:MIGROUP STRUCTURE

Studia Scientiarum Mathematicarum Hungarica 32 (1996), 71-74

ON SPERNER'S LEMMA
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In memory of my grandmother Anna Bukova-Atanassova

Let p(A;, Aa,... ,An) be a convex n-gon (n 2 3) with vertices marked by
Ay, As, ..., An, which is covered with triangles in Sperner’s way [1] (see also
e.g. [2]): if two triangles have a common point, then the set of their common
points is either a common vertex or a common side of the two triangles. Let
every vertex of these triangles be marked by the symbols A;, 4o,... , A, in
the following way: the vertices which are on the side A;A;41 (115 n; Anyy
coincides with Al) can be marked with A4; or A;;,; the ones which are inside
of p(Ay, As, ..., A;) — with any one of the symbols Ay, A,... , A,.

Let b(p(Al,Ag, Ap)) be the number of the triangles in p(A;, Ao,

, An) marked with three different symbols (we shall denote these trian-
gles by T3s). By [4i/A;jlp(A1, A2, ..., An) we shall denote the replacement
of the symbol A; of all vertices of p(A;. A2,... , An) by the symbol 4;.

LEMMA 1. For every two natural numbers ¢,j:
(1) b([Al/AJ]p(AIaA'Zy e 7Aﬂ)) -g b(p(Al- A?.) v aAn))'

ProOF. Obviously, the inequality (1) is valid for every 1, j, for which
1<i=7j < n; for every i > n; for every j >n.

Let 154, jS<n and i #j. The triangles of p(A1,A2, .,Ap) can be
divided into three groups:

triangles which have not a vertex marked with Aj;;

triangles which have only one vertex marked with Aj;

triangles which have two or three vertices marked with 4;.

The number of T'3s from the first and third groups will not change after
replacing A; by A; while the number of T'3s from the second group will de-
crease with the number of these triangles which initially contain the symbols
A; and A; simultaneously (because after the substitution they will contain
two vertxces marked by A;). Therefore the inequality (1) is valid.

LEMMA 2. If A and B are two neighbourly vertices which take part in a
marking of p(A1, Aa, ..., An), then they take part jointly in at least one T'3.

PROOF. Let us assume (without loss of generality) that the symbols 4;
and A, which marked two neighbourly vertices in p(A;, A2,... , A,) do not

1991 Mathematics Subject Classification. Primary 54A989.
Key words and phrases. Convex n-gon, Sperner’s lemma.

0081-6906/96/$ 5.00 ©1996 Akadémiai Kiadd, Budapest




Toquinu ayy ueyy 103ee1d aq (M (1H¥y ¢ - -2y {ly) d Ut sg T JO Taquinu oYy
snyy (1t -e 2y ly) d 9pISIno g7, & urejuod jou se0p (V¢ -t 2y Ty )d
pue ‘(¥ ¢ -y ‘ly)d ur g, ou st o[Fuelr} SwWeS Y} UL ‘gL dUO ISEI]
e JO SIVI1I3A 3Y) JO om} Yrew I+Yy pue 1y sjoquuds oyy g ewwa] £g
TR ((By 2y Ty )d)q yeys smorroy 31 ewnwa s,ousadg Lg

&y ‘g 'v),dla/wvIv/Wwilv/iv] = (by Ty “Ty)d

usyj} pue
(] ‘g ‘v), @ o[8ueyy oayj pue (p 81 98s) g pue ¥ sjurod a3 }oNIGSUOD am
uayy, *(g = u) weidopayrered e st (Py ‘Ey 2y ‘1) d :e(qssod jou st y jurod
'3} JO UOIIDNIISUOD OY} UdYM 3sed Ie[norjred Jurmo[[o] oy} sISIxa 319YJ,
T-ul((My* 'ty tly)d)q ‘uononpur £g
(vt ) Uy Wl )= (v ey )
¥ by ) & b1g

