Orantin differential forms W%(b’c).

Let us now look at some examples.
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EXAMPLE 6.0.1. When (g,v) = (1,1), we have

~ 1 1 1 1 2-1) 1
Wl,Ml(b’c) () =—c15— ( + > ( 12 ) dty x Wy, 2(b C) (t, =)
Y

64 2mi t+t1 t—t dt
1)3/t%
dt| dt
1282m[/ (t+t1) t—tl) ! ©3)
1 (t2 — 1)% /1 . (t2 — 1%/ '
= 2miR 1 omiResjm—y,———2 | dt
1282m[ TS G T — ) T e (- 1) |
1 (82 -1)3
% dty.
128
EXAMPLE 6.0.2. Similarly, when (g,v) = (0,3), we may compute
M(byc) 1 1
4% ty,to, ts) = —— ~1). 6.9
5t =~ (1 1) (6.9
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CHAPTER 7

A Recursion Formula for the Generating Function of Generalized

be-Motzkin Numbers

In this chapter, we wish to study the generating function for the generalized bc-Motzkin num-
bers. In Chapter 8 these generating functions will be used to give a closed form formula for
generalized Catalan numbers for some cases of small (g,v), and in Chapter 9 they will be used to
give some identities for the generalized Catalan numbers for some cases of small (g, v).

We will first make the following definition.

DEFINITION 7.0.1. The generating function for the (0,1) be-Motzkin numbers is given by
— oo
Gl x) = 3" Mo (n;b,c) ™. (7.1)
n=0
Now, recall from Proposition 4.1.1 that the be-Motzkin numbers Mg 1(n; b, ¢) satisfy

Moyl(n; b,c) — bMo,l(n —1;b,¢) =¢? Z ngl(a; b, C)Moyl(ﬁ; b,c). (7.2)
a+p=n—2

We may use this result to obtain the generating function for My 1(n;b, c).

PROPOSITION 7.0.1. The generating function Ggfll(b’c)(x) satisfies

~ 1—bx —\/1—2bx + (b? — 4c?)a?
N 2222 '

Kpr
Gy (@)

PROOF. Since the recursion formula in equation (7.2) holds for n > 1, we have

G(])\?l(bﬁ) () = Mo,l((); b,c) + Z M071(n; b,c)x"

n=1

=1+ Z [bﬂol(n —1;b,¢) + ¢ Z Mo,l(a; b, C)MOJ(B; b,c)| ="
a+pB=n—2
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o0 (o]
=1+0b Z Mo7l(k; b, c) aFl 4 2 Z Z Mo,l(a; b, C)Mm(ﬁ; b, c) potB+2
k+1=1 n=1 a+p=n—2

—1—|—bxG01(bc)( )+c xQZZMmabC)M()l(ﬁ,b ¢) v th
a=0 =0

= 1+ b2 G (@) + A2 (GH) (a)?

Thus,

Applying the quadratic formula tells us that

—(bz — 1) & /(bx — 1)2 — 4222
2212 )

Mb,c
GU,l( )(95) =

Then, taking the negative square root and simplifying the result gives

1 —bx — /1 —2bx + (b — 4c?)x2
2¢% 22

GO () =

as was claimed. m

REMARK 7.0.1. As expected, setting b = 0 and ¢ = 1 in Proposition 7.0.1 gives the Catalan

generating function,
1—+/1— 422

(7.4)

We now wish to use the recursion formula for generalized be-Motzkin numbers which was given
in Theorem 4.2.1 to obtain a recursion formula for the generating function for these generalized
be-Motzkin numbers.

We will first make the following definition.

DEFINITION 7.0.2. We define the generating function for the generalized be-Motzkin numbers
by
G%(b’c)(ml,:cg,..., Z Z Z w(ni,ng, .o ny;bye) e tah? e (7.5)
n1=0mn2=0 Ny, =0
We may use this definition, along with the recursion formula in Theorem 4.2.1, to prove the

following result.
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THEOREM 7.0.1. For (g,v) # (0,1),(0,2), the generalized bc-Motzkin number generating func-

. M(b .
tion Ggyv( ) (z1,22,...,2y) satisfies

G%b’c)(xl,xg, ) = [1— 2bxy + (b% — 4c?)a?) Y2 [IIM(bC)(ml,xg, )

M (b,c) ~ Mb,c
+ 2¢%22 Zva( 1 .%'1,.(62,...,:Bj,...,xv)Gog( )(xl,:vj)

M(be
+c 2 2 Gg (1 Ul_l(l'l,l’l,l‘g, - ,JJU)
M (b, M(b,
+ P2 3 Ggh(‘ Igl(xl,xf)cg%(' ijrl(xl,x D76

g1t+g2=g, IUJ={2,...,v}, stable

By “stable,” we mean 2g1 + [I| =1 >0 and 2g2 + |J| —1 > 0.

Here,
II%)(I)’C) (l‘l, o, ... ,.TL‘U)
1T M(b, . M (b, >
¢ Z { o = ;J [m% . Ggm(_f)(xl,azg, ce Ly Ty) — m? : Gg’v(_;)(l‘j,l'g, N T ,xv)}
B i Z.Gﬁ(bvc)(x. T iy T ) (7 7)
-1, Oz, g1 (s T2, Tjy Ty .
and if x; = x1 for j # 1, we take the limit of the above expression for II%,(b’C) (z1,22,...,Ty) as
Tj— T1.
Further, Gé\ﬂ(b’c) (x) is as given in Proposition 7.0.1, and
Gon" (w1, 22) = [1 — 2bay + (b° — 4c?)a?) "1/ [IIM(b C)(961,902)} (7.8)

REMARK 7.0.2. This theorem can be proved directly from Theorem 5.0.1 for the discrete Laplace

transform of the generalized be-Motzkin numbers, since

o 0 0
M(bc) -1 -1y _ 1) vy FM(bc) )] )
G, (xl Ty, 2, ) = (=1)"x129 - - Ty [81‘1 oz, Oz, e (r1,22,...,¢ )] (7.9)

However, we present here a stand-alone proof of Theorem 7.0.1, which is interesting in its own right

for the techniques applied.
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PROOF. Assume (g,v) # (0,1). Then, since the recursion formula for the generalized bc-

Motzkin numbers holds for n; > 1, we may compute:
Gé\’{,(b’c) (21,22, .., Ty)

& o9
= . ni _.no n
= Z “ee Z Mg7’u(07n2,---,ny7b7c)$1 x2 ...xv’u

no=0 Ny =0
[o.¢] oo (o]
n n:
+ E E E Mgo(ni,ng, ...,y b c) xtay? - an®
n1=1n9=0 Nyp=0
o0 (o.) o0
=0+ E E E [ng,v(nl—1,n2,...,nv;b,c)
n1:1n2:0 HUZO
v
2 i3 S .
+c < E nj Mg y—1(n1+mnj —2,n9,...,1j,...,ny;b,¢)
i=2
+ § Mg_17v+1(C,§,n2,...,nv;b,c)
(+€=n1—-2

Yy Y fw;l,1|+1<<,m;b,c>M92,|J|+l<anJ;b,c>>].x?lxgz-.'

91+92=9 TUJ={2,...0} C+E=n1—2

For notational convenience, we will write this as four terms,

Gé\f[v(b’c) (T1,22, ..., Ty) = Ié\’/[v(b’c) (1,22, ..., Ty) + IZ%)U”C) (z1,22,...,Ty)

+ III%(Z”C) (1,22, .., Typ) + IV%(E”C) (z1,22,...,Ty)

Now, for the first term, we have:

Mb,c
Ig,v( )(xl,xg,...,a?v)
o o o
— . ni .n2 n
= E E E [ngﬂ,(nl—1,n2,...,nv,b,c) xtey? e any
n1=1n9=0 Nyp=0
o0 oo o

=b Z Z Z Myo(kyng, ... ny; b, c) ai a2 .. g

(o) o o0
I k. n
:bxlg g E Mg o(k,ng, ... ,ny; b c) xizy? - xy®

k=0 no=0 Nyp=0

M (b,
= bxl Gg,v( C)(:L'l,.’L'Q, ey xv)
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For the third term, we have:

IO (1, 9, ... 2,)

0o 0 oo .
= Z Z Z |:02 Z Mg—l,v+1(C7£7n27'"anv;byc) w?lxgz ZC:}U

n1=1n2=0 ny=0 (+€=n1—2

(e olNe O lNe ]

- QZZ Z Z Mg 1,41 (¢, fanz,...,nv;b,c)x§+§+2x32...x;}v

(=0 £=0n2=0 Ny=0

2 2 ~M(be)
=c leg 1U+1(x17x17x27"'7$11)

And, for the fourth term, we have:

IV%,(I”C) (z1,22,...,Ty)

=D 2.2 [02 > > S My r4a(Conasb, )My, g (63 b, 0)}

n1=1n2=0 1, =0 91+g2=9 ILJ={2,...,v} (+&{=n1—-2

ni .n2 n

TT LT Ty
o0 oo [e.e] oo

Z Z [ZZZ Z g1,[I]+1 C,’I’L[,bc) 92, J|+1(§,ﬂ],b0):|

g1+g92=9 ILJ={2,...,v} = (=0 £=0n2=0 N, =0
2

x§+5+ 33727’2 e xnv

v

_ 2.2 M (b,c) M(b,c)
=clai ), > Gyt (@120 Gy, i (@1, )
g1+g2=g IUJ={2,...,v}

Putting all this together, we thus see that

Mb? Mb,c
Gg,v( C)($1,$2,-..,xv) = bxy Ggﬂ)( )($1,$2,...,xv)

+ II%(b’c) (x1,22,...,Ty)

(7.11)
2 2Gg (1 1;21-1(1‘171131,552, ey Ty)

22 M(b,c) M (b,c)
T Z Z G (@G |J\+1($17x»7)
g1t+g2=9 ILJ={2,...,v}

where
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IIQ{UU”C) (z1,22,...,Ty)

0o oo oo v
§ § § 2 E i3 A .
= |:C ang,U_l(nl—knj—2,n2,...,nj,...,nv,b,c)
n1:1n2:0 TLUZO

Jj=2

sty eane (7.12)

Now, when (g,v) = (0, 2), equation (7.11) becomes

G(];,Jz(b’c) (w1, 22) = bxy Gé\gb’c) (x1,22)

+ II(%(b’C) (1'1, 1‘2)
+ 2c2$%Gé\j[1(b’c) (:cl)Gé\j[Q(b’c) (1, x2)
Rearranging terms so that Gé\gb’c) (z1,x2) only appears on the left side, and substituting in for
Gé\j[l(b’c) (1), gives
G(J)\g(b’c) (331, 902) = [1 —bxy — 2C2$%G3f11(b7c) (901)]_121(])\,42@’6) (331, 902)
= [1 = 2b2y + (V2 — 4c®)a?]” 1/2[222 (bc)cxl,xQ)]

as was claimed.

We would like to obtain a formula where the (g, v)-term Gé\/[,v(b’c) (x1,x2,...,2,) appears only on

the left side. Thus, for (g,v) # (0,1),(0,2), we see that:
Gi;\/[m(b’c)(iﬁhwm e Ty) = bxy G%b’c)(xl, T2y ...,y Ty)
+ 1’1’%}(@0) (1,22, ..., 2y)

Aa? Gg (fgzrl($1,$1,l‘2, ey Ty)

+ a2 [2GM<b a1, T, .., @ )Géfll(b’c) (1)

R M (b,
+2Zva L (z1,22,. .., xj,...,:vv)GOQ( C)(xl,xj)

M(b,c) M(b,c)
+ Z Gg1,|1|+1($17xf)Ggg,|J|+1($1’xJ)
g1t+g2=g, ILJ={2,...,v}, stable
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This implies:

i M(b
G%b’c) (x1, @2, ..., xp)[1 — bry — 202:13%(?071( ) (x1)]
M M (b . M(b
= II%(ILC)(xl,LUQ, ceyTy) + 2¢2 x] Z va( R G T - I x”)GO,g( ’C)($1,$j)
M(b,
+ Czl'% Gg (1 E)Jrl(mlymlyx% ) .’Ev)
M (b, M (b,
+ 021.% Z Gg1,(|f|c-)-1(x1’xI)G927(|J|C‘)*'1($1’xJ)

g1t+g2=g, ILJ={2,...,v}, stable

Hence, this becomes
GMON 21,2y, w0) = [1— 2bx + (B — 4c?)a?) 712 [ﬂ%w (21,22,...,2y)

2 - M(bvc)
+ 2c2a? g va 1 :1:1,332,...,:1:]-,...,acv)GQ2 (x1,25)

2,2 b,c
+cr1 Gy (Mzrl(xl,xl,xg,...,mv)
2 2 M(b,c) M(b,c)
+c E G91,|I\+1(x1’ x]>Gg2"JH_1(x1, xj)

g1+g2=g, IUJ={2,...,v}, stable

which is equation (7.6) in the above theorem.

Our next step is to obtain the formula (7.7) for II%(b’c) (x1,m2,...,T,) as stated in the theorem.

First, observe that:

o0 o o0 v
—_ 2 AT ~ . niy , n9 n
= E E [c ni Mg y—1(n1+mnj —2,n9,...,15,...,ny;b,¢) | &' z5? - xy®

oo oo

o0
=2 Z Z[Z Zn] Mgyp—1(ni+nj —2,n9,...,1,...,ny;b,c)x] x;”]

7j=2n2=0 n;=0 ny=0 “ni1=1n;=0

v oo o0 o0 oo
2 ny i\ s A .
=c E E g g [ E E (njxllmj])Mg,v1(k,n2,...,nj,...,nmb,c)]
7=2n2=0 n;=0 ny=0 “k=0n1 +n;=k+2

LMY T
Ty T, T,
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00 Too 00 00
—C |: ang,Ufl(nj—2,n2,...,nj,...,nmb,c)xj]

7j=2 no=0 nj= Ny, =0 TLj—O
L . /n\J Ny
.%'2 .%'] Ty,

Now, assuming x; # x1 for j # 1, we may compute:

k+2

>o 0 (myairal) = 30 (g )

+ni=k+2 n;=0
e ’ (7.13)

Recall that
‘ x -1
g "= — (7.14)

So,

(z —D)((L+Dab) — (21 = 1)
(x —1)?

(D)t — (0 + D)2t — a2t 41
B (x —1)°
Lz — (04 1)at 41
R P
laf(x—1)+at+1

(z— 1)

Thus, plugging the result of equation (7.13) into (7.15), we see that

(7.15)

n; Mz = o le; (k4 2)(z;/21)M 2 — (k+ 2+ 1)(z;/z1)F 2 + 1
Z (J 1 j)_ 1 ]|: (($j/$1)—1)2 ]
— [$'f+3[(’<f +2) (/23 — (k4 3) (2 /a1)F 2 + 1}}
’ (g ) — 12
[(k: + 2):1:?*3 —(k+ 3)x1x§?+2 i xllc+3]

(zj —21)?

ni+n;=k+2
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(k + 22+ — (k + oo™ + af oo,

(z1 — )
k+4 k+3
_ (k + 2)1’]."" — (k + Q)xlxj+ B xl.??? xk x:i‘:cj xk
(x1 — :pj)2 (21 — ij)Q I (@ — a?j)Q 1
200 3 ,
x(x .731) 1y 3.
_ g\ k1 y k T X
_m(k+2)xj (1 —ay)? :CjJr(x — )2 M
J 1 J 1 7
3 2

(r1 — xj)Q 1 (1 — l’j)Z Iopy — ij

Next, observe that

0

690] GM(b ©) (xl, Ty v ,.Z‘U):|

oo [ele}

n n;+1
Z Z nj+2 gv(nl,n2,...,nv;b,c)x11-..ij -

n1=0 1y, =0
And,

OO [ee)

o
c? Z Z Z [an g,v— 1(n; —2,na,. .-,ﬁj,...’nv;b70)$?j:|

7=2n2=0 n;=0 ny=0 ~n,;=0

:CQZZZZ

—_—
v (o] o0 o0 |:
j=2n2=0 n;=0 Ny =0

[e.e]
Z k+2) g—1(k, ”27-‘-aﬁij-,nv;b,c)ggfﬁ]
k+2=2

v
0 .
:C2$jza$j|: j2 va( 1)($j,$2,...,l‘j,...,$v):|

N(b,c

Putting all this back into our above work for the term ZI%, )(xl, To,...,Ty) then gives:
II%)(I)’C) (J}l, T2y ... ,.TCU)

2 :El‘r] M(b,c) .
= Z 'va_l (1,22, ..., Tj, ..., Ty)
iL'l—J:‘J )

3 —
T N (b, A
- m . Ggﬂ,(_f)(mjﬁx%-- . ,Ilfj,...,xv)
J
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T —T
j=2
2 ~AM(be)
T (Tj, 2, ..., Dj, ..., Zy)

as was claimed.
Observe that this holds as long as none of the z; are equal to 1 when j # 1. If z; = z; for

j # 1, then the jth term in the definition of IIM( )(331, x9,...,%,) becomes:

(o) (o] (o)
2 I ~ . ni_ng n
c g E E niMgy—1(n1 +nj —2,n2,...,10,..., Ny b, ¢c) ' xy? - xy®

n1=1mn2=0 Ny =0 Tj=x1
co oo oo
2 I ~ . n1+n
=c E g E niMgy—1(ni +nj —2,n9,...,15,...,ny;b,c)xy 7
ni1=1n9=0 Nyp=0
na /E n
.'7;2 x] ...xvv
= [Z Z Z Z an go—1(k,no, ... 105, ..., Ny b, C)
k=0 ni+n;=k+2n2=0 n;=0 n,=0
k+2 n2 /"; n
xQ x] ...xvu
—E g E n] go—1(Nj —2,n92,...,1j,...,N;b,¢)
no=0 n;=0 Nny=0
nj ,.n2 /@ n
.'1;1 x2 xj ...va:|

Q[iiii( > nj)ﬁg,v1(k,n2,...,ﬁj,...,nv;b,c)

k=0 n2=0 anO Nny=0 n1+nj:k:+2

k+2,n2 o5
cxy Ty T, Ty,

[e.9] oo

—ZZZ Z(€+2) g,u— 1(( ng,...,ﬁj,...,nv;b,c)

¢=0 n2=0 n;=0 =
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42 no /E n
:El '1:2 xj ...a’:UU

—c:cl{ ZZ Z Z (k+2)( k+3) go—1(k,na, ... 105, . .., ny; b, c)

k=0 n2=0 n;=0 N, =0

k+1,_.n2 /TZ n
xl 1-2 xj ...xU’U

—ZZ Ze+2 go1(6,n2, .1, s b, )

£=0 n2=0 Ny =0

2 {1 0 { M (b,c)

g,o—1 (I'l,xQ,.. . ,.ij,. . .7.’L'v):|

0 M (b,c ~
" o [w% . Ggyv(_l)(xl,xg, ce Ty .,xv)] }

Here, we have used that:

& [xs G

(9952 g1 (xl,xg,...,fj,...,xv)]

~ . k+3 n v
[g Z g g,0— 1kng,...,nj,...,nv,b,c)lerx22-~-xﬁ

k=0 n2=0 Ny =0

Z Z k’+3 k—l—Z) g,v— 1(k‘ nQ,...,ﬁj,...,nv;b,c) kil 32"'1‘2”
=0n2=0 1y =0

and

:ZZ 2@4‘2) go—1(€,na, ... 1, ..., ny; b, c) x] Zitt zy?

