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CONVERGENCE OF MADELUNG-LIKE LATTICE SUMS

DAVID BORWEIN, JONATHAN M. BORWEIN, AND CHRISTOPHER PINNER

ABSTRACT. We make a general study of the convergence properties of lattice
sums, involving potentials, of the form occurring in mathematical chemistry
and physics. Many specific examples are studied in detail. The prototype is
Madelung’s constant for NaCl:

n+7n+p

Z\/m

presuming that one appropriately interprets the summation proccess.

= —1.74756459 - - -

1. INTRODUCTION

Lattice sums of the form arising in crystalline structures — and defined precisely
in the next section — have been subject to intensive study. A very good overview is
available in [5] and related research may be followed up in [2, 1, 4]. These sums are
highly conditional in their convergence, and the subject of how best to interpret
their convergence is discussed in [2, 1, 3, 4] and the references therein.

The prototype is Madelung’s constant for NaCl:

n+m+p
Z = —1.74756459 - - -
n? +m?2 + p?

presuming that one sums over expanding cubes but not spheres, [1].

Since the analytic or numerical evaluations of such sums usually proceed by
transform (and “renormalization”) methods, these issues are often obscured, espe-
cially in the physical science literature. As we shall illustrate in this paper, while
some general theorems are available, the precise study of convergence is a delicate
and varied subject. Some of our results are unsurprising, but others are far from
intuitive.
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2. PRELIMINARIES AND NOTATION

We shall suppose throughout that
E k
Qz1, ... ,xx) = ZZ aijzixy € Rlzy, ... x)
=1 j=1

is a positive definite quadratic form with a;; = aj;. For a bounded set C' in R*
and a positive real number v we understand vC to be the set of (uy,... ,u;) € R*
such that (u1/v,... ,ux/v) € C, and we set

C, :==vCnN(Z*\ (0,...,0)).

We shall chiefly be interested in ¢ C R¥ where (0, ... ,0) lies in the interior of C,
so that
lim vC = R".

V—00
We define the corresponding lattice sum
(—1)zat -t

A =ACQe) = 3 o

(11,... ;1k)ecu

and write
A(s) = A(C,Q, s) := lim A,(C,Q,s)

whenever this limit exists. For the most part we shall suppress explicit reference
to parameters such as C and @ and simply write A(s) (except in Sections 4.2
and 7 where we use A(C, @, s) to emphasize the dependence upon the region C).
Throughout we avoid summing over the pole at zero. We also often write o for Re
s. [The literature is split as to whether to write A(s) or A(2s), the latter moving
the physically meaningful value from % to 1.] At s:= % our sums are evaluating
weighted /signed potentials at the origin over points in the underlying lattice.

While we have stated our results with reference to integer lattice points, we can
readily generate analogues for an arbitrary lattice AZ* on replacing Q(&) by Q(AZ).
Notice that a convex body will be mapped to a convex body by the matrix A1,

Our key result is to show that A(s) exists and is analytic at least down to
Re s > (k — 1)/2 for all reasonably shaped regions C (and hence that the limit is
independent of the shape of C' chosen in that range). In fact, as the next section
shows, the same is true if we replace the “(—1)*** T by a function q(x1, ... ,Tk)
exhibiting a similar degree of cancellation when summed over one of the x;.

In Section 4 we examine in detail the question of convergence for Re s < (k—1)/2
when C is an (appropriate) ellipse in R* or C' is an arbitrary polygon in R? or R3
with rational vertices or C' is a k-dimensional rectangle (showing that in the latter
case convergence actually holds for all Re s > 0). In Section 5 we give very explicit
formulae when Q(x,y) := 2 + Py? for certain P (particularly for P = 3 or 7), and
C is the corresponding ellipse 22 + Py? < 1. Several other examples are detailed in
Section 6. Finally in Section 7, when Q(xz,vy) := 2? + 32, we demonstrate directly
the existence and equivalence of the limits at s = 1 (the most analytically pliable
value) for C a circle, rectangle, or diamond. Since many of the proofs are lengthy
and technical, we have chosen to postpone the majority of them until Section 8.
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3. A CONVERGENCE THEOREM FOR GENERAL REGIONS

Let C be a bounded set in R* containing (0,...,0) in its interior and let
Q(z1,... ,71) be a positive definite quadratic form in R[z1,... ,zz]. Let ¢ : ZF —
R, and let

q(z1,...,2K)
A(s) =A,(C,Q,q,s) = _
(s) (C,Q,4:5) > Qir, )

(11,... ;1k)ecu
We may now state our basic result.