{
q \4 14 4%

B i 4
pue (¥t -2y ly) d jo
uotyein3uel) oY) Jo sadIeA axe g ¢t g g sjutod oy araym ‘g ‘g “Fo

9as [T+l 10 sjutod Jotsjur 03 | woy sa8ps mau s A[qissod are a1aT)
pue (T+uy ¢ - Ty ‘1) d j0 uoryenBueray ay) ut sadpa ayy urejal am) ¢ ‘Jig

10 7 814 jo uoreinduensy oYy yym (Vpt - 7 6y
‘y 'y),,d uo-u XaAu0d 3y} 1DPISUOD [[BYS M 2y Iy v
MON (THUy -2y ‘ly) d Jo Kyxeauod oYy 1

anmaozo.«m_n,ﬁi{uvvcm~+:vé<maﬂ_,
9y} 03 uowwiod Y qurod ® §)S1Xa BIBYY YOIYM |
0y (7 31 99s 'Ly ly pue lyl+uy l+upupy |
aq weyy ) (MHuy -y ‘Ty)d jo soprs |
9213 9s1xd ardy3 werdops[ered e st (Itiy Jeu
C Ty tTy) d veys esen ay) jo uordadxa ey 4
YUAL U03-(T+u) xaauod eaq (T vy -
2y ‘1y),d 98] pue ¢ Z U 2WIOS J0] PifeaA ST UOT)
-19SS® 3} ey} SUNSSE SN }97] "BUIWD] §,19U
~13dg ure}qo am ¢ = U UWAYA "J00™J

€L VIINTT S WINYILS NO

SeL
T — U 3s03) 30 35173 auayl (V¢ 0y ly)d uob-u zaauoo fuona ur ¢ Fu u3q
-winy jounou fuses doy (ewwsl s Jauladg Jo UOIYRZIjRIAULN)) § VNG

‘PI[RA ST Z BWWST RY) SA0[[0] 31 STY3} woly "osye] st g1 Lue
ur sjutod omy yrew jou op ¢y pue Uy jey) uorydwmsse oY) ‘eousy ‘ewwral
s JouIadg AreutpIo ay} y3im UOIIPRITUOD € ST PIYM () ‘2 Hly) 2 ul sg.7, ou
aIe 3191} 210J318Y T, *) [0quds Aq L[uo payrew are sjutod [[B asneddq SEI OU
ore o1ayj) os[e () amndy ur {2y pue 'y s[oquids Ypm ¢ e UsSdq J0U SBY 9I9Y)
Arenytut (¥y ¢ -2y Ty )d wr ‘uoryipuos 4q ‘esmedaq ‘g, MOU B pajeIsuag
aq jouued Y} (V' Ty Ty )d w [ ewwey Aq ‘994 ‘s¢f, J0U aTe a1ayy
(% Ty ‘2v),2 pue (Yy ‘ly ly) 2 sor8uerry ays w ‘afueyd ayy 1ayye ‘Aisnotaq

Oy whlv/ol - [Bv/ollly /vl /)= (0" ‘)

o[duerny ayy Buyonnysuod (9 Yy ‘L)z jo syutod oy sjoquiks mau £q yrew
am ‘Areuty -p joquids £q (¥y* * - ‘ly)d jo Arepunoq ayy uo Jurk] asoyy
3daoxa ‘aandy 9sel 23 JO SI01}IAA [[B YIew apy Aem sIeuredg £q sojSuerny
Aq poroacd st osfe ‘P £q qrew yleys am YoM pue ‘(¥ 2y tlyyd jo
apIsino pue sa[3uerry Ise| Y30q jo apIsino st yorym (9 'Sy ‘1)z jo 3red sy,
“Apaloadssr ‘S pue ly sjutod agy xayrea e se seq o[Suewry LIaad piym
10 (5% ‘%7 “2y),2 pue (5 ‘v ‘ly),2 se[Suewny oyy 10§ Aem s 1sursdg ur jou
9[8uer} ® 1on13su00 ap “A[arvadsal ‘o Uy ly pue ply pue 'ty iy pue Dty