For notational convenience, we will write

G =GO w1, @, B, ), (7.16)
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Then, this becomes

1 9 0
2 _ Y 2,
cx1<2 2[ el xl[xl G])

1 0?
= 21y [ <6x1 G+ 6:B1

) , 0
a 1G+l’1 agp%G) < I G+$1 81}1G>:|

9 1, &
_ 2|2, 3, o
=c [xl G + 223 8$1G+2x1 8$%G}

Now, the jth term in (7.7) is

T1Tj ]ij7 ~ Mo, R
02{32[x%-va(_f)(xpm,...,xj,...,xv) 2 va( f)(xj,xg,...,xj,...,xv)}
(21 — ;) ’
L1 0 2 M(b,c) R
- — . 0 [xj Gyt (T, T2y Ty Ty)
1 M(b,e . M(b,c .
:CQ2|:IL’1$J'[.’E%va( 1)(5E1,$2,...,$j,...,xv)—J:?va( 1)(1’],552,... I‘j,...,l‘v)]
(z1 — ;)
0 2 M(bc) ~
—xle(l'l—wj)%[ va 1 (xj,xg,...,xj,...,xv)]
J

Letting x1 = x; + h, and taking the limit as h — 0, we obtain

9 1 M(b,c .
lim ¢? [(a:] + h)z;[(z; + h)? M )(a:j +h,xo, .. Ty, Ty)

h—0 h? gv—l
M (b, ~
—ZC?G‘Q’U(_({)(.T]',(I)Q,...,x‘]‘,...,l'y)]
9 2 M(bc) o
— (zj + h)z;h 83; [ N C (xj,mg,...,xj,...,mv)]

1
—hmc2[xj[(x]+h) G M(be )(:c]—l-h T2, Ly, Ty)

h—0  2h gv=l
. Gﬁ/fv(bf)(xj,:ng,...,afj,...,%)]

(W) 20+ B) GO (s 4 hwa, )
+(xj+h)2%afv@?(:cj+h,x2,...,fj,...,xv)]
— (xj + 2h)z; 8(37] [x? Gg)(ﬁ’f)(xj,xg,...,:fj,...,xv)]

: 1 .
:;11%022h z;[(z; + h)? va( 1)(x]+h L2, Ly, Ty)
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b,c .
— g2 Gﬁ{f g, oy s gy )]
9 Mb,c R
+ (zj + h)z; - W[(l“j +h)?%. Ggw(,l)(xj +h, Ty, .., Ly Ty)]
8 ~
— (z; +2h)x; - oz, [22 va( 1)(%,902,...,35]-,...,95@)]

Here, we applied L’Hopital’s Rule, since this has indeterminate form %, and we also used the

observation that

0 Mo . Oh 0 M) .
8:61G9’“ Lz, 20,0, 25, 1) = a—ml%(}gv V(g 4+ hxe, .2, Ty)
8G (e )( j+h,$2,...,fj,...,$v)

ah gvl

Again, the term in brackets evaluates to zero, so we may apply L’Hopital’s rule a second time

to see that this equals:

M(byc)

51
}lllinc 3 2$J($J+h)Gg,v—1 (xj+ h,xo,...,25,...,2y)
2 0 M(b,c) A
—|—.%'j(.7}j+h) . G (xj—i—h,asg,...,xj,...,a:v)

O(w; + h) 9!

+aj W[(% +h)2.Gé‘{}(bf)(% Fhy Ty By 1)
+ (zj 4+ h)zj - W[(:BJ +h)?. G;\Z}(E’f)(l‘j +hxy, . Ty Ty
o, ;%[xg GO (g o, w)]

202; QG%bf)(mj,a:Q,...,fj,...,xv)

5 0 Mo
j ’ 87% g,’U—l

0 M (b,e)
. 87%[% ‘Gg,vq

(.CL'j,ZL‘Q,...,.fj,...,ZCU)

N

(.Ij,l’g,...,fj,...,xv)]

82 Mb,c o
b2 L GO g 20)]
]
0 b,c o
205 g 143 G (o2, gy
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. M(b . . C
In the shortened notation G := G, v(_’f) (1,22,...,25,...,T,) that we used earlier (which im-

. M(b . : : .
plies G = Gg7v(_’f)(a:j, Z9,...,Lj,...,Ty) since we are assuming x; = x;), we see that this becomes

2
'882[30]2{;] —2x?G—x3-—a G]
T4
J

1 0
2 2 3 2
62[2x4G+x--G+xj j ;

J J afL’j

2 J 8$j J 8$j

1 9 9 o

2 2 2
=c*af [2-G+2xj'aijJFQ%'&CjGJF%‘ax?G]

0 1 0?2
=222 93 s S
c” |5 G+ x; 8ngG—i-2ac] 8372G

which is the same as we obtained above, if we replace x; by ;.

This completes the proof of the theorem.

7.1. Examples of the Generating Function for Generalized bc-Motzkin Numbers, for

Some Cases of Small (g,v)

Now we will use Theorem 7.0.1 to obtain explicit formulas for the be-Motzkin generating function
for some cases of small (g,v).

When g +v =2 and g + v = 3, we discuss the results for the case of general (b,c), as well as
the particular case of generalized Catalan numbers when (b,¢) = (0,1) and the case when (b,c) =
(2,1), which will be studied later in Chapters 8 and 9 when discussing closed-form expressions and
identities for generalized Catalan numbers.

For g+ v = 4, we only discuss the case when (b,c) = (0, 1), i.e. the case of generalized Catalan
numbers, due to the lengthy computations involved when we work with general b and c.

Much of this work was done using the computer algebra system Mathematica to aid in compu-

tations.
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Case (g,v) = (0,2).

We will first look at the be-Motzkin generating function when (g,v) = (0, 2).

PRroPOSITION 7.1.1. We have

GM(b,c)

12
0,2 (z1,22) =

44/1 = 2bx1 + (B2 — 4c2)22\/1 — 2bxg + (b2 — 4c?) 73
[<\/1 — 2bxy + (b2 — 4c)a? — /1 — 2bxg + (b — 4c?)a3

1 — T2

)2 — (b - 402)] (7.17)

if x1 # xo. Further, if we take the limit as o — x1 =: x, then we obtain

Gé\gb’c) (r,z) = lim Gé\j[z(b’c) (z1,29) = Z2?[1 — 2bx + (b* — 4c*)2?] 2. (7.18)

To—T1=T

ProOF. From Theorem 7.0.1, we see that
Ggfg(b’c) (21, 22) = [1 — 2bx1 + (b? — 4c2) 23] 71/2 [II(])\?Q(b’C) (21, xg)} ,

where

M(b,c 1z M(b,c c
IIng’ )(Il,l‘g) = 02{(9311;2)2 [az% ) Gé\jfl(bv )(331) — 2% Gé\jfl(b, )(x2)]

ne 0 L oo |

Tr1 — T2 8m2

And, we may compute

d | 5 Mbe) i _ 2 4.2 _ 2 4 2\.21-1/2
dx{x Goq (x)]—202 [b—i—( b+ (b* — 4c¢)x)[1 — 2bx + (b* — 4¢”)x”] .

Thus, plugging this in to the above equation, we obtain

ZIé‘gb’c) (z1,22)

_ cz{xlx? o 1= by — [1— 2bay + (2 — 4c%)a?)"/?
( 2

1 — T2) 1 2c272
5 1 —bxy —[1—2bxy + (b — 4c?)x3)/?
Tt 2c2x3
T1T9 -1

= . . 202 |:b + (_b + <b2 _ 402).%'2)[1 — 2bxo + <b2 . 402)1}%]_1/2] }
1— 22
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122

2 - m)? [“ — by = [1 = 2bay + (8 — 4c%)ad) /2]

— [ by — [1 - 2bzy + (B — 4c*)a3] ]

+ (21 — z2) [b+ (b + (b? — 4c?)z2)[1 — 2bas + (b* — 462)$%]_1/2]:|

1T 2 2y,.211/2
=12 p(a —ao) —[1—2 —4
a1 — 19)2 [ b(wy —x2) — | bry + (b )i

+[1 = 2bay 4 (0% — 4c?)23) /2

+b(x1 — x9) + (z1 — 22) (=D + (b% — 4c?) ) [1 — 2bxy + (b* — 402).@%]1/2]

— 2(@?1_56?1;2)2[_ [1 — 2[);61 + (b2 _ 462)1'%]1/2 + [(1 _ 261'2 + (b2 o 402)CU§)

+ (21 — 22)(=b+ (b* — 4c*)x2) | [1 — 2bas + (b° — 402)51:3]1/2]

_ L1122 2 2\, 2\1/2
= —(1-2b b* —4
2(z1 — x9)? [ ( 7+ <)1)

+ [(1 = 2bz + (b* — 4c?)x3) + (—bay + (b* — 4¢®)z132) — (—bas + (b* — 4¢®)a3)]
1= 2bzy 4 (b2 — 4c?) @3] /2

T 2 2y,.211/2
=— | —[1—2b b —4
2(xy — x2)? [ [ 7 <)ol

+ (1 = bz + 32) + (b% — 4cP)z122)[1 — 2bxg + (b° — 4c?)x3] /2

Thus, we see that

Géﬁb” (z1,22)

= w[—l—l—(l—b(an—f—xg)-i—(b —4c)x122)

1= 2bay 4 (07 — 4c2)a?) (1 = 2bag + (b7 — 4cP)ad] />

12

2(1’1 — 1'2)2

. [—\/1 —2bzy + (b2 — 4c2)22\/1 — 2bxo + (b2 — 4c2)zd + 1 — b(x1 + x2) + (b2 — 4c?)z129
V1 —=2bx1 + (b2 — 4c2)x3\/1 — 2bzy + (b2 — 4c2) 23
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Now, observe

2
<\/1 — 2bxy + (b2 — 4c?)x \/1 — 2bxa + ( 402).7:2)

= [1 = 2bz; + (b? — 4c*) 23] + [1 — 2bxo + (b — 4c?)a3)

- 2\/1 — 2bxy + (b2 — 402)56%\/1 — 2bxg + (b? — 4c?)x3

=2 — 2b(w1 + x2) + (b* — 4c?) (2] + 23)

- 2\/1 — 2bx1 + (b? — 402)$%\/1 — 2bxg + (b2 — 4c2)3
We may use this to write the above result in a simpler form. We thus have

Géﬁb’@ (z1,22)

o 12 1
2(x1 —22)? /1 — 2bxy + (b2 — 4c2)x2+/1 — 2bxg + (b2 — 4c2)a2

1 2
. [2 <\/1 —2bzy + (b — 4c?)z} — \/1 — 2bxzoy + (% — 402)30%)

1
— 5(()2 —4c) (22 + 23) + (b* — 402)x1m2}

12 1

A(zy — 22)2 V1= 2bzy + (b2 — 4c2)22\/1 — 2bxy + (b2 — 4c?)x2

2
[<\/1 — 2bxy + (b2 — 4c2)x? — \/1 — 2bzg + (V% — 402)30%)

— (b — 4c?) (22 — 2z + x%)]

. X129
41— 2bzy + (B2 — 42)a2\/1 — 2bzy + (b2 — 4)a2

' Kﬂ — 2bxy + (b2 — 4c2)a? — /1 — 2bag + (b? — 402)g;g>2 (AP (- 1:2)2]

xr1 — X2 (1'1 - 552)2

. 12
B 44/1 — 2bxy + (b2 — 4c2)z3 /1 — 2bxa + (b2 — 4c?)x3

. [<\/1 — 2bx1 + (0% — 4c2)2F — /1 — 2bas + (b2 — 4c2)x5>2 e 402)]

r1 — T2

as was claimed.
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For the second part of the above claim, observe that, by L’Hopital’s Rule, we have:

I V1 —2bx + (2 — 4c2)x2 — /1 — 2b(x + h) + (b2 — 4c2)(z + h)?
m

h—0 z— (x+h)
_ —1(1 —2b(z + h) + (0 — 4c?)(z + h)?)"Y2(=2b + 2(b% — 4c?)(z + h))
= -1

= lim (1 — 2b(x + 1) + (0 —4c?)(z + ) V2 (b + (b7 — 4¢?)(z + h))

= (1 —2bx + (b? — 4c2)a?) V2 (=b+ (b? — 4c%))

B —b+ (b? —4c?)x
V1= 2bz + (b2 — 4c2)2?

Thus,

G (2, )

— lim GM®O
xQJggl_x 0,2 (71, 72)

B 2 —b+ (b — 4c?) 2 s 42
4[1 — 2bx + (b% — 4c?)x?] [( V1 —2bx + (b — 4c2)x2> (b —de )}

x? (=b+ (b? — 4cH)z)? — (1 — 2bx + (b? — 4c?)2?) (b2 — 4c?)
4[1 — 2bx + (b% — 4c?)a?] 1 —2bx + (b% — 4c?)a?
2

(
x
4[1 — 2bz + (b2 — 4c?)2?)?

0% = 2b(b? — 4cP)x + (0* — 4c?)22? — (b — 4c?) — 2b(b* — 4cP)x + (b* — 402)23;2)]

w2

_ b — (
4[1 — 2bz + (b2 — 4c?)2?)?
c?a?

B [1—2bx + (b2 — 4c¢?)x?)?

b’ — 402)}

as was claimed.

REMARK 7.1.1. Observe that, if b = 0 and ¢ = 1, then we obtain the generating function for
the (0,2) Catalan numbers:

0 1— 422 — /1 — 422\ ?
Gon "V (w1, 22) = x12x2 5 [(\/ oy x2> + 4} (7.19)
’ 4y/1 — 423/1 — 423 T — X2
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Also, if we let b = 2 and ¢ = 1, then we obtain:

12 \/1—4561—\/1—45112 2
4\/1—41‘1\/1 —43)2 1 — X9

Gon M (@1, a2) =

(7.20)
We will use these results later, in Chapter 9, to obtain an identity for the (0,2) Catalan numbers.

M(b,c)

REMARK 7.1.2. We will see that, of the following examples, only G, (21, 22) is undefined

at x1 = x2; for all other examples we will look at, the x1 — z; terms will cancel with a factor in the
numerator when the entire formula is put over a common denominator. Later in this chapter, we

will conjecture that this is true more generally.

Case (g,v) = (1,1).

We will next apply Theorem 7.0.1 to the case when (g,v) = (1,1).

ProrosiTIiON 7.1.2. We have
G (@) =t L — 2ba + (0 — 4c?)a? (7.21)

PrROOF. From Theorem 7.0.1, we see that

Gf[l(b@ (z) = [1 — 2bx + (b* — 402)372]*1/2 Aa? Gé\j[z(b’c) (z,z)|.

Hence, plugging in the result of Proposition 7.1.1 when z; = 22 = z, we obtain

Gﬁ(b’c) (z) = c*a*[1 — 2bx + (b? — 4c?)x?] 5/

as was claimed.

O

REMARK 7.1.3. In particular, when b = 0 and ¢ = 1, we see that the generating function for

the (1,1) Catalan numbers is:

O (z) = et (1 — 4a?) 2. (7.22)
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And, when b =2 and ¢ = 1, we have
P (@) = 2t(1 — 4a) %2 (7.23)

We will use these results later, in Chapters 8 and 9, to obtain a closed-form expression and an

identity for the (1,1) Catalan numbers.

Case (g,v) = (0,3).

We will now apply Theorem 7.0.1 to the case when (g,v) = (0, 3).

PRrRoOPOSITION 7.1.3. We have

M b,c
G0,3( )(xv Y, 2)

2ctzyz[r +y + 2 — 2b(xy + 22 + y2) + [—(b? — 4c?) + 4b%]ay?]
[1 — 2bz + (b2 — 4c2)22]3/2[1 — 2by + (b2 — 4c2)y2]3/2[1 — 2bz + (b2 — 4c2)22]3/2

(7.24)

PrOOF. From Theorem 7.0.1, we see that we have:

Gog"(@,y,2)
= [1— 2bz + (0% — 4c) 2?7 1/? [II%(b’c) (x,y,2) + 2023:2Gé\f12(b’c) (x, y)Gé\gb’c) (x,z)
where

17" (2,y, 2)

= 02{ Y 5 [1:2 . Géwg(b’c) (x,2)

(z—y)
M(b,c €T 0 M(b,c
—y? - Gy, Z)} - % n [yQ Gy, Z)}
xz M(b.c
" (x — 2)2 [wQ ' Géwﬁ(b’ (@,y)
M(b.c Tz 0 M(b,c
— 2. Gé\é(b, )(z,y)} - E |:Z2 . Gé\é(b )(Z,y):| }

Using Mathematica, we may compute the above simplified form of Gé\j[g(b’c) (x,y,2).
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REMARK 7.1.4. In the particular case when b = 0 and ¢ = 1, we obtain the generating function

for the (0,3) Catalan numbers,

r+y+z+4dxyz
(1 — 422)3/2(1 + 4y?)3/2(1 + 422)3/2

G%(O’l)(x, Y, 2) = 2xyz

And, when b = 2 and ¢ = 1, we also obtain

x+y+z—4(xy+xz+yz)+ 16zy2
(1 —42)3/2(1 — 4y)3/2(1 — 42)3/2

Case (g,v) = (1,2).