Theorem 1. Let x, be the characteristic function of C, , and suppose that

m

wV(jl?"' 7jk—l7m) = Z q(]la 7jk—l7l)XV(j17"' 7jk—1al)

l=—o00
is uniformly bounded for all integers ji,... ,jx—1,m and all positive v. Then

A(S) = A(O7 Qa q, S) = l/lLH;o Al’(s)

erists and is analytic in the region o :=Re s > (k — 1).

This is the most that we can in general say, as can be seen by taking C' to be
(for example) the I; ball in R¥:

Theorem 2. Suppose that q(x1,...,zx) = (=1)%17%2  and that C is the k-
dimensional diamond ay|z1| + -+ - + ag|xg| < ¢ where the aq,... ,ar,¢c € N with
d = ged(as, ... ,ax) and all the a;/d, are odd. Then A, (5(k— 1)) does not tend to
a limit as v — oo.

Theorem 1 shows that in R? the limit is well defined for o > %, and in R3
for ¢ > 1, for any sensible region and any reasonable q. We make this precise in
the next corollary. We say that a region C in R* is convex in the ith variable if

whenever the points (z1,...,},... ,2,) and (x1,...,2/,... ,x) are in C then so
also is the segment joining them.
Corollary 1. Suppose that q(x1,... ,2;,... ,xy) is bounded over Z* and is periodic

with period M in one variable, x; say, with

M
Z q(z1,...,z,) =0.
:Eizl
Suppose further that C is bounded, contains (0,...,0) in its interior and is convex

in the ith variable. Then the conclusions of Theorem 1 hold.

Indeed, many highly non-convex regions still satisfy Theorem 1. We will refer to
a vertically convez region in R¥ as being one in which the final coordinate exhibits
convexity.

We now focus on sums over specific regions; showing that in some cases conver-
gence can continue well below o = (k —1)/2 .
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4. SPECIFIC REGIONS

4.1. Lattice Sums over Sympathetic Ellipses. Given a positive definite qua-
dratic form Q(z1,...xx) = Zle Z?:l a;jzixy € Llxy, ..., xx) with oy = o; and
a function ¢ : Z*¥ — R, we define the arithmetic function

r(n,Q,q) == Y q(@).
Q(T)=n
zezk
In particular, when our quadratic form has integer coefficients and we sum over
the lattice points in appropriate ellipses, Q(z1,...,2x) < v, we can replace the
k-dimensional lattice sum by a Dirichlet series

A=A Qs = Y LD _ g T

0me Q@ S, W
Z€ZF\0

and decide when the limit

Als) = AQgys) 1= tim 3 T @9)
v 1<n<v n
exists by examining the sums
(1) So(w) = So(Q.q,2) ==Y r(n,Q,q).

0<n<z

We recall the formula (see Hardy [6, Theorem 7]) for the abscissa of convergence
oo > 0 of such a Dirichlet series;

log | S
(2) oo = limsup M.
Z—00 log x

That is (see Hardy [6, Theorem 1]), A(s) will exist for all Res > o and fail to
exist for all Re s < oy.

We show that (at least for periodic ¢ with suitable cancellation when summed)
convergence over these ellipses always extends below o = (k —1)/2:

Theorem 3. Suppose that q(x1,... ,xy) is periodic with period M in each of the

M M
Z"'Zq(rla"'aTk)zoa
T1:1 Tkzl

then the abscissa of convergence og satisfies

23/73,  ifk=2,
0<oo<{ 25/34,  ifk=3,
k/2—1, ifk>4.