$3USWE9S 9} YIIYM U0 Saul] 3y} Jo UordasIAuL Jo sjutod ay3 aq Uy pue Sy o] A

'3l (0 %y W) 30 Gy ore oyl yoiym uo surp oyy uo saff (M Ty Ty)d
Jo tyly ore ayy yorgm 0§ pue (Yy -2y ‘ly)d suresuod youm (1 Siyg
838) (D %y ‘ly)1 orfueuy oy jonnsuod sy ‘g Aue Jo syurod om) yrewr
by
ty 2% ly 'y

AOSSYNYVIY "L "M [4

L



‘oporyy wauppoyy 96610 00°S §/96/9069-1800

1} Surpesouad A3iiqeqoad ‘suoryoagal aa1yisod .7 OY3 PUE .2 9} UBGMIAQ [RAID)UL

Juay ayy ‘uoryosyal aalpsod yt U3 Jo xapur ayy ‘uorydapel aanyisod — wosmsmum.

11 Yyrem wopuel sjduns ‘onbluiyddy ssem(] papudIxXy ‘sasvayd pup spiom Rayf
‘0£DZY Arewnzg uonvOYisso)) 12Lqng SONDWIYOH 1661

1 IOPIO YURI M3) € 9JIND JO SUOIINQLIISIP Y POALISP PUR U 3 W WY M
v} ssem(] oY} pepuejxa aaey [g] @20 pue (1] elouy -sorisiye)s 1pio
lures-om} Jo suornquustp ay) Jururejqo 103 sdeys juspusdapur yim
spuer ajdwrs 8y} uo paseq poyjewr syeuid)re ue padopasp [g) mmdB.Q
10,] -sdeys premumop u pue premdn w Suruioyrad dprjred e jo Yrem
. & 91RIDOSSE UBD SUO SIOJEDIPUI I3PIO YURI JO 90uanbas L1040 YIIM

co>n>00—  {(n)upu—(n)Ugu=(n) My

Jo surre} Ul
. 3q wed SOI9SI3B)S IOPIO YURI PaA[ed SUOIIOUNY S[GRIINS dSOYM SI0TedIp
10 yuel jo 5ouonbos © urejqo om ‘498 poxopIo snyy ur s (1—) £4q s, £ pue
Lq s, x eoepder am J] Utz > > Tz > 17 oAel oM PUR N0 PI[NI
[BA OM} USBMIO( A1) ‘DI0JAIAY], "0Iaz ST [enbs ore sonfes omj Aue jey)
jo1d Y} ‘SNONUIIUOD dIE SUOI)IUNJ UOIINGIIISIP 118Y} pue juspusdaput
| pue s, Se[qelIeA dyj eoulg ‘00— = 07 19 pue apnjusew jo 10pI0
JUT TR UT paSuRIIR SONRA U -+ Ut DSOY) JO 108 POUIqUIOD 9} dj0Udp (U +
iz =y) {¥z} 197 -suorouny uorngriysp [eorriduws Jurpuodsaizod

(z)4 pue (z)¥y 17 “Aearyoadser ‘(z)H pue (T)4 suonouny uon
(P SNONUIIUOD UMOWNUN Y3IM suoryerndod woyy sojdures wopuel JUIP
ur oMy are (uZw) ULt pue Wyt ity iy asoddng

uorpnpoIMy 1

: "suorpoape1 aayisod .1
§ 913 UBIMII] [eAIIJU, DY} PUT UOIIDIYAI aarysed 2 0Y3 Jo XopUI AT ‘SuoI)oayal
shoquinu oty apnput PoIApISTOD So13SIyRIs Iapio yued oy, *[g] e20 pue [1] elouy
4 anbiuyoay ssem(] Papuelxs ayj Fuisn Lq SO13S1IRIS JAPIO YUe SUIOS JO suonynq
eqoid rewidrew pue jurof {[nu 243 JO UDIRALIOP Y3 Y}IM S[EIP 1aded mE,H.