We will now apply Theorem 7.0.1 to the case when (g,v) = (1, 2).

PROPOSITION 7.1.4. We have

— 6 M
GM(b,C) _ czy pM(be)
1,2 (z,y) [1—2b2 + (b2 — 402)302]7/2[1 —2by + (b2 — 462)y2]7/2 1,2

(z,9),
where

sz(b’c)(aj, y) = bzt — 5ba® + 4oy — 33ba’ty + 29072y + 4c2aSy + 32%y? — 25ba>y?
+ 910%z4y? — 52c%hy? — 69032y + 36bc2x0y? + dxy® — 25bx2y>
+ 7502233 — 52223y — 1416324y + 2600’2ty + 87 20 y?
— 184b%% 2%y — 16¢*2%y® + 5yt — 33bay* + 916%22%y* — 526242y
— 14183 23y* + 26002 23y? + 14162yt — 520022 zty* + 208 21yt
— 630°25y* + 2960322yt — 176bc* 2Pyt — Bby® + 2002 xy® + 4P xy®
— 69b32%y° + 36bc2x?y® + 87b1x3y® — 184b%Pay® — 16¢t2yd
— 63b°2ty® + 296032y’ — 176bctxty® + 216525y° — 148b*Padyd

+ 176b%c* 2y + 320c825y°
PROOF. Again, from Theorem 7.0.1, we see that we have

G (@, y) = [1— 26z + (0? — 4c?)2?) V2| 727 (2, y)

80

(7.25)

(7.26)

(7.27)



+ 22 Ggffg(b,c) (z,2,y) + 202$2G£742(b’c) (, y)Gi\ﬂ(b,c) (m)]
where

M b,c
IZI,Q( )(xa Y)

ry M| b,c M| b,c Ty 0 M b,c
:c2{(x_y)2[a¢2-Gﬁ( )(SC)—:L/Q-G%( )<y)} - x_y-ay[y?-Gl,l( )(y)]}

Using Mathematica, we may compute the above result for G%(b’c)(a:, Y).

O

REMARK 7.1.5. When b = 0 and ¢ = 1, we obtain the generating function for the (1,2) Catalan

numbers, which is

615" e = (1— 4m2)7/§(/1 —apynt 10, y), (7.28)
where
PE(OJ)(»’C; y) = 5t + 423y + 42y + 322y? — 522%y? + day® — 5223y — 16253
+ 5yt — 5222y + 2082yt + 4xyS — 162395 + 32025y°
And, for b =2 and ¢ = 1, we obtain
G = (1- 43:)7/9;?(/1 mymUEsE 12 (2, ) (7.29)

where

Pf\’é(m)(:c, y) = 6402°y° — 4802°y? + 12025y — 1025 + 384x1y* — 608>

+ 312z%y% — 662ty + 52* + 64023y° — 60823y* 4 248233
— 5023y% + 423y — 48022y° + 31222%y* — 502%y> + 32792

+ 120215 — 662y* + 4zy® — 10y° + 5y
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Case (g,v) = (2,1).

We will now apply Theorem 7.0.1 to the case when (g,v) = (2,1).

PROPOSITION 7.1.5. We have

Gé\j[l(b’c) (z) = 213281 — 20z + (B* — 402)952]79/2 +105¢°2101 — 20 + (b% — 402)!%2]711/2. (7.30)
ProoF. From Theorem 7.0.1, we see that
Gé\ﬁ(b’c) (z) = 2?1 — 2bx + (b* — 402).%'2]_1/2 Gi\g(b’c) (z,2) + [Gjl‘fjl(b’c) (x)]Z

Plugging in the result of Proposition 7.1.4 when x = y and using Mathematica to simplify the

result, we obtain
Gé‘fll(b’c) (z) = 21828 [1 — 2bz + (b* — 4c%) 2?92 410502101 — 2bx + (b% — 4c?)2?]~1/?

as was claimed.

0

REMARK 7.1.6. In particular, when b = 0 and ¢ = 1, we see that the generating function for

the (2,1) Catalan numbers is
GOV (2) = 2123(1 — 422) 7% 4+ 105210(1 — 4a?)"1V/2, (7.31)

And, when b =2 and ¢ = 1, we have

GY P (@) = 2123(1 — 42) 792 + 10521°(1 — 4z) /2, (7.32)

)

Case (g,v) = (0,4).
We will now look at the case when (g,v) = (0,4). Theorem 7.0.1 gives:

Gé\i(b’c) (z,y,z,w) = [1 — 2bz + (b* — 4c%) 2% ~1/? Ilﬁ(b’c) (x,y,z,w)

+ 2¢%22 (Gé‘gb’c) (, y)G(J)\j[g(b’C) (x,z,w)
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+ Gy (@, 2) Gy (2, y, w)

n Gé”;b”(x,w)Gé?;’*%,y,a)]

where

ITo " (@, y, 2, w)

) i} _
= ] ) - G )|

9 e oMb
Py ay{y Goz (Y, 2,w)

Tz M(b,c
7)2 |:$2 ’ G073( )(xa Y, ’U))

+(x—z

Mb,c Tz 0 Mb,c
-2 GO,S( )(Zvva):| - T — 2 ) % |:22 ’ GO,S( )(z,y,w)]

L i {xz. M(be)

(IL’—’LU) 0,3 (x7y7z)

—wz-Gé‘é(b’@(w,y,z)]— o 8[w2-Gé‘é"”C><w,y,z>]}

T—w Ow
Letting b = 0 and ¢ = 1 and using Mathematica for the computations, we see that the generating

function for the (0,4) Catalan numbers is

G\ (2, y, 2z, w)

—2wzyz M(0,1)
T (1 — 4w?)52(1 — 422)5/2(1 — 4y2)5/2(1 — 422)5/2 Poa (@ y, z,w) (7.33)

where
B oﬂfi(o’l)(w, Y, z,w) = —3w? — dwx + 4w’z — 3% 4 24w?x? + dwad + 32032 — 4wy
+ 4wty — dzy + 4w’y + 4w’y + 32uta?y + 42ty + 32wa’y
= 3y° + 24w’y? + dway’ + 320 zy” + 2407y’ — 144wz’

+ 32wzy? — 320w3z3y? + 4wy + 3203y + dxy® + 32wiay?

+ 32wy — 320w3z?y> + 3203y3 — 320323y — 4wz + 4wz
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—dxz + dwlzz + dwz?z + 32032z + 4232 + 32wz — dyz
+ dwyz — 24wzyz + 48wryz + 422yz + 32w ayz + 8walyz
+ dwy?z + 32w3y22 + dzy’z + 32wizy? 2 + 32way?z

— 320w3x2y2z + 32x3y22 — 320w2x3y2z + 4y3z + 32w2y3z

+ 48wy’ z + 322y 2 — 320w3a?y 2 — T68wix3y 2 — 322

+ 24w?2? + dwxz? + 32wiz2? + 24222 — 144w 2?22

+ 32w 2% — 320032322 + dwyz? + 32wy2? + dxyz?

+ 32w2xy22 + 32w:v2yz2 — 320w3x2y22 + 32x3yz2

— 320w z3yz? + 2492 2% — 144w y? 22 + 32way?2?

— 320wzy?2? — 14422y% 22 + 768w a?y?2? — 320wady? 22

+ 2048w3:):3y222 + 32wy3z2 — 320w3y322 + 323vy?’z2

— 320w’zy®2? — 320wz?y 22 + 2048wl x?yS 2% — 320233 22
+2048w2a3y 2% + 4wz + 320323 + daz® + 320223

+ 32wz 23 — 320wz?23 + 322323 — 3200323 4 4y2?

+ 32wy 23 4 48wy 2® + 322%yz3 — 320w3x?y 23 — T68wiL3y 23
+ 32wy2,z3 — 320w3y2z3 + 32my223 — 320w23:y223

— 320way? 23 + 2048w3x2y? 2% — 3203y% 2% + 2048w a3y 23
+ 32¢32% — 320wy 23 — T68w3xy> 23 — 32022323

+ 2048w xy3 23 — 768wxy> 23 + 6144wz3y3 23
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Case (g,v) = (1,3).
We will now look at the case when (g,v) = (1,3). Theorem 7.0.1 gives:

(@, y, 2)

= [1—2bx + (0% — 4c?) 2?7 1/? [II%U]’C) (z,y,2) + *x? Gé\ﬁ(b’c) (x,2,9, 2)
+ 2% <Gé\743(b’c) (z,vy, z)Gjl\?l(b’c) (x) + Gé\g(b’c) (z, y)GLQ(b’C) (z,2)
M b,c Mb,c
+ G0,2( )(x, Z)G1,2( )(513» y))}

where

AT c xr M C M C
II]K[g(b’ )(2?, Yy, z) = 62{y [x2 . Gi\gb’ )(:c, 2) —y*- Gi‘gb’ )(y, z)]

(z —y)?
Cmy Oy WMo

r—y Oy {y Gio (Y, z)

Tz c M(b,c
e [mQ G{\gb’ Na,y) - 22 Gy )(z,y)]
_?z 9]0 oMb

x—2z 0z [Z Gz (% y)] }

Letting b = 0 and ¢ = 1 and using Mathematica for the computations, we see that the generating

function for the (1,3) Catalan numbers is

M(0,1) _ 2zyz M(0,1)
G @y, 2) = (1= 422)972(1 — 42072 (1 — 4:2)0/2 " 13 (2,,2) (7.34)

where

POV (2,y, 2) = 152% + 1027 + 152y + 1025 + 122%% — 2162%y% — 16827y
+ 12223 — 21621y — 16825y + 152y* — 21623y* + 12482%y*
+ 864z Tyt + 15y° — 21622y° + 1248z%y5 + 8642%y5 + 102y°
— 168x3y5 + 8642°y% — 588827y® 4+ 10y” — 16822y" + 864z*y”
— 58882597 4+ 152% 2 4+ 10252 + 1223y 2 + 242°yz — 8aTyz
+ 92%y%2 — 192x4y2z —2162%% 2 + 122932 — 1922332
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- 2409353/32 — 96x7y3z + 15y4z — 192x2y4z + 1056m4y4z
+ 124820y 2 + 24252 — 24023y° 2 + 46082°y°z — 2688z y° =
+10y%2 — 2162252 + 12482%¢%2 — 66562%y° 2 — 8zy" 2

— 9623y"z — 26882°y "z — 51202 y" 2z + 122322 — 2162°22
— 16827 2% + 92%y2?% — 192x4yz2 — 2162%y22 + 9xy? 2>

— 360239222 + 31682°y? 2% + 259227 y2 2% + 12y3 2>

— 36022y 22 + 3024xty3 2% + 297625322 — 192y 2>

+ 3024239222 — 149762°y* 2% — 165122 y12% — 216y°2>

+ 316822y°2? — 149762y 2% — 1728025¢°2% — 2162y°2>
+ 297623y° 22 — 17280251522 4 89088270 2% — 168y" 2>

+ 259222y 722 — 1651224y " 2% + 8908820y 2% + 124223

— 2162423 — 1682523 + 122y2% — 19223y — 24025y 23
—9627yz3 + 12y%2% — 3602%y2 2% + 3024xy% 23

+ 297625y 23 — 1922323 + 1872231322 + 57602°y> 23

— 384z 7y2 23 — 216y123 + 302422y 2% — 1382421y 23

— 1958425y 23 — 2402y° 2 + 576023y 23 — 691202°y° 2>
+ 38400275 2% — 168523 + 297622y52% — 19584244023

+ 95232251523 — 962y 23 — 38423y 723 + 384002°y" 2*

+ 7372827y 2% + 1522* — 216232 + 12482°2* + 86427 2*
+ 15y2* — 19222y 2* + 10562 y2* + 124825y2* — 19229224
+ 3024a3y% 2% — 1497625y 2* — 1651227y 2* — 21643 2*

+ 302422y 2% — 138242%y32% — 195842513 2* + 10562y 2*

— 1382423y% 2% + 4838425y 2t + 12134427y 2* + 1248524
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— 149762%y° 2% + 48384xty5 2 + 1274882015 2% + 1248290 2%
— 19584x3y52* 4 12748825y52% — 491520247¢%2* + 864y 7 2*
— 1651222y " 2* 4+ 1213442ty " 2* — 49152025y 7 2% + 152°
— 2162225 4 12482425 + 8642°2° + 24xy2® — 24023y 2°
+ 46082°y 25 — 26882 7yz" — 2163225 + 3168222 2"
— 149762 y% 2% — 1728025y22° — 240xy32° + 576023y32°
— 691202°y32° + 384002 y32° + 1248y* 25 — 1497622y 2"
+ 48384z y*2® + 12748825y 2% + 46082y° 2% — 6912023y°2°
+ 4239362°y° 2% — 2396162 y° 2 + 8641y°25 — 172802%y%2°
+ 1274882%y%25 — 50380825¢° 25 — 2688z 2° + 3840023y 25
— 239616x°y "2 — 34406427y 2° + 10225 — 1682325 + 8642525
— 58882728 + 10y2° — 2162%y25 + 124821y 2% — 665625y2°
— 216xy22°% 4 2976231225 — 1728025y22°% 4 890882712 2"
—168y32% + 2976224320 — 19584241320 + 9523245y3 26
+ 12482y 2% — 1958423y 2% + 12748825y 2% — 49152027 y* 2°
+ 8641525 — 1728022y 2% + 12748824y 2% — 50380820 2°
— 66562y°25 + 95232431525 — 5038082°y°%25 + 120422427520
— 5888y" 2% + 8908822y 728 — 49152024y 728 + 120422425y 720

+ 102" — 1682227 + 8642 2" — 58882°%2" — 8xyz" — 9623y2"

— 26882°y2" — 51202 yz" — 168y22" + 259222227 — 1651224y 2"

+89088z0y2 2" — 9621327 — 384231327 + 3840025327
+ 737282 T y3 2" + 864yt 2" — 1651222y 27 + 1213442427

— 4915202%y% 2" — 2688xy° 2" + 3840023y° 2" — 239616255 2"
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— 34406427y 2" — 5888y°27 4 89088221027 — 49152021y5 2"
+ 1204224254527 — 5120ay” 2" + 7372823y 2" — 3440642y 2"

+ 1671168z y" 2"

Case (g,v) = (2,2).

We will now look at the case when (g,v) = (2,2). Theorem 7.0.1 gives:
Gggb’c) (z,y) = [1 —2bx + (62 — 402)x2]71/2 II;W(b ) (z,y) + 2’ G 3( )(:c, z,y)
#2252 (G (@) G @) + G @) G y)]]

where

17y (2,y)

T M(b,c c x 0 M(b,c
:cz{@: _yy)2 [:Ug-Gé\ﬂ(b’ )( ) —y° -Gy (b )(y)} T _yy'ay[yQ'Gé\ﬁ(b’ )(Z/)]}

Letting b = 0 and ¢ = 1 and using Mathematica for the computations, we see that the generating

function for the (2,2) Catalan numbers is

GM(O,l)( y) = —TY M(O 1)

22 = (1 42)B2(1 — ay2) 2 22 (z,y) (7.35)

where

Pg(o’l)(a:, y) = —1892% — 39920 — 16827y — 4622y — 842y — 147252
+ 40112842 + 94082'%y% — 1562°y> + 366427y> + 1051623
+ 16962 1y — 1652 y* + 33172%* — 3373628y* — 92368210y*
— 1562%y° + 33422°y° — 3098027 y° — 1011202y — 12992z 14°
— 1472%°% + 33172%¢° — 27624255 + 1296482345 + 4879362045

— 168zy” + 366423y — 3098025y " + 133248z y" + 4910722%"
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+ 773122y " — 189y® + 40112%y® — 3373621y® + 1296482%4°

— 20275225y — 14159362198 — 4622y° + 1051623y° — 1011202°y°
+49107227y° — 25195522%9° + 56012821y — 399y'0 + 94082%y°
— 923682%y10 4 4879362510 — 14159362540 + 2951168210y1°

— 84zyt! + 169623y — 129922°y' 4 773122 y!!

+ 5601282y 4 1736704z 1yt

Case (g,v) = (3,1).

We will now look at the case when (g,v) = (3,1). Theorem 7.0.1 gives:
G l(b C)( ) =[1—2bx + (b* — 462)$2]_1/2 a? Gé\fl( )(:17 x) + 262332G (b C)( )Gé\ﬁ(b’c) (x, )

Letting b = 0 and ¢ = 1 and using Mathematica for the computations, we see that the generating

function for the (3,1) Catalan numbers is

112'2(135 + 55822 + 158z%)

MO,1)y _
G3 1 ( ) - (1 . 41:2)17/2
_ 112'2[135(1 — 822 + 162*) + 163822 — 231824
- (1 — 422)17/2
_ 112'2[135(1 — 42?)? + 163822 (1 — 4a?) + 42342
- (1 — 4x2)17/2
= 1485212 (1 — 422)713/2 £ 1801824 (1 — 42%)719/2 4 46574210 (1 — 422)717/2
Hence,

G0N (2) = 1485212(1 — 422) 7132 4 18018214 (1 — 42?)15/% 4 465742'0(1 — 42) 717/ (7.36)
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7.2. Conjectured General Form of the Generating Function for Generalized

be-Motzkin Numbers

,C)(

Now, based on these examples of Gé\ffv(b X1,%2,...,%,y) for small g and v, we would like to form
a conjecture regarding the general form of this generating function for the generalized bc-Motzkin
numbers.