If
M M
Z Zq(rl,... ,Tk) £ 0,
ri=1 re=1

then the abscissa of convergence oo = k/2.
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The theorem follows easily from old work of Landau and Walfisz (for k& > 4), and
more recent bounds of Kratzel & Nowak (for k = 3) and Huxley (for k = 2), on the
error in approximating the number of lattice points in an ellipsoid by its volume.
When k > 4 these bounds cannot in general be improved:

Theorem 4. If q(x1,... ,x1) = (=1)"F 2 and Q(x1,... ,21) == a123 + - +
arx?, where the a; are all odd positive integers, then for all k > 2 the limit A(s)
does not exist for any Re s < (k/2) — 1.

When k = 2 or 3 one expects the correct upper bounds to be 1/4 and 1/2
respectively. From this last theorem, 1/2 would certainly be sharp when k£ = 3. In
fact we show that for very general @ and g we have the lower bound o¢ > (k—1)/4,
so that when k& = 2 or 3 we usually do indeed have the lower bounds 1/4 and 1/2 :

Theorem 5. Suppose that q(x1,... ,xk) is periodic in all of the x; with period M

and
Z Z ’I”l,..., ZO

Tk:

ri=1
If r(n,Q,q) (and hence A,(s)) is not identically 0, then
1
oo = Z(k —-1).

Notice that there certainly will be cases with A, (s) identically zero (with there-
fore no lower bound on oy); indeed for any M # 2 we can always construct non-
trivial periodic ¢(Z) with ¢(—%) = —¢(Z) and hence, by symmetry, the r(n,Q,q)
zero for all n and any Q.

The proof of Theorem 5 will use a technique of Landau to show the existence of
a constant ¢p = co(q, Q) > 0 such that

|So(x)] > cout*~D/
for infinitely many integers x. The method requires some additional notation:

Given a positive definite quadratic form Q(x1,... ,x) = Zle Zle QT2 in
Z[x] with a;; = o, we let D denote the determinant

11 e A1k
(3) D=
(67’51 N ALl
and define the positive definite adjoint quadratic form Q*(z1,... ,zx) in Z[z]
Q* (x1,..., 2k ZZ xl;vj
=1 j=1 o Qij

Notice that @**(#) = Q(Z) and that when k = 2 we have Q*(z,y) = Q(—y, ). We
suppose that ¢(x1,...,xx) is periodic in each of the z; with period M and define
the periodic weight function

27
A (Z) Z qul,... ,Tk) COS <M(r1x1+---+rkxk)>
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and set

rn) =" (n,Q.q9) == > Ayl
FcZF
Q" (¥)=n
For the ¢(Z) of interest the involved looking expression for 7*(n) often simplifies.
For example, when
q(xy, ... xp) = (1)t Fes

for some 1 < s < k, we have

r*(n) = 2" Z 1.

We remark that r(n, @, q) is identically zero if and only if r*(n) is identically zero.
As with the classical circle problem, our proof relies on the ability to write the
sum Sp(z) in terms of Bessel functions J, (z);

> rn@u = YRS s, (22 )

0<n<x n=1

where >_" denotes that if 2 is an integer the last term receives only half weighting
%r(x, Q, q). In fact we shall actually use more assuredly convergent integrated forms
of this.

As one consequence of the proof, defining
1 v
S,,(ZZ?) = ; Z (:E - n) T(n7Q7q)
0<n<lzx
and setting

p_ll"s v 0 T'(s 0
B (s) -5 fatd (#_&')% et al)

it will be apparent that for any positive integer p > (k — 1)/2 we can write

1

B (s) = AP (s )+O( ——(p—@wo))’

where A()(s) is analytic in the larger region

{a>—% (p—%(k—l))—l—s, |s|<K}

for any fixed K and € > 0, and possesses the representation

(4)
k—2s—1
ok/2tPk2=1 (s + p+1) (VDM = r*(n) 2 [n
(p) — 2\ 20 /=
A7) M T'(s) o D st (M \ D’S)

n=1

with
Fy(z,8) = 2%~ k/ vk/2_1_p_2sJk/2+p(v)dv.