joRIISqY

yiavyoing

v140$ £111-98

Z1 Xod 'O’'d

AHOLYYO(YT HOHY3ISIY AYOILLYWIHLY KW

(2661 ‘63 +2quardag pantaday)

-(hutzdaid) 6861 ‘YOS 68-8-SI VL IN-IN] ‘Buwwa] s Jouradg uo syrewrdy M ‘A0SSYNVLY  [g]
8v050:988 YV 'SI1-86 'LBET 10K aaN-a3pHquE)

‘ssarg -atu() a8puque) ‘67 “1ddy qaegy eipadopAouyg ‘satuawi0ab (DLI0I0U

squoy oy N £q p? ‘sproryew [epidwig € 'WQULSANIT pUe 4 ‘maoauod [z

VIO ‘S YD d1YOsI0 9L "TLT-59T ‘(8261) 9 bunquioy waG YO Y9V

(50701q35) SOP PUN [([BZSUOISUIUIL(] IDp ZURLIRAUL 3P Y sppmag IBnaN T '¥INUILS (0

STONTHIITYH

~wromspur] "€ Jo1J 03 Pue “If TeYely “F Joid ‘SoPrd d Joid 0 9Pt
-17e18 o1eours sy ssaxdxe 03 soysia 10Yjne 9y, ‘SLNAWIDATTMONNOY

A 6861 ut €]

jutxdazd a3 uy paysi{qnd sea jooxd 9sIy $31 INq QL6 T JO ISWINS 33 UL QU]
s Joutadg jo uotjeziesouad poquIOsOp dA0QE I3 poYe[nuIIO} IOYINE YT,

‘spoquufis quasafip 1+ Y1 payivi
24p yowym saoydwits [DUOISUIWP-Y Y — U ]SDI] IV 7S1LD ada1y ‘20pf-1 suyp fo
sa01490 Y3 fiq payinw 4o (1 —¥ 5130) d fo 20vf-1 up uo buifiy uoyombuv
-143 9y} o $3013430 Y} YoM s0f ‘g fo saonuan ay1 Aq uoyommbunLy 1yl fo
sa0nu9a oYy fo bupysow Auand pup ‘iom s,49us3dg fo anfoppun [DUOISUIULD
-y ay; ur $a0ndwis DUOISUIWLP-Y fig pasanod st yorym (1 Z YT+ 2 u)
sovds (ouoisuswitp-y v w g adojfijod 133430-U fiaana 104 'SISEHLOJAH

SuLwmO[[0] JY} 2YR[NULIOY [[RYS oM ‘Kreut g

‘s 7 — U $§03] I0
soy ‘Aom s 4audadg up payLDw ST YYD ‘uob-u apdwits Audng "WIHOIHL
Surmor(oy
ayy eaey am ‘rernonred ut ‘snyy, ‘Kem s ouradg ur ‘sore teotdojodoy 4q uod
- XPAUOD ® JO uonemIuely e 03 juarearnba Ajreor8ofodoy st jey) urewop
Aue jo wonyem3uewy ALue o3 A(dde sjooxd asayy snyJ, ‘suoryenduelly Ayl
JO 2INJONIS [RLIOYRUIqUIOD Y3 ST fuo roded juesard ayy jo g-T STWUIN]
jo spooxd oy pue [[] ewwal s Jouradg jo jooxd ay3 Y310q ISYHNA ‘uod-u
XoAu0d ® 01 jusreatnba Lqreotdorodoy st uo3-u sydurts Lue yey3 d9A1SqQ

‘paaoxd st ¢ eurwa Yorym Aq
g—uZ ((My ey g < (U ) @)

uay I,
otays st (1) Anpenbout ayy o't ‘a0 Jseal B I (MYt Y ly)d ut sg.L Jo

VINNTT S HANYAIS NO CAOSSYNVLY "L "M ) 12