For notational convenience, we will write

R®) (2;) = [1 — 2ba; + (b* — 4c%)2?). (7.37)

7

We make the following conjecture.

CONJECTURE 7.2.1. For (g,v 0,1),(0,2), the generating function GMv(b’c) T1,T9, ..., Ty
g7
for the generalized be-Motzkin numbers is of the form
M (b,c) _ L1T2 " Ty M (b,c)
Gy T @122, 0) [R®:0) (1) RGO () - - - R(b,c)(l,v)]a(g,v)/QPg,U (21,22, 20), (7.38)
where:
(i) the exponent a(g,v) = 69 — 3 + 2v,
(i1) P%(b’c) (x1,29,...,2y) is a polynomial, and
(iii) for v > 2, the polynomial P%(b’c) (21,21, T, ..., Ty_1) is divisible by [RO) (x1)]P9) | where

B(g,v) =39 —3+w.

REMARK 7.2.1. For the above examples, if we let a(g,v) denote the exponent of the square

root in the denominator, and let (g — 1,v + 1) denote the power of the factor of R () in

Pf(llj;cj_l(xl,xl,wg, ..., Ty), then we see that:
o if (g,v) = (1,1), then a(1,1) =5=6 -3+ 2
o if (g,v) = (0,3), then «(0,3) =3=0—-3+6
o if (g,v) =(1,2), then a(1,2) =7=6—-3+4
o if (g,v) =(2,1), then a(2,1) =11 =12 -3+ 2
o if (9,v) = (0,4), then a(0,4) =5=0—3 +8
o if (9,v) = (1,3), then a(1,3) =9 =6 — 3 + 6
o if (g9,v) = (2,2), then a(2,2) = 13 =12 — 3 + 4
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o if (g,v) = (3,1), then «(3,1) =17=18 -3+ 2
And, for v # 0, using Mathematica for the computations, we see that

( ) = (0,3), then (g — 1,v+1) =0=3—5+2

( ) =(1,2), then p(g— L,v+1)=2=6—5+1
o if (g—1,0+1)=(0,4), then (g — L,v+1)=1=3—5+3

( ) =(1,3) ( )

( )= (2,2) (g—Lv+1)=5=9-5+1

(Note that, for the cases when g + v = 4, we have only computed the (b,c) = (0, 1) case.)

So, we predict that

a(g,v) =6g—3+2v and ¢(g—1,v+1)=39g—5+w.

I.e., we predict that Pg]‘i[(lljf}rl(xl,xl,xg, ..., Zy) is divisible by

[R(b,c) ($1)]3g+v—5 _ [R(b,c) (1'1)] [a(g,v)—?]/Q,

where v # 0.
Note that this implies Pg]‘,{,(b’c) (x1,x1,22,...,2,—1) is divisible by
[R(b,c) ($1)]3(g+1)+(v—1)—5 _ [R(b,c) (:El)]3g—3+v — [R(b,c) (:L,l)]ﬂ(g,v)7
where v # 1.

Thus, this conjecture is true for g + v < 3 (and also for the special case of g + v = 4 when

(b,c) = (0,1)).

We would now like to discuss how one might go about proving this result.

From Theorem 7.0.1, we see that we may proceed by induction and look at the four terms
separately. We assume that the conjecture holds for all (go,vo) with go +vo < g + v and g < g.

We may then show that (7) and (i7) in the above conjecture hold for the third and fourth terms,

as follows.
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For the third term, since we are assuming that Pg]\f g?;cll(xl,xl,xg,...,xv) is divisible by

[R®E) (1)]Bl0=1v+D) e may write

P (e, w1y, wy) = RO @) P07 0D QI 0 (@1, 20,20, w),
for some polynomial Qéw_(f”izrl(xl, T1,X2, .., Ty).

Thus:

MO (2, s, 2,)
= [R(b’c) (xl)]_1/2 [czx% G;w_(ﬁﬁrl(xl, X1, L2, ..y Tyy)
_ 2 21 p(bo) —1/2 (2122 - - X)) M(be)

C x]_[R (xl)] |:[R(b7c)(x1)R(bﬂc)(:L'1) . ..R(byc)(xv)]a(g—lw-&-l)/?PQ_LU_H(Q;I’xl’xQ’""xv)
_ 2.3 T1X2 "+ Ty
=cx

1 [R(b’c) (331)]a(g,v)f4+1/27,8(gfl,v+1) [R(b,c) (562) ... R(be) (xv)]a(g,v)/QfQ
: Q;‘/ﬁ(ﬁil_l(xla L1, T2, 71'1))
9 3 T1To - - - Ty M (b,c)

:C.',El

[R(b,c) (xl)]a(g,v)/Q [R(b,c) (113‘2) ... R(b,c) (xv)]a(g,v)/272 ngl,v+1($1, 1,22, ... ,CU'U)

T1X2 " Ty c c M(b,c
= T - i |C AR @) RO @) PQN D a3 a0)

where we have observed that
alg—1,v+1)/2=(6g—6—-3+2v+2)/2
= (6g — 7+ 2v)/2
= (a(g,v) —4)/2
= a(g,v)/2 -2
and
a(g,v) —4+1/2-p(g—1,v+1)=(6g—3+2v) —4+1/2—-[3(g—1) =3+ (v+1)]
= (6g — 3+ 2v)/2 = a(g,v)/2.

This shows that () and (i7) in the above conjecture hold for the third term.
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For the fourth term, we have:
IV%,(I”C) (x1, 22, ..., Ty)
_ M (b, M (b,
S > Gyl @G, (o)
g1t+g2=g, ILJ={2,...,v}, stable

= RO ()] V2

) [ Z 21 [Lier @i M(b,c)

(RGO ()| T2 [, [R®) () [olar T /2 Pt (@1, )

g1+g2=g, IUJ={2,...,v}, stable
L1 HjeJ Lj M(b,c)

TR®A) (@)oo D2 T TR ()] (e T D /2 B (@1,2)

= Pad(xy - xy) [ROO) (21)] " o0)/2

1
[g1+92=g, Iug%v}’ - Tieg RO ()l T2 ] RO (2]l D2

M (b,c) M(be)
Foma@nen by, “)]
=c xl(xl A xv)[R(b,C) (xl)]fa(g,v)/Q

. [ T

g1+g2=g, IUJ={2,...,v}, stable

HiGI[R(b,c) (xi)]a(gg,|J\+1)/2+1/2 HjEJ[R(b,c) (wj)]a(g1,|1|+1)/2+1/2
[T /RO (@)|o@ 2 ] , [ROA (z) o) 2

M (b,c) M(b,c)
) P917\1|+1 (1, $I)sz,\] +1(x1’ xJ):|
. xl P x/U
[R(b,c) (xl) . e R(b’c) (xv)]_a(g7v)/2
. [62.%:% Z H[R(b,c)(xi)]?)gzﬂﬂ H[R(b’c)(.%‘j)]SQIHI'
g1+g2=g, ILJ={2,...,v}, stable i€l jeJ

M (b,e) M(b,e)
' P917\1|+1(x1’ xl)PQQv‘J‘-l-l(xl’ xJ)]

where we have observed that

algr, [I| +1)/2+ alge, [J] +1)/2+ 1/2 = [(6g1 + 2|I| — 1) + (692 + 2[J| — 1) +1]/2
= [6(g1 +g2) = 3+2(I| + ]|+ 1)]/2
= (69 — 3+ 2v)/2
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= a(g,v)/2
Further,

a(gy, [I1+1)/2+1/2 = [(6g1 + 2|1 — 1) + 1]/2
= (691 +2|11)/2

=391 + |I]
and, similarly,

a(ge, [J|+1)/2+1/2 = [(6g2 + 2|J] — 1) +1]/2

= 3g2 + |J|

This shows that (i) and (i7) in the above conjecture hold for the fourth term.

It still remains to be shown whether item (7i7) of the above conjecture holds for the third and
fourth terms. Further, it also still needs to be determined whether all three items hold for the first
and second terms appearing in Theorem 7.0.1. Based on my attempts to prove this part of the
conjecture, it appears likely that these first and second terms will need to be considered together,
and, upon putting both over a common denominator, the (1 — ;) terms in the denominator will
be shown to cancel with factors in the numerator.

(B.€) (x1,x2,...,2y). Know-

Lastly, we do not yet have a conjectured form for the polynomial Pg%
ing what this polynomial looks like in the general case is likely to help greatly in work towards
finding a general formula for closed-form expressions of generalized Catalan numbers, as will be

discussed in the next chapter.
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CHAPTER 8

Closed-Form Expressions of Generalized Catalan Numbers for

Some Cases of Small (g,v)

We would now like to use the generating functions which were obtained in Chapter 7 to find
closed-form expressions for generalized Catalan numbers, in the cases when (g,v) = (1,1),(2,1),
and (3,1), as well as when (g,v) = (0,3). We will also discuss how we might use the results of
Conjecture 7.2.1, if it is indeed true, to obtain closed-form expressions in the case of general (g, v).

First, we will look at the case when (g,v) = (0,1). Recall that we have the following power

series expansion.

LEMMA 8.0.1. We have
o) o] k+1
1/2 2 (2% @
1+a)/2 = P12y -=) . 8.1
(1+2) Z<k>x 2 iriln 1 (8.1)
k=0 k=0
Therefore, for the (relatively well-known) (g,v) = (0, 1) case of the aerated Catalan numbers,

we may compute:




Thus, as expected, we obtain the (0,1) Catalan numbers,

1 2k
Co,1(2k) = k:+1<k> (8.2)

0071(2]? + 1) = 0.

More generally, we have the following power series expansion, which will be applied to obtain

closed form expressions for some generalized Catalan numbers later in this chapter.

ProposiTION 8.0.1. For n > 0, we have:

o0

(14 z)~@n+D)/ |kZ:0 k+” ( :j?)(i)k (8.3)

ProoOF. We may compute:

(14 2)~@wH0/2 = <—(2n2— 1)/2> ok
k=0

0 _M(_M_l)(_M_Q)...(_M_k_,_l) .

_ 2 2 2 2
—1—1—2 ] x

k=1
_1+;(_1)k(2n+1)(2n+2)(2£‘+2’?)“'(2n+2k—1)wk
_ 1 2 (—=1)F (2k + 2n)!
_1+1 3 (2n—1);]€| 2k2k+n(k+n)‘rk
_ 1 2 2k+2n) [ z\F
_1+[1 3. (2n —1)] 2nkzzlk!(k+n)|< 4>

+[1.3...(2n_1)].2n

'i(k+1)(k+2)m(k+n)(2(:::)>(‘Z)k

k=1
B 1
C[1-3---(2n—1)]-2n

:0(k+1)(/€+2)...(k+n><2(k:+n))(_ Z)k

- S S
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where we have used that

[1-3---(2n—1)]-2n éin)" on
U
REMARK 8.0.1. Thus, we see that:
> (K + n)! (2(k +n)
n _4 (2n+1)/ k+n
s e S (2 ),
O_o (8.4)
YAl
2
2n ! Z —n) ( >
Case (g,v) = (1,1).
When (g,v) = (1, 1), we have the following result.
PROPOSITION 8.0.2. The (1,1) Catalan numbers are given as follows.
(1) C11(2k+1) =0 for all k.
(11) C11(2k) =0 if k < 1.
k(k—1) [2k\ .
=" 7 > 9.
(111) C1,1(2k) G (k) if k> 2
PRrROOF. From equation (8.4) with n = 2, we see that:
2~ 0 (2
2 —5/2 _ ¢
1-4 S N
v (1-4z) Al (5—2)!<£>x
=2
1 — 20\
= — 1
- > e )( . >a:
(=2
So, using equation (7.22) for the (1,1) Catalan number generating function, we see that
G¥,(z) = 2 (1 — 4a?) 75/
= —1) (20N, 4
> 5 (1)@
(=2
This proves the above claim. O
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REMARK 8.0.2. Observe that, for example, from Proposition 8.0.2 we may compute:

2 (4
it (%) -1,

3
C1.(8) 41(3) @ — 70,

and

C1,1(10) = 51(;1) (150) = 420.

As expected, these numbers are the same as obtained in Appendix A for C;; by applying the

Catalan recursion formula.

Case (g,v) = (2,1).

When (g,v) = (2,1), we have the following result.

PROPOSITION 8.0.3. The (2,1) Catalan numbers are given as follows.

(i) Ca1(2k +1) =0 for all k.
(ii) Ca1(2k) =0 if k < 3.

(iii) Ca1(2k) = ﬁ%k(k )k —2)(k— 3) (if) if k>4

PROOF. Applying equation (8.4) when n = 4, we see that

4 0 20
4 o 79/2 _ e V4
w1 - dz) 81 2= (0= )] (z)gg

- T178 ;E(E_ 1)(¢—2)(¢ - 3) <2;>xe

And, when n = 5, we have

5! 14 20
5(1 — 4g)—11/2 — Z ¢
' z) 10! =5\ ¢ B

- 5T ;;W —D)(—2)(C-3)(¢—1) <2f)xf
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Therefore, using equation (7.31) for the (2,1) Catalan number generating function, and simpli-

fying the result, gives
G (z) = 212%(1 — 42?)™9/2 4 1052'0(1 — 42?) 11/
3 . 7 o0 2€
=——— > Ll—-1){—-2)(f— 210
5.6.7.8;( )( )( 3)(€>(33)

bl > te-D(e-2)e-9)e -9 (2;) (22!

57
- 82@5—1@ 2)(¢ — 3)<2€£>( 2y:
t s S 10— 2)(t - 34 <Qf) (2%)"

r
=i€<e—1><f—2w—3>[5§.8+2.8%9.2“‘4)](?)(‘”2“
1 0 2/

:Wgz@-1)(6—2)(6—3)[18+5(€—4)](€>(l‘2)e

=3 st - o= (7 )@

This proves the above claim. O

REMARK 8.0.3. From Proposition 8.0.3, we may compute:

4-3-2-1/(8
0271<8>=5.2.8<4>:21

and
5-5—2

10
5(4)(3)(2) ( 5 > =483
As expected, these numbers are the same as obtained in Appendix A for (51 by applying the

Catalan recursion formula.
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Case (g,v) = (3,1).

When (g,v) = (3,1), we have the following result.

PROPOSITION 8.0.4. The (3,1) Catalan numbers are given as follows.

(1) C31(2k+1) =0 for all k.
(ii) C31(2k) =0 if k < 5.

1 1 2973
— - kE—6)(k—
C3,1(2k) 26 .7 T 26.3.5(k 6) 27.34.52.7.13( 6)( 7)}

'k%—JXk—2ﬂk—3Xk—4Xk—m<%>

(iii) ifk>6

k

PROOF. Applying equation (8.4), we see that

6 o O (20
1201 13/2 _ 20
(1 - 4at)” 121 4 (€6ﬂ<€>x’

(N RO Y,
401 _ 4 15/2 _ 20
w1 - 4a®)” e -ni\e)"

and

8L o (2
1601 _ 4 17/2 _ 20
w1~ 4a%)” 160 & -8\ ¢ )"

And, using equation (7.36) for the (3,1) Catalan number generating function, we have

GITOD (1) = 1485012(1 — 40?) 713/ 4 1801824 (1 — 422)719/2 4 46574215(1 — 45?)717/2

YAl
3 20
(3%-5- ule: )< )
NN/ 2/
2 20
+(2-3 7n_mgz§j ( >

I 0 (2
+(2-11-29-73)— o ( >;z2@

161 &= ({—8)I\ £

3 3.5,
:§:{rsi.;}i-mae_nw‘axg_$“—4ﬂﬂ—®
/=6

2.32.7-11-13
o 10 1 13 gt D=2 =3)(E - (= 5)(—6)
2.11-29-73
+9-10-11-12-13.14-15-16
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U= 1) (£ —2)(£ — 3)( — 4)(£ —5)(£ — 6)(¢ — 7)] <2f>x2f

> 1 1
:ZZ%K(E—1)(6—2)(6—3)(6—4)([—5)[2.4.7.8+8.10‘12(€—6)
2973 20
+9-10-12-13-14-15-8(5_6)(8_7)](z)x%
=71 1 2973
:Z[26~7+26-3-5(5_6”27-34-52-7-13(5_6)@_7)]

T
[=2]

(= 1) (= 2)(0 = 3)(¢—4)(£ — 5) <2f>:c24

This proves the above claim. ]

REMARK 8.0.4. From Proposition 8.0.4, we may compute:
Cg,l(u) =0 for W< 12.

And,

1 1 29-73
26.7+26.3.5(6_6)+27.34.52.7.13(

C51(12) = { 6 —6)(6 —7)

6(6—1)(6-2)(6-3)(6 —4)(6— 5)<162>

_6-5-4-3-2 (12
a 26.7 6
= 1485

As expected, these numbers are the same as obtained in Appendix A for C3; by applying the

Catalan recursion formula.

REMARK 8.0.5. The above method used to determine closed-form expressions for the general-
ized Catalan numbers when (g,v) = (0,1),(1,1),(2,1), and (3, 1) should work to obtain closed-form

expressions for higher-order Catalan numbers of the form (g, 1). However, this method is currently
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computationally intensive, since we must first determine the generating function for the (g, 1) Cata-
lan numbers, which, via the recursive formula, requires us to also determine generating functions
for all lower-order Catalan numbers.

Further, even after computing the closed-form expressions in the above cases, we do not yet
have a conjecture for a general closed-form expression of the (g,1) Catalan numbers. However, if
Conjecture 7.2.1 for the general form of the be-Motzkin numbers generating functions is proved,
along with obtaining a general form for the polynomial P%(b’c)(xl, x2,...,Ty), then it seems likely
that a general formula giving closed-form expressions for the (g,1) Catalan numbers will follow.

Additionally, given the rather complicated nature of the formulas for the generating functions of
generalized Catalan numbers not of the form (g, 1), it is more challenging to determine a closed-form
expression for these generalized Catalan numbers. The easiest one appears to be the (0, 3)-Catalan
numbers, and we have found a closed-form expression for these numbers as shown below. However,

M(b,c)<

determining whether the (necessarily symmetric) polynomials Py x1,%,...,%,y) follow a par-
ticular pattern may help in progress towards determining a general formula that gives closed-form

expressions for more cases of Catalan numbers.