When k = 3 we note some similarity to the relation of Buhler & Crandall [4, (1.5)].
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Finally, for k£ > 4, the work of Novéak enables us to extend the optimal bound
oo = k/2 — 1 of Theorem 4 to a broader (if less easily described) class of ¢ and Q.

We shall say that we are in the non-singular case if, as before g(x1,... ,zy) is
periodic in all of the z; with period M and

M M
Z-qu(rl,...,m):O,

T1:1 Tkzl

and moreover there exist integers h and [ > 0 with (h,l) = 1 and

Z Z q(ri,...,r exp( 27rlihQ(r1,... ,rk)) #0.

T11 Tkl

Note that any such [ necessarily has (I, M) # 1.

Theorem 6. For non-singular pairs of q(x1,... ,xx) and Q(x1,... ,x) we have
k
g0 2 5 —1.
We shall show in the following corollary that any g(x1,... ,xx) of the form
q(zy, ... xp) = (1) T otE 1 <5 <k,
is non-singular for all Q(x1,...,xk), so that we certainly recover Theorem 4 by

this approach (of course the proof of Theorem 6 will be much less elementary than
that of Theorem 4):

Corollary 2. If q(x1,... ,xx) is of the form

2me
q(x1, ... ,2K) ;= exp W(awl + - 4 arxy)

for some integers a;, then the case is non-singular and

k
(o) Z 5 —1
for all positive definite quadratic forms Q(x1,... ,xk) in Zlxy, ..., Tk
When g(x1,... ,z)) takes the special form exp (2% (a1zy + - -+ + apxy)) if the

x; = b; (mod M;) for some integers a;, b; and M; (with M;|M) and zero otherwise,
Walfisz [18] has shown (see Novék [15]) that in the singular case the upper bound
can be lowered to o9 < k/4 —1/10 for k > 4. Thus this division into singular and
non-singular cases (although not immediately digestible) is probably the correct
characterization as regards the abscissa, and Theorem 5 is conceivably the best
general lower bound.

4.2. Lattice Sums over Polygons in R? and R3. In this section we restrict
ourselves to the usual weight function g(z1,...,z) := (—=1)*T T We write
A(C, Q, s) for the corresponding lattice sum, rather than merely A(s), to emphasize
the dependence here upon the region C' (the @ dependence is of use in the proof
of Theorem 8). For polygons in R? with rational vertices we show that either
convergence occurs for all Re s > 0 or else convergence fails at s = 1/2. Moreover
we give an explicit and somewhat surprising diophantine criterion for deciding this
based on the parity of the numerators and denominators of the slopes of the lines
making up the perimeter.
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Theorem 7. Suppose P in R? is a closed polygon with rational vertices whose
sides lie on the lines a;x — by = ¢;, where a;,b;,¢; € Z with ged(a;, bi,¢;) =1 and
di = gcd(ai, bl)
(i) If a;/d; and b;/d; are of opposite parity for all i, then A(P,Q,s) exists and
is analytic for all Re s > 0.
(i1) If a;/d; and b;/d; are both odd for at least one of the i, then A(P,Q,s) exists
for Re s > 1/2 but does not exist for any real s < 1/2.
If in addition P is star-shaped around (0,0) then, even restricting to integer
n, the limit nh_)rr;o A, (P,Q,s) does not exist for any real s < 1/2.

We extract two simple cases for further advertisement in the next corollary:

Corollary 3. (i) If R is a rectangle with rational vertices and sides parallel to
the axes, then A(R,Q,s) exists for Re s > 0.

(i) If D is the diamond a|x| + bly| < ¢, where a,b,c € N with ged(a,b,c) =1
and d = ged(a,b), then A(D,Q,s) exists for Res > 0 if a/d and b/d are of
opposite parity, but fails to exist for any real s < 1/2 if a/d and b/d are both
odd.