Case (g,v) = (0,3).
When (g,v) = (0,3), we have the following result.

PROPOSITION 8.0.5. The (0,3) Catalan numbers are given as follows.
(i) Cos(a,b,c) =0 if a,b, or c equals zero.
(ii) Cozs(a,b,c) =0 if a+ b+ c is odd.
(111) Coz(a,b,c) = (n-m-k) <2n> < > < > if a =2n, b=2m, and ¢ = 2k are all even.

1 2 2k
(iv) Co3(a,b,c) :4(n-m-k)( n)( )( ) if a =2n is even, andb=2m —1 and ¢ = 2k — 1
are odd.
2n 2k )
(v) Cos(a,b,c)=—=(n-m- k<n>< ><k>sz:2mzseven, and a =2n—1 and c = 2k — 1
are odd.
2 2 2k
(vi) Co3(a,b,c)=—(n-m-k) < n)( m><k> if c =2k is even, anda=2n—1 and b =2m — 1
n m
are odd.
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PROOF. Applying equation (8.4), we see that

1 o= /2
2(1 — 4952)—3/2 _ - Z€< >x2£'
2 pt 14

And, using equation (7.25) for the (0,3) Catalan number generating function, we have

GV (2., 2)

2eyz(x +y + 2 + dayz)
(1 — 422)3/2(1 — 442)3/2(1 — 422)3/2

oS0 ) G E () )

n=1 m=1
m+y+z+4xyz§:i§: 2n\ (2m\ (2k\ 9, 9m ok
= (n-m-k) "yt
zyz n=1m=1 k=1 " m k

1 1 1 N o 2n\ (2 2k
—F — 4+ —+1 (n-m-k) " m z2ny?m 2k
yz drz  4dxy n m k
=1m=1k=1

2k> x2ny2m—122k—1

JE
DG ()
)G ()t

This proves the above claim. [l

REMARK 8.0.6. From Proposition 8.0.5, we may compute the following generalized Catalan
numbers.

For the numbers satisfying a + b + ¢ = 4,

Cos(1,1,2) = %(1 1 1)@) G) G) =2
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For the numbers satisfying a + b + ¢ = 6,
1 2\ (2\ /4 4
1,1,4)=—-(1-1-2 =2- =12

1
Coa(1,2:3) = 3(1-1-2);

[\ )
S—
7\

_ N
~_

C03(2,2,2) = (1-1-1) <1

For the numbers satisfying a + b + ¢ = 8,

ot G- -
oLt

Cos(1,3,4) = —(1-2-2) ( ><;l) ;l) 2.6-6="72
Co3(2,2,4) = (1-1-2) ( ) <4) 48
Cust20.9 = 1120 (;()

As expected, these numbers are the same as obtained in Appendix A for Cy 3 by applying the

=N

Cos(1,2,5) = 1 1-3) G)

[\

Catalan recursion formula.
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CHAPTER 9

Identities for Some Generalized Catalan Numbers

We will use the generating functions for the (1,1) and (0,2) be-Motzkin numbers, which were
obtained in Chapter 7, to prove some new identities for the (1,1) and (0,2) Catalan numbers,
respectively.

First, however, we will use the generating function obtained for the (0,1) be-Motzkin numbers

in Proposition 7.0.1 to prove the following relatively well-known identity on Catalan numbers.

PrOPOSITION 9.0.1. The (0,1) Catalan numbers and the (0,1)-be-Motzkin numbers satisfy the

following relation, for all n:

Coa(2n+2) = Mo 1(n,2,1). (9.1)
Since, by definition,
—_— n n _
Moy (n,2,1) := ) ( >0071(M)2n K, (9.2)
—0 \M
“w
this therefore implies the following relation, which involves only (0,1) Catalan numbers:
n n 3
Coa(2n+2) =) (u) Co(p)2m*. (9.3)
n=0

REMARK 9.0.1. In the literature, e.g. see [27], this identity is often written as

n _

k

ProOF. We know from Remark 7.0.1 the Catalan generating function is
[e.e]
Ggl(x) = Z Cpz"
n=0

= Z Co,1(2n) 2"
n=0

1—+vV1—4x
2z '
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Thus, we may compute

Z Cn_HLI?n = Z 0071(2n + 2) z"
n=0

n=0

-1 [ )+ Con(2n) x”} .
n=0

So,

2z

i Coalon +2)27 = % [_ Co,1(0) + 1—\/@]

n=0
_ 1—22—+1—4x

212

And, we know from Proposition 7.0.1 that

GJTI(2,1) _ 1—2x—+/1—4x

0,1 (:U) 222

Therefore, we see that

Mo’l(n; 2, 1) = 00?1(271 =+ 2)

Hence the claimed formula does indeed hold. OJ

We now wish to employ a similar procedure to obtain identities on some generalized Catalan
numbers for small (g, v), using the generating function for the generalized be-Motzkin numbers.

We will now prove the following result for (1,1) Catalan numbers.

THEOREM 9.0.1. The (1,1) Catalan numbers and the (1,1)-bc-Motzkin numbers satisfy the

following relation, for all n:

Cr1(2n —4) = My 1 (n;2,1). (9.4)

Since, by definition,

n

MLl(TL; 2, 1) = Z <Z> Clyl('u)?’l—/i’ (95)

=0

this therefore implies the following relation, which involves only (1,1) Catalan numbers:

0171(271 — 4) = Z <n> 0171(/1)2“7“. (96)

pn=0 H
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We will prove this result by showing that the generating function for C1(2n — 4) is equal to

the generating function for Mm(n; 2,1).

PROOF. Recall from Proposition 7.1.2 that
GO () = A1 — 2 + (07 — 42?2,
Now, letting b = 2 and ¢ =1 gives
GV () = (1 — )52,
And, letting b =0 and ¢ = 1 gives

GMOD () = 24(1 — 422)75/2.

)

ILe,
Z ]\71,1(71; 2,1)2" = 2*(1 — 42)7%/2
n=0
and
Z Cii(n)z" = Z Mm(n; 0,1)z" = z*(1 — 42)75/2,
n=0 n=0
Thus,
Z Ci1(2n)2™ = 2%(1 — 4x) 72
n=0
So,

Z C1,1(2n —4)z" = Z C1,1(2n — 4)z"
n=0 n=2

= > C11(2(k+2) — 4)2"?
k+2=2

= 1‘2 Z 01’1(2]€).17k
k=0

= 2?[2%(1 — 4x)7/?]

=241 — 4z)70/?
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> —_—
= Z Mi1(n;2,1)z"
n=0
This proves that we do indeed have
C11(2n —4) = My1(n;2,1) = Z (M) Cra(p)2"*

as was claimed.

We would next like to prove the following result for (0,2) Catalan numbers.

THEOREM 9.0.2. We have

Z Coz(a b Z M02 nl,n2,2 1)
a+b=2n—2 ni+nz=n
Since, by definition

MO,Q(nlanQ; 2 1 Z Z <n1> ( > (M:l’/.LZ) 2(711—‘,—712)—(”1-}-“2)’

H1=0 p2=0

this therefore implies the following relation, which only involves (0,2) Catalan numbers.

Y Coslab)= [Z > (”1>< >CO’Z(MHLQ)2(n1+n2)—(u1+u2) ,

a+b=2n—2 ni+ne=n - pu1=0 u2=0

PROOF. First, observe that the generating function for > ., o, Coa(a,b) is

Z > Coalab)x Z > CO,Q(G,b)x’“H

n=0 a+b=2n—2 k+1=1 a+b=2(k+1)—

= xz Z Co2(a,b)x

k=0 a+b=2k

And, recall from Proposition 7.1.1 that

Ggfg(b,c) (z,2) = Ex?[1 — 2bx + (b? — 4¢®)x?]) 72
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So,

= 22(1 — 42%)72
and hence
ZZCO,Q((I, b) z%b = (1 — 4x) 2
a=0 b=0
Further,

i Z Mog(nl,n2,2 1 Z Z M()Q nl,n2,2 1) n1 nZ

n=0n1+n2=n n1=0n2=0
M(2,1
= Go,z( )(5177 )
= 22(1 — 4o + (22 — 4)2?) 72
= 2?(1 — 42)72
Thus, we see that we do indeed have
Z Co2(a,b) = Z Mog (n1,n92;2,1)

a+b=2n—2 ni+n2=n

as was claimed.

0

REMARK 9.0.2. Upon applying this approach to (2,1) and to (0,3) Catalan numbers, I was
unable to find any relationship between the Catalan number generating function and the be-Motzkin
number generating function when b = 2 and ¢ = 1. It remains to be determined what, if any,

identities similar to the ones given above are satisfied by Catalan numbers of higher order.
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APPENDIX A

Exact Values for Generalized Catalan Numbers for Some Small
(9,v)

Recall from Proposition 2.0.1 that the generalized Catalan numbers are defined by the recursion

v
Cg,v(ﬁ) = Z,Ufjcg,v—l(,ul +,Uf] - 2),“’27 s 7/jj’ = 'a/'L’U)

=2
+ Z [Cgl,erl(Oé’B;M%-- . 7Mv)

o+PB=p1—2
+ Z Coypin+1(c, 1r)Coy 17141 (Bs 127)

g1+g2=g,1UJ={2,...,v}
REMARK A.0.1. We have the following observations.

e By the definition of the generalized Catalan numbers,

where [ip denotes any permutation of the elements of ji.
e Further, if p11 + po + -+ - + py is odd, then Cy (i) = 0.
e And, if p; = 0 for any ¢ and for (g,v) # (0, 1), then Cy (i) = 0.

Using Mathematica to aid in the computations, we may compute exact values of these numbers

for some small g, v, and n.

Case (g,v) = (0,1).

The (0,1) Catalan numbers (also known as the aerated Catalan numbers) are defined by

Coa(2m) = —— <2m> | (A1)

m+1\m

Thus, for 2m < 10, we may compute:
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Co1(0) =1
Co1(2) =1
Coa(4) =2
Co1(6) =5
Co1(8) =14
Co.1(10) = 42

Case (g,v) = (0,2).
The (0,2) Catalan numbers are defined recursively by
Coap, p2) = p2Con(m +p2 —2) +2 Y Coa(@)Coz(B, ua).
a+pB=pu1—2

Thus, for pu1 + pe < 10, we may compute:

Coa(1,1) =1
Co2(1,3) =3
Co2(2,2) =2
Co(1,5) = 10
Co2(2,4) =8

Co2(1,7) =35
Co2(2,6) = 30
Co2(3,5) =45
Coa(4,4) = 36
Co2(1,9) = 126
Co2(2,8) = 112
Co2(3,7) = 168
Co2(4,6) = 144
Co2(5,5) = 180
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Case (g,v) = (1,1).

The (1,1) Catalan numbers are defined recursively by

Cia(p) = Z [Coz2(a, 8) +2Co1()C11(B)]-

a+pB=pu;—2

Thus, for u < 10, we may compute:

C1,1(0)=0
C11(2)=0
Cri(4) =1
C1.1(6) =10
C1,1(8) =170
C1.1(10) = 420

Case (g,v) = (0, 3).

The (0, 3) Catalan numbers are defined recursively by

Cos(p, pa, ps) = p2Co2(pa + po — 2, us) + usCo2(p + ps — 2, u2)

+ Y [2C01(a)Cos(b, 2, ) + 2C0.2(a, p12)Co 2(b, i3)]
a+b=p1—2

Thus, for pu + pe + ps < 10, we may compute:
Cos3(1,1,2) =2

Co(1,1,4) =12
Co3(1,2,3) =12

Co3(2,2,2) =8
Co3(1,1,6) = 60
Co3(1,2,5) = 60
Cos(1,3,4) =72
Co3(2,2,4) = 48
Co,3(2,3,3) =172

Cos(1,1,8) = 280
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Co.3(1,2,7) = 280
Co3(1,3,6) = 360
Co3(1,4,5) = 360

( )
( )
( )
Co3(2,2,6) = 240
Co3(2,3,5) = 360
Co3(2,4,4) = 288
Co3(3,3,4) = 432

Case (g,v) = (1,2).
The (1,2) Catalan numbers are defined recursively by

Cra(p1, p2) = paCra(pr + p2 — 2)

+ Z [Cos(a,b, p2) 4+ 2Co,1(a)Ch2(b, p2) + 2C1,1(a)Co2(b, p2)] (4.5)

a+b:u1 —2

Thus, for p + pe < 10, we may compute:

Ci2(1,1)=0
Cl 2(17 3) =0
C12(2,2)=0
Cl,?(la 5) =95
Ci12(2,4) =4
C12(3,3) =3
Ci2(1,7) =170
C12(2,6) = 60
C1,2(3,5) =60
C12(4,4) = 60
C12(1,9) = 630
C12(2,8) = 560
C12(3,7) = 630
C12(4,6) = 600

113



C1.2(5,5) = 600

Case (g,v) = (2,1).

The (2,1) Catalan numbers are defined recursively by

Co1(p) = Z [C1,2(a,b) +2Co1(a)Ca 1 (b) + C11(a)Cra(b)].
a+b=p1—2

Thus, for © < 10, we may compute:

Coa(p)=0if u <6
C21(8) =21
Cy.1(10) = 483

Case (g,v) = (0,4).

The (0,4) Catalan numbers are defined recursively by

Co,a(p1, p2, 13, pra) = p2Coz(pr + po — 2, 3, pa) + p3Co (1 + pz — 2, p2, fra)
+ paCoz(p + pa — 2, po, p13)

+ Z [200,1 (Q)COA (ﬁa H2, 13, :u4)
a+b=p1—2

+2C0,2(av, p12)Co,3(B, p3, pra) + 2Co2(cv, u3)Co 3 (B, pr2, pta)
+ 2Co2(cv, pa)Co3(B, 2, 13)]
Thus, for py + po + ps + pa < 10, we may compute:
Co4(1,1,1,1) =0

Coa4(1,1,1,3) =6
Co4(1,1,2,2) =8

Coa(1,1,1,5) = 60

)

Coa(1,1,2,4) =172

( )

Al )
Coa(1,1,3,3) = 72
Coa(1,2,2,3) =72
( )

)

Co.a(2,2,2,2) = 48

)
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IS

04(1,1,1,7) = 420

( 7)
Coa(1,1,2,6) = 480
Co.4(1,1,3,5) = 540
Coa(1,1,4,4) = 576
Co4(1,2,2,5) = 480
( )
( )
( )
( )

Coa(1,2,3,4) = 576
Coa(1,3,3,3) = 648
Co.4(2,2,2,4) = 384

)

Co4(2,2,3,3) =576

)

Case (g,v) = (1,3).
The (1,3) Catalan numbers are defined recursively by
Cra(p, pras p3) = p2Cra(pn + p2 — 2, p3) + p3Cra(p + p3 — 2, pi2)

+ Y [Coala,b,pa, p3) +2C0,1(a)Ch (b, pa, p13)
a+b=p1—2

+ 20[)72(0,, MQ)CLQ(b, H3) + 200,2((17 NS)Cl,Q(b’ :U’Q)
+ 200,3(aa K2, :U’3)Cl,1(b)]

Thus, for w1 + pe + us < 10, we may compute:

C13(1,1,2) =0
C13(1,1,4) =0
C13(1,2,3) =0
01,3(27272) =0
01,3(17 17 ) =30
C13(1,2,5) = 30
C13(1,3,4) = 24
C13(2,2,4) = 24
C13(2,3,3) =18

C1.3(1,1,8) = 560
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C1.5(1,2,7) = 560
C1.3(1,3,6) = 540
C1.3(1,4,5) = 540

C15(2,3,5) = 480

( )

( )

( )

C15(2,2,6) = 480

( )

C1.3(2,4,4) = 480
( )

C1.3(3,3,4) = 468

Case (g,v) = (2,2).
The (2,2) Catalan numbers are defined recursively by
Coa(pn, p2) = p2C21 (1 + pz — 2)

+ Z [C1,3(a, b, p2) 4+ 2Co1(a)Ca2(b, p2)
at+b=p1—2

+2C0,2(a, 12)C2,1(b) + 2C1,1(a)C1,2(b, pi2)]
Thus, for pu1 + pe < 12, we may compute:

Coo(pr, p2) = 0if p <8

Cz2(1,9) = 189
C2(2,8) = 168
Ca2(3,7) = 147
Cz2(4,6) = 156
C2.2(5,5) = 165
Ch2(1,11) = 5313
Cz2(2,10) = 4830
C2(3,9) = 4725
Ca2(4,8) = 4760
Ca2(5,7) = 4795
C.2(6,6) = 4770
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Case (g,v) = (3,1).
The (3,1) Catalan numbers are defined recursively by
Csi(p)= > [Caala,b)+2Co1(a)Cs1(b) +2C1(a)Can (D). (A.10)
a+b=p—2
Thus, for u < 14, we may compute:
C31(p) = 0if p <10
C31(12) = 1485
C3,1(14) = 56628

117



APPENDIX B

Exact Values for Generalized bc-Motzkin Numbers for Some Small
(9,v)

Recall from Definition 3.0.2 that the generalized bc-Motzkin numbers are defined by

ni Ty
Mgﬂ)(ﬁ; b7 C) = Z . Z <Zi> .. <n’0> Cg,v(ﬁ) b‘ﬁ‘_lﬁlc‘ﬂ‘

pn1=0 =0 o

REMARK B.0.1. By the definition of the generalized bc-Motzkin numbers,

Mgvv(ﬁ) = Mg)v(ﬁp)7

where 7ip denotes any permutation of the elements of 7.

Using Mathematica to aid in the computations, we may compute exact values of these numbers

for some small g, v, and n.

Case (g,v) = (0,1).
For n < 10, we may compute:
MO,I(OS b, C) = 00,1(0)

=1

ngl(l; b,c) = bCy.1(0)

=b

Mo,l(Q; b, C) = 5200,1(0) + 6200’1(2)

=b?+c?
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]/\\4/0,1(3; b, C) = b300,1(0) + 3b6200,1(2)

= b+ 3bc”

]\70’1(4; b, C) = b4C(),1(0) + 6b26200’1(2> + 040071(4)

= b+ 6b%c% + 264

Mo (5;b, ¢) = °Co.1(0) + 106°cCo 1 (2) 4 5bc*Co1 (4)

=B + 10632 + 10bc*

Mo,l(ﬁ; b, C) = bGC(),l(O) + 15[)4020071(2) + 15()20400,1(4) + 060071(6)

=18 + 15b*? + 300%¢* + 58

Mo (7;b,¢) = b7Co1(0) 4 216°¢2Co 1 (2) + 35b°¢*Co 1 (4) + Tbc®Co 1 (6)

=07 +216°% + 70b3¢* + 35bc8

MO,I(& b, C) = 5800,1(0) + 28b6020071(2) + 7Ob4c400,1(4) + 28526600,1(6)
+ 0800,1(8)

= b8 + 28b%¢% + 140b%c* + 140028 + 143

Mo (9;b, ¢) = °Co.1(0) 4 36b7c*Co1 (2) + 126b°¢*Co 1 (4) + 84b>5Co 1 (6)
+ 9b680071(8)

= b7 + 360" % + 252b°¢* + 4200% 8 + 126bc°

Mo1(10;b, ¢) = b'°C0.1(0) + 45652 Cy 1 (2) + 2106°c*Co 1 (4) 4 2106 C 1 (6)
+ 45[)20800,1(8) + 01000,1(10)

= b0 + 45b8¢% 4 4200%¢* + 105065 + 630673 4 4210
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Case (g,v) = (0,2).

For n; + ny < 10, we may compute:
MO,Q(l, 1; b, C) = 020072<1, 1)

Mo2(1,2;b,¢) = 2bc*Co2(1,1)

= 2bc?

Mo2(1,3;b,¢) = 36°cCoa(1,1) + ¢*Coa(1,3)

= 3b%c? + 3¢

MQQ(Q, 2;b, C) = 4()2020072(1, 1) + 640072(2, 2)

= 4b?? + 2¢*

Moo(1,4;b,¢) = 4b°cCp2(1,1) + 4bc*Co 2(1, 3)

= 40%c% + 12bc?

Mo2(2,3;b,¢) = 6b°cCo (1, 1) + 2bc*Co 2(1, 3) + 3b¢*Co 2(2, 2)

= 6b°c% + 12bc?

Moo(1,5:b, ¢) = 5b*cCo2(1,1) + 106*c*Coa(1, 3) + P Co (1, 5)
= 5% + 30b%c¢* + 108

Mo2(2,4:b,¢) = 8b*c*Coa(1,1) + 862 Co2(1, 3) 4 6b2c*Co2(2, 2) + CCh2(2,4)
= 8b*c? + 36b%c* + 88

Mo2(3,3;b,¢) = 9*Cp2(1,1) + 662 Co (1, 3) + 962 Co2(2,2) 4 CCo2(3,3)
= 9v*c? + 36b%c* + 1268
120



Moy2(1,6:b,¢) = 6b°cCoa(1,1) + 2063 Co2(1, 3) 4 6bc®Co2(1, 5)

= 6b°¢® + 60b>c* + 60bc8

Mo2(2,5;b,¢) = 106°cCo2(1,1) + 206°c*Co (1, 3) + 2bc5Ch (1, 5)
+ 1063¢*Ch2(2,2) + 5bcCo2(2,4)

= 10°c? + 80b>c* + 60bc8

Mo2(3,4;b,¢) = 126°cC2(1,1) + 16b°c*Cp (1, 3) + 186°c*C 2(2, 2)
+ 35660072(2, 4) + 4b0600,2(3, 3)

= 126°¢% + 84b3c* + 7208

Moo(1,7:b,¢) = T65¢*Co2(1,1) + 35b**Cpa(1, 3) + 216°c°Ch 2 (1, 5)
+ 6800,2(1, 7)

= 7052 + 105b%c* + 210625 + 3568

Mo2(2,6:b,c) = 126°¢*C 2(1,1) + 40b*c*Cp2(1, 3) + 126°°Cp 2(1, 5)
+ 156 Ch2(2,2) + 156%c5Ch2(2,4) + BCh2(2, 6)

= 126%¢% + 150b%¢* + 2400%c° + 308

Mo2(3,5:b,¢) = 156°¢>C2(1,1) + 35b*c*Co (1, 3) + 36°c°Co 2(1, 5)
+ 306 Ch2(2,2) + 156%c5Ch 2(2,4) + 1062 Co 2(3, 3)
+ 0800,2(3, 5)

= 156%¢% + 165b%¢* + 270028 + 4568

Mo2(4,4;b,¢) = 166> C2(1,1) + 32b*c*Cp2(1, 3) + 366*c*Co 2(2, 2)
+ 12025 Ch2(2,4) + 1665 Ch2(3,3) + BCh2(4,4)

= 160%¢% + 168b%¢* + 288b%c% + 36¢°
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Mo2(1,8;b,¢) = 867c*Co2(1,1) + 56b°c*Coa(1, 3) + 566°°Co 2 (1, 5)
+ 8b680072(1, 7)

= 8b"¢? 4+ 168b°¢* + 560635 + 280bc8

Mo2(2,7:b,¢) = 1467 C2(1,1) + T06°c*Co (1, 3) + 426°CCp 2(1, 5)
+2bc®Co2(1,7) + 216°c*Cp 2(2, 2) + 3563c°Ch 2(2, 4)
+ 7()080072(2, 6)

= 14b" % + 2526°¢* + 700038 + 280bc°

Mo 2(3,6:b,¢) = 1867 c*C2(1,1) + 66b°c*Cpa(1, 3) + 186°c°Cp 2(1, 5)
+ 456°c1Ch2(2,2) + 45635 Cp 2(2,4) + 3bc®Ch2(2, 6)
+206%c5C2(3,3) + 6bc®Cp 2(3, 5)

= 18b"c? + 288b°¢* + 780038 + 360bc°

Moo(4,5;b, ¢) = 2067c2Co.2(1,1) + 60b°c*Co 2 (1, 3) 4 46> Cp2(1, 5)
+60b°c*Cp2(2,2) + 4063 Ch 2 (2, 4) + 40635 Ch 2(3, 3)
+4bc®Cp 2(3, 5) + 5bcCo2(4,4)

= 2007 + 3006°c* + 840b3c° + 360bc®

Mo2(1,9;b,¢) = 96°c*Coa(1,1) + 84b5¢*Cp (1, 3) 4 1266*°Cp 2(1, 5)
+ 36022 Ch2(1,7) + c*°Ch2(1,9)

= 9b8¢% + 25265¢* + 12600* % + 12600%¢® + 12610

Mo2(2,8:b,¢) = 166°C2(1,1) + 112651 Cp (1, 3) + 1126*CC 5 (1, 5)
+ 16023 Co2(1,7) + 28b%c1Co 2(2,2) + 706*cCp 2(2,4)
+ 28022 Ch2(2,6) + c'°Ch2(2, 8)

= 16b8¢2 + 39265¢* + 16806* % + 1400028 + 112610
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Mo2(3,7:b,¢) = 2165¢*C 2(1, 1) + 11265¢*Co 5(1, 3) + 636*CCo2(1, 5)
+ 3b%c3Co.a(1,7) + 6305¢* Co (2, 2) + 1056*cCp (2, 4)
+ 21623 Ch2(2, 6) + 356%c5Cp 2(3, 3) + 21623 Co2(3, 5)
+¢'%°Ch2(3,7)

= 2168¢2 + 4625¢* + 1890b* % + 1680028 + 16810

Mo2(4,6;b,c) = 24b5¢C 2(1, 1) + 104b5¢*Co 5(1, 3) + 246*PCy2(1, 5)
4+ 906°¢1Ch2(2,2) + 1056 ®Ch2(2,4) + 6b*c3Co2(2, 6)
+ 806 %Ch2(3,3) + 24b%c®Cp2(3,5) + 15623 Co (4, 4)
+¢'%Cq2(4,6)

= 24b8¢2 + 4925¢* + 20406* 8 + 1800628 + 14410

Mo2(5,5:b, ¢) = 2565¢Cp 2(1, 1) + 10065¢*Co 5(1, 3) + 106*CCy2(1, 5)
4+ 10065¢*Cp (2, 2) 4 100b*c5Cp 9(2,4) + 10065 Cp 2(3, 3)
+206%c®Cp2(3,5) + 25b%c*Cp 2(4, 4) + ¢ Co (5, 5)

= 25b8¢2 + 50065¢* + 21006*c® + 18006%¢® + 18010

Case (g,v) = (1,1).

For n < 10, we may compute:
]\71,1(1; b,c) =0
Ml,l(?; b,c) =0
Mi1(3;b,¢) = 3b*C11(2)
=0
M 1(4;b,¢) = 66*2C11(2) + ¢*C11(4)
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M1 (5;b, ) = 1063c2C11(2) + 5bc*Ch 1 (4)
= 5bc?
My 1 (65, ¢) = 15b6*2C11(2) + 15622 Ch1 (4) + °Cy1(6)
= 15b%¢* + 105
M 1(7:b,¢) = 216°2Cy 1 (2) + 356°c*C1 1 (4) + TP Cp 1 (6)
= 35b3c! 4 70bcS
M1 (8;b,¢) = 2865¢2C 1 (2) + TOB*c*C 1 (4) 4 286%c°Cy 1 (6) 4 3C1.1(8)
= 706t + 280b%c5 + 708
M1(9;b, ¢) = 36b72C11(2) + 1266°c*C) 1 (4) + 846°cCC 1 (6) 4 963 C 1 (8)
= 1260°¢* + 8406°c® 4 630bc®
M1 (10;b, ¢) = 45652C 1 (2) + 210684 C) 1 (4) + 2106 C 1 (6)
+ 45623 C1 1 (8) + !0y 1(10)

= 21065¢* + 21006*c® + 31500%¢% + 42010

Case (g,v) = (0, 3).

For n1 + ny + n3 < 10, we may compute:

Mos(1,1,1;b,¢) =0

Mos(1,1,2:b,¢) = ¢*Cp5(1,1,2)

= 2ct

Mo3(1,1,3;b,¢) = 3bc*Co5(1,1,2)
— 6bct
Mo s(1,2,2;b,¢) = 4bc*Cp3(1,1,2)

= 8bc*
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Mos(1,1,4;b,¢) = 6b2c*Co5(1,1,2) 4+ 5Co5(1,1,4)
= 126%¢* + 1265

Mo s(1,2,3;b,¢) = 9b2c*Co3(1,1,2) + 5Co5(1,2,3)
= 18b%c* + 1265

Mo3(2,2,2;b,¢) = 126%¢*Co3(1,1,2) + 5Co5(2,2,2)

= 24b%c* + 88

Mo3(1,1,5;b,¢) = 106°¢*Co5(1,1,2) 4+ 5bc®Co3(1, 1, 4)
= 20b%c? + 60bc°

Mo3(1,2,4;b,¢) = 16b°c*Co5(1,1,2) 4 2bc°Co (1, 1,4) + 4b®Co 5(1, 2, 3)
= 32b%¢? + 72bc°

Mo3(1,3,3:b,¢) = 18b°c*Co 5(1,1,2) 4 6bc°Co 3(1, 2, 3)
= 36b%c" 4 72bc°

Mo 3(2,2,3;b,¢) = 24b°c¢*Cp 3(1,1,2) + 4bc5Co 5(1, 2, 3) + 3bc%Co 5(2, 2, 2)

= 48b3c* + 72bc8

Mo s(1,1,6;b, ¢) = 156*c*Co3(1,1,2) + 1562c%Co 5(1,1,4) + 3Co (1,1, 6)
= 30b%ct + 180b%c5 + 60c8
Mo3(1,2,5:b,¢) = 25b*c*Co 5(1,1,2) + 106°c°Co 3(1, 1,4) + 1062 Cy 3(1,2, 3)
+3Co3(1,2,5)
= 50b*c* 4 240b%c° + 60c®
Mos(1,3,4;b, ¢) = 30b*c*Co5(1,1,2) 4 3623 Co 5(1,1,4) + 186°c°Cp 5(1, 2, 3)
+8Co3(1,3,4)

= 60b*c* + 252620 + 7268
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Mo3(2,2,4;b,¢) = 40b*c*Co5(1,1,2) 4 4625 Co 5(1,1,4) 4 166°°Cp 5(1, 2, 3)
+ 6b%c5C0 3(2,2,2) + Co3(2,2,4)

= 80b%c* + 288h%c8 + 488

Mo3(2,3,3;b,¢) = 45b*c*Co 5(1,1,2) 4+ 18625 Co 5(1, 2, 3) + 96°c°Co 3(2, 2, 2)
+c8Co3(2,3,3)

= 90b*c* + 288h%c8 + 7268

Mos(1,1,7:b,¢) = 216°c*Co 5(1, 1, 2) + 356°c°Co 3(1, 1, 4) + Tbc*Co 5(1,1,6)

= 425 + 420638 + 42068

Mo3(1,2,6;b,¢) = 36b°¢*Co 3(1, 1, 2) + 306°c°Co 3(1, 1,4) + 2bc*Co 5(1,1,6)
+206%c%Ch 3(1, 2, 3) + 6bc*Co 5(1, 2, 5)

= 720%¢* + 60063 + 480bc°

Mo3(1,3,5:b,¢) = 45b°c*Co 5(1, 1, 2) + 156°c°Co 5(1, 1, 4) + 406 Cy 3(1, 2, 3)
+3bc®Co 3(1,2,5) + 5bc%Co 3(1, 3, 4)

= 90b°c* + 660638 + 540bc8

1\70,3(1, 4,4;b,¢) = 48b°c*Cp3(1,1,2) + 8b3c°Co 5(1,1,4) + 48635 C 5(1, 2, 3)
+8bc®Co 5(1,3,4)

= 96b°c* + 67263 + 576bc3

Mo3(2,2,5:b,¢) = 60b°c*Co5(1,1,2) + 206°c°Co 5(1, 1, 4) + 406 Cy 3(1, 2, 3)
+4bc®Cp 3(1,2,5) + 10635 Cp 3(2, 2, 2) + 5bc®Co 3(2, 2, 4)

= 1200°c¢* + 80063 + 48008
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Mo3(2,3,4;b,¢) = 72b°c*Co5(1,1,2) 4 663 Co 5(1, 1, 4) 4 526°°Cp 5(1, 2, 3)
+2bc®Co 3(1, 3,4) + 18635 Cp 3(2, 2, 2) + 3bc®Co 3(2, 2, 4)
+ 4bc®Cp 3(2,3,3)

— 144b°c* + 840b3¢° + 576bc8

Mo3(3,3,3;b,¢) = 816°¢*Co 5(1, 1, 2) + 546°c°Co 3(1, 2, 3) + 27635 Cy 3(2, 2, 2)
+9bc*Co 5(2,3,3)

= 1620°c¢* + 864b3c° + 648bc®

Mo3(1,1,8;b,¢) = 28b5¢*Co 5(1, 1, 2) 4 706*®Co 5(1, 1,4) + 2863 Cy3(1, 1, 6)
+ 6100073(1, 1, 8)

= 5605¢* + 840b* 8 + 1680622 + 28010

Mo3(1,2,7:b,¢) = 4965¢*Co 5(1, 1, 2) + T06*®Co 5(1, 1, 4) + 14623 Cy 3(1, 1, 6)
+ 350 %Ch 3(1, 2, 3) + 2162 Cy 3(1, 2, 5) + ¢'°Cy 3(1,2,7)

= 98b%¢* + 126008 + 21006%¢® + 2801

Mo3(1,3,6;b,¢) = 63b5¢*Co5(1,1,2) 4 4565 Co 5(1, 1, 4) + 36°cCo 3(1, 1, 6)
+756%c5Ch 3(1,2,3) + 1822 Ch 3(1, 2, 5)
+ 156%c%Cy 3(1, 3,4) + ¢'°Cy 5(1, 3, 6)

= 126b5¢* + 14406%c8 + 23400%® + 36010

Mo 3(1,4,5:b,¢) = 7065¢*Co5(1,1,2) 4 2565 Co 5(1, 1, 4) + 1006*°Co 3(1, 2, 3)
+ 6b%c®Co3(1,2,5) + 306°c®Co 3(1, 3,4) + c'°Cp 3(1,4, 5)

= 1400%¢* + 15006 + 25206%c® + 36010
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Mo3(2,2,6;b,¢) = 84b5¢*Co5(1,1,2) 4 606 P Co 5(1, 1,4) + 46> Cp 5(1, 1, 6)
+ 806 %Cy 3(1, 2, 3) 4 24b*®Ch 3(1, 2, 5)
+ 156 %Ch 3(2,2,2) + 15623 Co 3(2, 2,4) + ¢'°Cy 3(2, 2, 6)
= 168b°¢* + 18006*c® 4 240002 + 2400
Mo3(2,3,5:b, ¢) = 10565¢*Co 5(1, 1, 2) + 306 Co 3(1, 1, 4) + 1156*Cy (1,2, 3)
4+ 9v%c3Co3(1,2,5) + 106%c®Co 3(1, 3, 4)
+ 306 %Co 3(2,2,2) + 156%c®Ch 3(2, 2, 4)
+106%c*Cp 3(2, 3, 3) + ¢'°Cp 3(2, 3,5)
= 2106%¢* + 198061 c® 4 27006%c® + 3600
Mo s(2,4,4;b, ¢) = 11262 Co 3(1,1,2) + 16b*c5Co 5(1, 1, 4) + 1286*°Cp 3(1, 2, 3)
+16b%c%Co3(1, 3,4) + 36b*c°Ch 3(2, 2, 2)
+ 12623 Cp 3(2,2,4) + 1662 Cp 3(2, 3, 3) + ¢'°Cp 3(2, 4,4)
= 224b%¢* 4 201661 4 2880b%c® 4 28810
Mo 3(3,3,4;b, ¢) = 126b5¢*Co 5(1,1,2) + 9% S Co 5(1, 1, 4) + 1326 Cp 3(1, 2, 3)
+ 6b%c*Co 3(1, 3,4) + 54b*c5Cp 5(2,2,2)
+9b%c3Co 3(2,2,4) + 306%c*Co 3(2,3,3) + ¢0Cp 5(3, 3, 4)
= 252b%¢* 4 2124610 + 3024b%® 4 43210
Case (g,v) = (1,2).
For n; 4+ ny < 10, we may compute:
My 5(1,1;b,¢) = Cy5(1,1)