We note that the last corollary allows us to observe that in the Hausdorff metric,
or any other reasonable metric, the convex bodies for which convergence works for
all o > 0 are dense in the convex bodies in the unit ball, as are those for which
convergence is destroyed for s = %

Theorem 6 follows from a more precise version that (for Res > 0) reduces the
problem of convergence over the polygon to the question of convergence solely
along the boundary. If we define a variant of the characteristic function x¢ where

points on the boundary of C receive weight 1/2, and a corresponding analogue of

AI/(P7 Q? S)?

A Cu ; = -1 w—‘,—yw’
l/( Q 5) (Iyy)zecy( ) Q(ZE,y)S

then the following is true:

Proposition 1. Let Q(z,y) = ax? + Bxy + yy? be a positive definite quadratic
form, and P a closed polygon in R? with rational vertices whose sides lie on the
lines a;x — by = ¢;, where a;,b;,c; € Z with ged(a;, bi,¢;) = 1. If N is a multiple
of all the ged(ay, b;) then

A}F\[(Pu Q7 S) = F(P7 Q7 S) + OP7Q(N_2U)7
where F(P,Q,s) is analytic in the whole half-plane o := Re s > 0.

Similarly in three dimensions we show that convergence either fails at s = 1 or
continues down to s = 1/2.

Theorem 8. Suppose that P is a three dimensional polygon containing 0 in its
interior and star-shaped about 6, whose faces lie on the planes a;x + by + ciz = e,
where the a;, b;, ¢; and e; are integers with d; = ged(ay, by, ¢;).
(1) If every face has at least one of a;/d;, b;/d;,c;/d; even, then A(P,Q,s) exists
for all Res > 1/2.
(ii) If there is at least one face with a;/d;,b;/d;,c;/d; all odd, then A(P,Q,s)
exists for all Res > 1 but fails to exist for any real s < 1.
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We presume that these two and three dimensional theorems can be generalized to
more dimensions. We have already seen in Theorem 2 that the result on diamonds
extends naturally to higher dimensions. In the next section we show that the
behaviour over squares can be similarly recaptured in arbitrary dimensions.

4.3. Sums over Rectangles. When we sum over k-dimensional rectangles we are
able to show that in general convergence holds for all Re s > 0. More precisely,

given an 7 = (myq, ... ,my,) in N* we define the lattice sum over the corresponding
rectangle:
S 4 )
A (s) = Z . Z AP PR
e Q(ni,... ,ng)s
(where as usual the pole (nq,...,ng) = (0,...,0) is omitted), and set
A(s) == lim  Am(s)

min m; —oo

whenever that limit exists.

Theorem 9. If the sums

I Ik

Z Z qny, ... ng)
ni=-—7Ji nk=—Jk
are uniformly bounded for all integers j1, ..., ji,l1,.-. 1k, then the limit A(s) exists

and is analytic for all o > 0.

4.4. |,-Balls: an Open Question. It is natural to make an examination of [,
sums for p € N, p > 2. That is, for example when k = 2, C := {(z,y) : |z|P +|y|P <
1}. We are able to state (see [8]) asymptotically sharp expressions for the number
of lattice points in these regions:

2/, —1
R <%Pl)) 210 4 Oy s,
[n?+|m|” <z Prze™)

(n,m)€Z2\(0,0)
Unfortunately the I, ball and the underlying ellipse seem highly “unsympathetic”,
and we leave as an open question what one can provide in the way of lower or upper
bounds on oy in this case (the most natural example to consider being p = 4).

5. SOME ANALYTIC CONTINUATIONS
We shall write «(s) for the alternating zeta-function
0 (_1)n+1

a(s) == e

Il
-

n

and Ly4(s) for the L-series

NE

Lid(s) = (:l:d | n)TL—S

3
I
A

where (d | n) is the Kronecker (generalized Legendre) symbol.
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When Q(z,y) := 2% + py? with p = 3 or 7, we can write down an analytic
continuation of our lattice sum in terms a(s) and L_,(s):

DT 0 9 el Ls(s)
ez o0 &3V ’

Z )T = —2a(s)L_7(s),

2 2\s
wyezno0 &)

resembling the representation (see Glasser-Zuckerman [5])

$ =T —4a(s)L_y(s).