=0

M 5(1,2;b,¢) = 2bc*Cy 5(1,1)

=0
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Ml’g(l, 3; b, C) = 362020172(1, 1) -+ 040172(1, 3)
=0
MLQ(Q, 2; b, C) = 4b26201’2(1, 1) + 0401’2(2, 2)

=0

M 2(1,4;b,¢) = 4b°c*C1 5(1,1) + 4bc*Cy 5(1, 3)
=0
M 5(2,3;b,¢) = 6b°C1o(1,1) + 2bc*Cyo(1,3) 4 3bc¢*C1 5(2, 2)

=0

M 5(1,5;b,¢) = 5b*2C1o(1,1) + 106%¢*C1 5(1,3) 4+ 3C1 2(1, 5)
=58
M 2(2,4;b,¢) = 86*c2C1 9(1,1) + 862 C1a(1, 3) + 66°¢*C1 2(2,2)
+c5C9(2,4)
=48
M 2(3,3;b,¢) = 96*c2C1 9(1,1) + 6b*c*C12(1, 3) + 96°c*C1 2(2,2)
+c5C19(3,3)

=3¢

M 5(1,6;b,¢) = 6b°c*Cy 5(1,1) + 20631 C1 (1, 3) 4 6b°C) 5 (1, 5)

= 30bc®

M 2(2,5:b,¢) = 106°Cy9(1,1) + 206°c*C1 5(1,3) + 2bc5Cy (1, 5)
+ 10631 C1 2(2,2) + 5bcBCy 2(2,4)

= 30bc8
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M 2(3,4;b,¢) = 126°2C1 5(1,1) + 16b°c1C1 (1, 3) + 186°¢*C1 2(2, 2)
+3bc8C 2(2,4) + 4bcPCy 2(3,3)

= 24bc8

My o(1,7;b,¢) = 7652 C1o(1,1) + 35b%c*C1 o (1, 3) + 216%°C 5(1,5)
+BCho(1,7)

= 105625 + 708

M 2(2,6;b,¢) = 120°¢C1 9(1,1) + 40b*c*C1 (1, 3) + 126%°C1 5(1, 5)
+156%c* 01 2(2,2) + 156%c°C1 2(2,4) + 3C12(2,6)

= 120625 + 608

M 2(3,5; b, ¢) = 156°c2C1 9(1,1) + 35b*1C1 o(1, 3) + 36%°C1 9(1, 5)
+306%c1C2(2,2) + 1562c°C1 2(2,4) + 10625 C (3, 3)
+ 6801,2(3, 5)

= 105625 + 608

M 2(4,4;b,¢) = 166°2C1 9(1,1) + 32b**C1 (1, 3) + 366 C1 2(2, 2)
+ 126%%C1 2(2,4) + 1665 C1 2(3,3) + O 2(4,4)

= 96b%c% + 60c°

M 5(1,8;b,¢) = 867c*Cy9(1,1) + 56b°c*Cy (1, 3) + 566°c°Cy o (1, 5)
+ 8bc®C 2(1,7)

= 2806 + 56068
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M 2(2,7:b,¢) = 1467 2C1 5(1,1) + T06°cAC1 (1, 3) + 426°°C1 5(1, )
+2bc®C12(1,7) + 216°c*C1 (2, 2) + 3563¢°C 2(2, 4)
+ 7()680172(2, 6)

= 3506 + 56068

M 2(3,6;b,¢) = 1867 c2C1 5(1,1) + 66b°c*C1 (1, 3) + 186°c°C1 5(1, )
+ 456°c*C1 2(2,2) + 45b°c5C 9(2,4) + 3bPC1 2(2, 6)
+ 201)3060172(3, 3) + 6b080172(3, 5)

= 33063 + 54068

M 2(4,5;b,¢) = 2007cC1 9(1,1) + 60b°c*C1 o(1, 3) + 46°cCC1 9(1, 5)
+60b°c1C 2(2,2) + 40b3cCC 2(2,4) + 40635 C) (3, 3)
+4bc®C1 2(3,5) + 5bcCy 2(4,4)

= 300035 + 540bc®

M o(1,9;b,¢) = 9°c2C1 (1, 1) + 84b5¢1C1 (1, 3) + 1266*CC 5(1,5)
+ 36[)26801’2(1, 7) + 01001,2(1, 9)

= 6300%c5 + 252002 + 630c°

M, 5(2,8:b,¢) = 166°cC1 5(1,1) + 11265¢1C1 (1, 3) + 11265 C1 5(1, 5)
+ 16023 C1 2(1,7) + 28b%¢1C 9(2,2) + 7061 P Cy 2(2,4)
+ 2802201 2(2,6) + ¢'°C1 2(2, 8)

= 840b*c5 + 2800b%¢c® + 560c°
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M 5(3,7:b,¢) = 2165 C1 9(1, 1) + 11265¢*C1 5(1, 3) + 6365 C) 5(1, 5)
+ 3b%c3C9(1,7) + 6305¢* C 2(2,2) + 10561 Cy 2(2,4)
+ 21623 C1 2(2,6) + 356%c5C 2(3, 3) + 21623 C1 2(3,5)
+¢1°C1 2(3,7)
= 84065 + 27300?c® + 630¢!°
M 2(4,6;b,¢) = 24b°cC1 9(1, 1) + 104b5¢*C1 5(1, 3) + 246 S C 5 (1, 5)
+906%c1C 2(2,2) + 1056 c5Cy 5(2,4) + 6623 C1 9(2,6)
+80b%c5C 2(3,3) + 2462501 2(3,5) + 15023 C 9(4, 4)
+¢'%C1 2(4,6)
= 780b%c® 4 27006%c® 4 6000
M, 5(5,5;b, ¢) = 2565¢C1 9(1, 1) + 10065¢*Cy 5(1, 3) + 10645 C) 5 (1, 5)
+ 1006%¢*Cy 2(2,2) 4 100b*c5Cy 9(2,4) + 1006*c5CY (3, 3)
+ 20023 C1 2(3,5) + 25b%c*C1 2(4,4) + ¢'°C (5, 5)
= 750018 + 27000%c® + 6000
Case (g,v) = (2,1).
For n < 10, we may compute:
Mg,l(l; b,c) =0
Mo (2;b,¢) = Ca1(2)
=0
My (3;b,¢) = 3bc2C.1(2)
=0
My1(4;b,¢) = 6b%c*C(2) + ¢*Ca1 (4)

=0
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Mo (5;b,¢) = 1063c2Ca1 (2) + 5bc*Co 1 (4)
=0
My 1 (6;b,¢) = 15b*c2Cy 1 (2) + 156%¢* Ca 1 (4) + 5Cy.1 (6)
=0
Mo (7;b,¢) = 216°2Ca1 (2) + 356°c*Co 1 (4) 4 Th8Co 1 (6)
=0
Mo (8;b, ) = 28652 Ca 1 (2) + TOB*c*Ca 1 (4) 4 286%c°Cy1 (6) 4 3Ty (8)

=218

Mo (9;b, ¢) = 36b72Ca1(2) + 1266°c*Ca 1 (4) + 846°cCCy 1 (6) 4 963 Ca 1 (8)

= 189bc®

My 1 (10;b, ¢) = 45632 Cy.1 (2) 4 21065¢1Cy 1 (4) + 21065 Cy 1 (6)
+ 4502301 (8) + ¢1°Cy1(10)

= 945b%¢% + 48310

Case (g,v) = (0,4).

For n1 + ny + n3 + ngy < 10, we may compute:
Mos(1,1,1,1;b,¢) = ¢*Co4(1,1,1,1)

=0

Mo4(1,1,1,2;b,¢) = 2bc*Co4(1,1,1,1)

=0

Mo4(1,1,1,3;b,¢) = 3b2c*Coa(1,1,1,1) + 5C4(1,1,1,3)

= 6¢8
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Mo4(1,1,2,2;b,¢) = 4%c*Co4(1,1,1,1) + $Cp4(1,1,2,2)

= 8¢S

Moa(1,1,1,4;b,¢) = 4b*c*Co 4(1,1,1,1) + 4bc®Co 4(1, 1, 1, 3)
= 24bc"
Mo 4(1,1,2,3;b,¢) = 6b%*Coa(1,1,1, 1) + 2bc°Cpa(1,1,1,3)
+3bc%Co4(1,1,2,2)

= 36bc®

Mo4(1,1,1,5;b,¢) = 5b*c*Co.4(1,1,1,1) + 1062 Cp4(1, 1,1, 3)
+c3Co4(1,1,1,5)
= 606%c® + 60c®
Mo(1,1,2,4;b,¢) = 86*c*Co.4(1,1,1,1) + 86°Cp4(1, 1,1, 3)
+6b%c5C0.4(1,1,2,2) 4+ 3Co4(1,1,2,4)
= 96b%c® + 7268
1\70,4(1, 1,3,3;b,¢) = 9*c*Coa(1,1,1,1) + 66*c°Cp 4(1, 1,1, 3)
+9v%c5C0 4(1,1,2,2) 4+ *Co4(1,1,3,3)
= 108b%c% + 7268
Mo4(1,2,2,3;b,¢) = 126**Co.4(1,1,1,1) + 46°PCp4(1, 1,1, 3)
+ 150%5Ch 4(1,1,2,2) + *Cp4(1,2,2,3)
= 144b%5 + 7268
1\70,4(2, 2,2,2:b,c) = 16b*c*Cp 4(1,1,1,1) 4 24b*c®Cp 4(1, 1,2, 2)
+3C0.4(2,2,2,2)

= 192b%c5 + 488
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Mo4(1,1,1,6;b,¢) = 66°c*Co.4(1,1,1,1) + 206 Cp4(1, 1,1, 3)
+ 6bc®Cp4(1,1,1,5)

= 120635 + 36068

Mo4(1,1,2,5:b,¢) = 106°c*Co.4(1,1,1,1) + 203%Co 4(1, 1,1, 3)
+2bc®Co 4(1,1,1,5) 4+ 1063c°Co 4(1, 1,2, 2)
+ 5bc®Co4(1,1,2,4)

= 200635 + 48068

Mo(1,1,3,4;b,¢) = 126°c*Co.4(1,1,1,1) + 1663°Co 4(1, 1, 1, 3)
+1863¢%Ch4(1,1,2,2) + 3bc®Co4(1, 1,2, 4)
+4bc®Cp4(1,1,3,3)

= 240035 + 504bc®

Mo.4(1,2,2,4;b,¢) = 16b°c*Co 4(1,1,1,1) + 166°c°Cp4(1,1,1,3)
+2863¢%Co 4(1,1,2,2) + 4bc®Co4(1, 1,2, 4)
+4bc®Cp 4(1,2,2,3)

= 320035 + 576bc°

Mo.4(2,2,2,3;b,¢) = 246°¢*Co.4(1,1,1,1) + 863 Cp4(1, 1,1, 3)
+ 54b3c%Cp 4(1, 1,2, 2) + 6bc®Cp 4(1, 2,2, 3)
+3bc®Cp 4(2,2,2,2)

= 480035 + 576bc°

Mos(1,1,1,7;b,¢) = ¢ Co.4(1,1,1,1) + 356*PCp.4(1, 1,1, 3)
+ 21623 C 4(1,1,1,5) + ¢'%Cp.4(1,1,1,7)

= 210b*c5 + 126002 + 420c'°
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1\70,4(1, 1,2,6;b,¢) = 120%¢*Co 4(1,1,1,1) + 406*c®Cp 4(1, 1, 1, 3)
+ 12023 Ch 4(1,1,1,5) + 15b*c®Cp 4(1,1,2,2)
+ 15023 Ch4(1,1,2,4) + ¢'°Cp.4(1,1,2,6)

= 3600%c5 + 1800b%c® + 480c'°

Mo4(1,1,3,5:b,¢) = 1565¢*Co.4(1,1,1,1) + 356*Co4(1, 1,1, 3)
+3b%c3Co.4(1,1,1,5) + 3065 Cp 4(1, 1,2, 2)
+ 15623 Ch4(1,1,2,4) + 106*c®Cp 4(1,1,3,3)
+¢'%Ch4(1,1,3,5)

= 4506*c% + 19806%c® + 540c'°

Mo(1,1,4,4;b,¢) = 16b5¢*Co 4(1,1,1,1) + 326*°Cp4(1,1,1,3)
+36b%c5Cp.4(1,1,2,2) + 1263 Cp 4(1,1,2,4)
+166%c®Co4(1,1,3,3) + ¢'%Cp.4(1,1,4,4)

= 480b*c% + 2016623 + 57610

Mo.4(1,2,2,5;b,¢) = 2005¢*Co.4(1,1,1,1) + 406*5Co.4(1, 1,1, 3)
+4b2BCo4(1,1,1,5) + 4501 c®Cp 4(1,1, 2, 2)
+206%c%Ch 4(1,1,2,4) + 106*c¥Cp 4(1,2,2,3)
+¢c1%Ch4(1,2,2,5)

= 600b*c® + 2400628 + 48010

Mo4(1,2,3,4;b,¢) = 24654 Co 4(1,1,1,1) + 326°Co.4(1, 1,1, 3)
+ 666 %Co4(1,1,2,2) + 9% Co4(1,1,2,4)
+8v%c¥Co.4(1,1,3,3) + 18b%c*Cp 4(1, 2,2, 3)
+¢'%Ch4(1,2,3,4)

= 720b%c8 4+ 25200%¢° + 57610
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Mo4(1,3,3,3;b,¢) = 27651 Co.4(1,1,1,1) + 276*PCo4(1, 1,1, 3)
+ 816 %Ch4(1,1,2,2) + 96%c®Cp4(1, 1, 3, 3)
+276%c3Cp.4(1,2,2,3) + ¢%Cp.4(1,3,3,3)

= 810b*c% + 2592b%c® + 64810

Mo.4(2,2,2,4;b,¢) = 3256 Co 4(1,1,1,1) + 326*°Cp 4(1, 1,1, 3)
+ 966 %Co4(1,1,2,2) + 12623 C.4(1,1,2,4)
+24b%*Ch 4(1, 2,2, 3) + 6b%c*Cp 4(2,2,2,2)
+¢c1%C4(2,2,2,4)

= 960b%c% + 2880678 + 38410

Mo.4(2,2,3,3;b,¢) = 360°c*Co4(1,1,1,1) + 24b*c5Cp 4(1, 1,1, 3)
+ 1176*c%C.4(1,1,2,2) + 4b*c¥Cp 4(1,1,3,3)
+306%c®Ch 4(1,2,2,3) + 9% Cp 4(2,2,2,2)
+¢c'%Ch4(2,2,3,3)

= 1080b*c® 4 2880b%c® 4 576
Case (g,v) = (1,3).
For n1 + ny + n3 < 10, we may compute:

M 3(1,1,1;b,¢) = 0

My 3(1,1,2;b,¢) = ¢*Cy 5(1,1,2)

=0

M 3(1,1,3;b,¢) = 3bc¢*Cy 5(1,1,2)

=0
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My 3(1,2,2;b,¢) = 4bc*Cy 5(1,1,2)

=0

M 3(1,1,4;b,¢) = 6b2¢*Ch3(1,1,2) + 5C13(1, 1, 4)
=0

M 3(1,2,3:b,¢) = 9b2c*Cy 5(1,1,2) 4+ 5C1 5(1,2,3)
=0

Mi3(2,2,2;b,¢) = 1202¢*C13(1,1,2) 4+ 5C13(2, 2, 2)

=0

M, 5(1,1,5;b, ¢) = 106°c¢*C13(1,1,2) 4 5bc5Cy 5(1, 1, 4)
=0

M 3(1,2,4;b,¢) = 16b°c*C1 5(1,1,2) 4 26¢°C 3(1, 1,4) + 4b°Cy 5(1, 2, 3)
=0

M, 5(1,3,3;b,¢) = 186°c*C1.3(1,1,2) + 6bc5Cy 5(1, 2, 3)
=0

M 3(2,2,3:b,¢) = 24b°c*C1 5(1,1,2) 4 4bC 3(1,2,3) + 3b°Cy 5(2, 2, 2)

=0

My 3(1,1,6;b,¢) = 15b*c*C1 5(1,1,2) 4+ 156°°Cy 5(1,1,4) + EC1 3(1,1,6)
= 30c®
M 3(1,2,5:b, ¢) = 25b*c*C1 5(1,1,2) 4+ 106°c°Cy 5(1, 1,4) + 1062 C) 5(1, 2, 3)
+8C13(1,2,5)

= 308
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My 3(1,3,4;b, ¢) = 30b*c*C1 5(1,1,2) 4 3625 Cy 5(1,1,4) 4 186°°C1 5(1, 2, 3)
+ 680173(1, 3, 4)

= 248

M 3(2,2,4;b,¢) = 40b*c*C1 5(1,1,2) 4+ 4625 Cy 5(1,1,4) 4 166°°Cy 5(1, 2, 3)
+6b%c5C 5(2,2,2) + 301 3(2,2,4)

= 24c8

M 3(2,3,3:b,¢) = 45b*c*C1 5(1,1,2) 4 18625 Cy 5(1, 2, 3) + 96°c°C1 5(2, 2, 2)
+8C13(2,3,3)

=188

My 3(1,1,7;b,¢) = 216°¢*Cy 5(1, 1, 2) 4 356°c°C1 3(1, 1,4) + Tbc®Cy 5(1,1,6)

= 210bc®

M 3(1,2,6;b,¢) = 36b°c*Cy 5(1,1,2) + 306°c°Cy 3(1,1,4) + 2bc*Cy 5(1,1,6)
+20635C 3(1,2,3) + 6bc®C 3(1,2,5)

= 240bc®

M 3(1,3,5;b,¢) = 45b°¢*Cy 5(1, 1, 2) 4+ 156°c°Cy 3(1, 1,4) + 4065 C) 5(1, 2, 3)
+3bc®C1 5(1,2,5) + 5bc*Cy 3(1, 3, 4)

= 210bc®

M 3(1,4,4;b, ¢) = 48b°c*C1 5(1,1,2) 4 8675 Cy 5(1, 1, 4) + 486°°Cy 5(1, 2, 3)
+ 8()6801,3(1, 3, 4)

= 192bc8
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M 3(2,2,5:b, ¢) = 60b°c*Cy 5(1,1,2) 4 206°c°Cy 5(1, 1,4) + 406°CC) 5(1, 2, 3)
+4bc®C 3(1,2,5) + 10635 C 3(2,2,2) + 5bc®Ch 3(2,2,4)

= 240bc®

M 5(2,3,4;b,¢) = 726°¢*C13(1,1,2) + 66°5C1 5(1,1,4) + 52°5Cy 5(1, 2, 3)
+2bc®C1 5(1,3,4) + 18b°c°C1 5(2,2,2) + 3bc*Ch 5(2, 2, 4)
+4bc*C 5(2,3,3)

= 192bc8

M 3(3,3,3:b,¢) = 816°¢*Cy 5(1, 1, 2) + 54b°°C1 5(1, 2, 3) + 27030 C) 3(2, 2, 2)
+9bc®C 3(2,3,3)

= 162bc8

M 3(1,1,8:b,¢) = 28b5¢*Cy 5(1,1,2) + 706*CCy 5(1, 1, 4) + 28623 C) 3(1, 1, 6)
+ 61001,3(17 17 8)

= 840bc® + 5600

My 3(1,2,7;b,¢) = 495¢*Cy 5(1, 1, 2) 4 706 CCy 3(1, 1,4) + 14625C 3(1, 1, 6)
+356%c5Cy 3(1,2,3) + 2162301 3(1,2,5) + %0y 3(1,2,7)

= 10506%c® 4 560c°

M 3(1,3,6;b, ¢) = 63b5¢*C1 5(1,1,2) 4 456*5Cy 5(1,1,4) + 36°EC1 5(1, 1, 6)

+ 7568 3(1, 2, 3) 4+ 18623 C1 3(1, 2, 5) + 15623 Cy 3(1, 3, 4)

+ %01 3(1, 3,6)

= 990b%c® + 5400
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M 3(1,4,5:b,¢) = 7065¢*Cy 5(1,1,2) 4 256%5Cy 5(1, 1, 4) + 1006y 3(1, 2, 3)
+ 6b%c3C 3(1,2,5) + 306%c3Ch 3(1, 3,4) + ¢0C 5(1,4,5)
= 900b%c® + 540c*°
M, 3(2,2,6;b,¢) = 84b5¢*C1 5(1,1,2) 4 6065 Cy 5(1,1,4) + 46°EC1 5(1, 1, 6)
+80b%c5Cy 3(1,2,3) + 242301 3(1,2,5) + 156*°C 5(2,2,2)
+ 15623 C1 3(2,2,4) + ¢'°C1 3(2, 2, 6)
= 12000%¢% + 480
M, 5(2,3,5;b, ¢) = 1056°c*C1 3(1,1,2) + 306*5Cy 5(1, 1,4) + 1156%°C) 5(1, 2, 3)
+ 9023 C13(1,2,5) + 106°c3C1 3(1, 3, 4) + 3061 °CY 3(2,2,2)
+ 15622 C1 3(2,2,4) + 1062c*C1 3(2, 3,3) + ¢'°C1 3(2, 3,5)

= 1050b%c® + 480c!°
M 3(2,4,4;b, ¢) = 11265¢*Cy 5(1,1,2) + 166*°Cy 5(1, 1, 4) + 1286*5C) 5(1, 2, 3)
+166%c3C1 3(1, 3,4) + 366 °C1 3(2,2,2) + 12623 C1 3(2, 2,4)
+16b%c3C13(2,3,3) + 901 3(2,4,4)
= 960bc® 4 480c™°
M 3(3,3,4;b, ¢) = 126b5¢*C1 5(1,1,2) 4+ 9% Cy 5(1,1,4) + 1326°°C) 3(1, 2, 3)
+ 662501 3(1,3,4) + 5461 P C 5(2,2,2) + 97 BCy 3(2,2,4)
+ 300%c3C1 3(2,3,3) + ¢'°C1 3(3,3,4)

= 900b%c® + 468¢'°

Case (g,v) = (2,2).

For n; + ny < 12, we may compute:
MQ,Q(l, 1; b, C) = 6202’2(1, 1)

=0
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Moo (1,2:b,¢) = 2bc2Ca5(1,1)

=0

Mao(1,3;b,¢) = 36°cCan(1,1) + ¢*Caa(1, 3)
=0
M 5(2,2;b,¢) = 4622 Ca0(1,1) + ¢*Caa(2,2)

=0

Myo(1,4;b,¢) = 4b°c2Ca5(1,1) + 4bc*Ca0(1, 3)
=0
Ma5(2,3;b,¢) = 66°cCan(1,1) + 2bc*Ca5(1, 3) + 3bc*Cy 5(2, 2)

=0

Myo(1,5;b,¢) = 5b*c2Caa(1,1) + 106%¢*Cy 0(1,3) 4+ 3 Cl0(1, 5)
=0

Ma2(2,4;b, ¢) = 8b*c*Can(1,1) + 862 Caa(1, 3) 4 6b2¢* Ty 0(2, 2) + CCp9(2,4)
=0

Ma5(3,3:b,¢) = 9% Can(1,1) + 662 Caa(1, 3) 4 92 C0(2, 2) + CCa0(3,3)

=0

Ma5(1,6;b,¢) = 6b°c*Ca(1,1) + 2063 Coa(1, 3) 4 6bc8Ca 5(1, 5)
=0
My 5(2,5:b,¢) = 106°Ca9(1,1) + 206°c*Cy (1, 3) + 2bc5Cy (1, 5)
+ 1063 Cy 2(2,2) + 5bcC2(2,4)

=0
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Ma5(3,4;b,¢) = 126°cCa9(1,1) + 16b°c*Ch (1, 3) + 186°c* Ca.0(2, 2)
+ 3bc%Ca9(2,4) + 4bcPCy2(3,3)

=0

My o(1,7;b,¢) = 7692 Ca (1, 1) + 35b*c*Ca0(1, 3) + 216%cCCa 5(1, 5)
+ P Cas(1,7)

=0

Ma2(2,6;b,¢) = 12052 Ca9(1,1) + 40b*c*Cy (1, 3) + 126°c°Cy 5(1, 5)
+ 15671 C22(2,2) + 1562 Cy 2(2,4) + 3Ca2(2,6)

=0

Mao(3,5;b, ¢) = 156°c2Ca0(1,1) + 35b% 1 Cy (1, 3) + 362 Ca0(1, 5)
+ 30671 Ca2(2,2) + 1562 Cy 2(2,4) + 10625 Ca 9(3, 3)
+ 6802,2(3, 5)

=0

Mao(4,4;b,¢) = 166°cCa0(1,1) + 32b* 1 Cho(1, 3) + 366 Ca.0(2, 2)
+ 126250y 2(2,4) + 1665 Ca 9(3,3) + BCa2(4,4)

=0

Ma5(1,8:b,¢) = 8b7c*Caa(1,1) + 56b°c*Cha(1, 3) + 566> Cy.0(1, 5)
+ 8bc®Ca (1, 7)

=0
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Ma2(2,7:b,¢) = 1467 Cy5(1,1) + T0b°c*Ch (1, 3) + 426°°Cy 5(1, 5)
+ 2bc®Ca0(1,7) + 210°c* Ca (2, 2) + 3503c°Cy 2(2, 4)
+ 7()680272(2, 6)

=0

Ma5(3,6;b,¢) = 18672 Cy9(1,1) + 66b°c*Cho(1, 3) + 186°c°Cy 9(1, 5)
+ 456°c*Cy 2(2,2) + 45b°c5Ca 9(2,4) + 3bPC42(2, 6)
+ 201)3060272(3, 3) + 6b080272(3, 5)

=0

Mao(4,5;b, ¢) = 2007c2Ca9(1,1) + 60b°c Cy (1, 3) + 4b°cCCy9(1, 5)
+60b°c1Ca2(2,2) + 40b3cCCy 2(2,4) + 40635 Ca 5(3, 3)
+ 4bc®Ca 9(3,5) + 5bcCa2(4,4)

=0

Myo(1,9;b,¢) = 95 Ca (1, 1) + 84651 Cy 5(1, 3) + 1266*CCa5(1, 5)
+ 36[)26802’2(1, 7) + 01002,2(1, 9)

= 189¢!°

Ms5(2,8:b, ¢) = 1665 Ca0(1,1) + 112651 Cy (1, 3) + 1126*CC 5(1, 5)
+ 16023 Cy2(1,7) + 28b%c1Ca 9(2,2) + 7061 Cy2(2,4)
+ 2802204 2(2,6) + c'0Cy2(2, 8)

= 1680
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Mao(3,7:b,¢) = 2165 Ca9(1, 1) + 11265¢*Cy 5(1, 3) + 636*CCa5(1, 5)
+ 3623 Ca9(1,7) + 6305¢* Ca2(2,2) + 105618y 2(2,4)
+ 21623 Cy2(2, 6) + 35675 Ca (3, 3) + 21623 Cy2(3, 5)
+¢1%Cy5(3,7)

= 147"

Myo(4,6;b, ¢) = 24652 Co5(1,1) + 1046564 Cy 5 (1, 3) + 2465 Cy (1, 5)
4 906°¢1Cy 2(2,2) + 10561 P Cy 2(2,4) + 6623 Ca2(2, 6)
+80b%c5C2(3,3) + 24b2c®Cy2(3,5) + 15023 Ca 9(4, 4)
+¢'%Cy5(4,6)

= 156¢1°

Mao(5,5; b, ¢) = 25652 Ca9(1, 1) + 10065¢*Cy 5(1, 3) + 106*CCa5(1, 5)
4 10065¢1Ca (2, 2) 4 100615 Cy 9(2,4) + 10065 Co (3, 3)
+ 200%c®Cy.2(3,5) + 25b%c*Ca 2(4,4) + ¢ Ca5(5,5)

= 165¢1°

Ms5(1,10;b, ¢) = 106°c>Ca5(1, 1) + 12067¢*Cy 5(1, 3) + 2526°c5Cy 5(1, 5)
+ 1200°c3C.2(1,7) 4 10bc°Ca 5(1, 9)

= 1890bc!°

Ms5(2,9:b, ¢) = 186°cCa0(1,1) + 168b"c*Cho(1, 3) + 2526°cCCy 5(1, 5)
+ 72033 Co2(1,7) + 2bc'°Cy2(1,9) + 360" ¢ Ca 9(2,2)
+ 126675 C2(2,4) 4 8463cBC42(2,6) + 9bc'°Cy 2(2, 8)

= 1890bc'°
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Ms5(3,8:b, ¢) = 24b°¢*C5(1,1) + 17667 Cy (1, 3) + 1686°cCCy5(1, 5)
+ 246330y 9(1,7) + 847 Ca 2(2,2) + 2106°cPCy 2(2, 4)
+ 846320y 2(2,6) + 3bc'?Cy 2(2,8) + 56b°c5Ca 9(3, 3)
+ 56b%c3Ca.2(3,5) + 8bc'YCa2(3,7)
= 1680bc!”
Mao(4,7;b,¢) = 286°cCa9(1,1) + 168b"¢* Ty 5(1, 3) + 846°PCa 5(1, 5)
+ 462 Co9(1,7) + 12667 c*Ca 2(2,2) + 2316°c°Cy 2(2, 4)
+ 4263305 2(2,6) + 1406°c®Cy 2(3, 3) + 84b3c*Cy 2(3, 5)
+ 4bc'0045(3,7) + 35633 Co 2(4, 4) + The'*Ca 5(4, 6)
= 1680bct°
Ms5(5,6:b,¢) = 306°cCa0(1, 1) + 160b"c*Cy 5(1, 3) + 366°cCCa5(1, 5)
+ 15007 c* Ca9(2, 2) + 225b°c5Ca 9(2,4) + 10633 C2(2, 6)
+2006°c5Ca 9(3, 3) + 80633 Ca2(3,5) + 7563 Cy 2 (4, 4)
+ 5bc'%C45(4,6) + 6bc'°Cy 2(5, 5)

= 1770bc'°

Mao(1,11;b,¢) = 11602 Ca5(1, 1) 4 165b%¢* Cy 5(1, 3) + 4626°55Co 5 (1, 5)
+ 3306 c®Ca (1, 7) + 55b%c0Ca (1, 9) + c'2Ca0(1,11)
= 103950%c!? + 5313¢!2
Ma5(2,10; b, ¢) = 20602 Ca 5(1, 1) + 2406%¢*Cy 5(1, 3) + 504655 Cy 5 (1, 5)
+240b*cBCa2(1,7) 4 20020 Ca 9(1,9) + 45b%c* C22(2, 2)
+21065¢C (2, 4) 4 210b*c3Ca (2, 6) + 45b%c0Ca 5(2, 8)
+ c2Cy2(2, 10)

= 11340020 + 48302
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Ms5(3,9:b, ¢) = 27602 Ca (1, 1) + 2616%¢*Cy 5(1, 3) + 37865 Cy 5 (1, 5)
4+ 108b*c3Ca0(1,7) + 367004 5(1,9) + 108b%c* C22(2, 2)
+ 378b5¢5Cy (2, 4) 4 252613 Ca (2, 6) + 2700 Ca 5(2, 8)
+ 8465¢5Cy 9(3,3) + 12601 B Cy 2(3, 5) + 366%¢'°Cy2(3,7)
+¢'2052(3,9)

= 10395b%¢'0 + 472512

Mo o(4,8;b, ¢) = 326062 Cy (1, 1) + 256b%c*Cy 5(1, 3) + 224655C5 5 (1, 5)
+ 3204 B Cy2(1,7) + 1680°¢* O 2(2, 2) + 448655 Cy 5(2,4)
+ 168b*c3Ca2(2,6) 4 6670y 2(2, 8) + 224b5¢5Cy2(3, 3)
+ 224b1cBCy5(3,5) + 32020 Ca9(3,7) + 7001 Ca0(4, 4)
+28b%c10Cy (4, 6) + c'2Co2(4, 8)

= 10080b%¢!? + 4760c'?

Mao(5,7:b,¢) = 35002 Ca 5(1, 1) + 245b%¢*Cy 5(1, 3) + 112655C5 5 (1, 5)
+ 5623 Ca (1, 7) + 21068¢*Ca 2(2,2) + 455685 Cy 2(2, 4)
+ 700 B Cy2(2,6) + 35005¢°Cy 2(3, 3) + 245b*c3C2(3, 5)
4+ 106%¢19C (3, 7) 4 17563 Ca9(4, 4) + 35020 Ca 5 (4, 6)
+ 216%¢19C4 5(5,5) 4 ¢'2Cy.2(5,7)

= 10395b%¢!0 + 479512

Ms5(6,6;b,¢) = 366'°2Ca5(1, 1) 4 2406%c*Cy 5(1, 3) + 72655C5 5(1, 5)
+ 225b%c* Ca.9(2, 2) + 4500%c5Cy 9(2,4) + 30b*c3C2(2, 6)
+ 400695 Cy2(3, 3) 4 240b*c3Ca 9(3, 5) + 225b%c®Ca 5 (4, 4)
+ 300%¢19Cy (4, 6) 4 36020 Ca 9(5,5) + ¢'2C.2(6,6)

= 106206%c'0 + 47702
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Case (g,v) = (3,1).

For n < 14, we may compute:
Mg,l(l; b, C) =0

M371(2; b, C) = 620371(2)

=0

M371(3; b, C) = 3b620371(2)

=0

M371(4; b, C) = 6b2020371<2) + C4C371(4)

=0

]/\\4/371(5; b, C) = 10b3620371(2) + 5b0403’1(4)

=0

M371(6; b, C) = 15[)4620371(2) -+ 1552040371(4) + 660371(6)

=0

Mz (7;b,¢) = 216°2C51(2) + 356°c*C 1 (4) 4 7hcPCs1(6)

=0

Mz (8;b, ) = 2865¢2C51(2) + T0b*¢* 3.1 (4) + 286%c°C3.1(6)
+ 08C371(8)

=0

Ms1(9;b, ) = 36b2C5.1(2) + 1266°c*Cs 1 (4) + 846°c°Cs 1 (6)
+ 9()080371(8)

=0
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Ms1(10;b, ¢) = 45652 C51(2) + 21068¢*C51 (4) + 2106 C 1 (6)
+ 45623 C51(8) + ¢'°C31(10)
=0
Mz (11;b, ¢) = 55622 C5.1(2) + 33067 c*Cs.1 (4) + 4626°CCs 1 (6)
+165b%c%C3.1(8) + 11bc'°C31(10)
=0
Ms1(12;b,¢) = 66b'°c*Cs 1 (2) + 495651 C5 1 (4) + 9246°5Cs 1 (6)
+ 495b*c3C31(8) + 66b%¢'°C31(10) 4 ¢'2C31(12)
= 1485¢!2
Ms1(13;b, ¢) = 786" 2C5.1(2) + 71567151 (4) + 1716675 Cs3 1 (6)
+ 1287b°c*C5 1(8) + 286b°c'°C5 1 (10) + 13bc'2C31(12)
= 19305bc*?
Mz (14;b, ¢) = 91622 C51(2) + 10016'°¢*C5 1 (4) + 3003b%5C5.1 (6)
+300365¢5C;5 1 (8) 4 10016*¢0C3 1 (10) + 91b%c2C51(12)
+ctCy 1 (14)

= 135135b%c'? + 566284
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