2 2\s
ez & TV

These will arise from our ability to write

1
; ———TANE
(I,y);\(o,o) @p(,y) »

for the quadratic form

Qp(z,y) == (%) z? + <]%1) xy + (%) y?

when p = 3,7,11,19,43,67 or 163 (the primes for which Q(y/=p) is a unique
factorization domain), where u = 6 if p = 3 and 2 otherwise (the number of units
in Q(y/=p)). Unfortunately it is not clear how to insert a (—1)**¥ into (5) or how
to replace the @, (z,y) in those sums by 2 + py? other than when p =3 or 7.
Many sums of this type have been obtained by Glasser, Zucker and Robertson

[5, 21, 22] for forms whose discriminant is disjoint (i.e. have one form per genus):
(_1)z+y — —s
(@ + Py2)y -2 Z(l = (212" ) LapLrap/u

(z,y)€22\(0,0) wlP

(=1)" - s
Z (22 + 2Py?)* = 2! Z(l - (2] ,u)21 )L:I:,uL:FsP/N
(z,y)€Z>\(0,0) wlP

where L, is taken such that p = £1 (mod 4) and where P are certain square-free
(=1 (mod 4) in the second case) numbers with ¢ prime factors. The appropriate
P < 10,000 are P = 5, 13, 21, 33, 37, 57, 85, 93, 105, 133, 165, 177, 253, 273,
345, 357, 385, 1365 and P = 1, 3, 5, 11, 15, 21, 29, 35, 39, 51, 65, 95, 105, 165,
231 respectively (in the latter case similar representations can be shown to hold
for 22 4+ 8Py?). Zucker and Robertson also obtain results for the forms x? + Py?,
22 + 4Py? and 22 + 16 Py? when P = 3, 7 or 15 (thus including the continuations
of our sums above, although their approach is different from ours).

6. SOME SPECIFIC SUMS

We have now obtained very explicit if quite contrasting results regarding the
range of convergence from the above theorems for shapes such as circles, diamonds
and squares. We continue with some related examples.

(a) It was shown in Borwein-Borwein-Taylor [1, §VI] that study of Madelung’s
constant for a two-dimensional hexagonal lattice sum with ions of alternating unit
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charge placed at the points of a lattice with basis vectors (1,0) and (1/2,/3/2)
leads naturally to sums of the form

q(n, m)
Z (n?2 + nm + m2)s’

(n,m)eCn

where
q(n,m) := %sin(g(n + 1)m) sin(g(m + 1)) — % sin(%nw) sin(%(m — 1)m).

Applying the above theorems, it is clear, on splitting g up appropriately, that when
Re s > 1/2 convergence occurs in such a sum when the lattice points are summed
over any vertically convex set, that for expanding rectangles convergence holds for
all Re s > 0, and that on summing over expanding ellipses m? + mn +n? < N
convergence fails at some point between o = 1/4 and o = 23/73. Notice that (in
the notation of section 4.1)

. 9
r*(n) = 3 Z 1.
22 +zy+y’=n
z=y#0 (mod3)
The sum was also shown to possess a similar analytic continuation to those men-
tioned in Section 5:

ha(s) = 3(1 —3175)(1 — 287%)"La(s) L_3(s).
(b) In [5] sums like

—1)
ca(s) := Z m

(4,k)ECY

and

(=1
()= Y. mrmaoan
Ghree, UP R +p?)
are discussed and are again covered by our previous analysis, with convergence
over vertically convex sets holding for all ¢ > 1/2 (respectively 1) and over circles
(respectively spheres) failing at some point between 1/4 and 23/73 (respectively
1/2 and 3/4). After a change of variables j = j' + k (respectively j = j' + k + p)
convergence over squares (respectively cubes) can be seen (from §4.2) to fail at 1/2
(respectively 1). However (from §4.3) convergence does hold for all ¢ > 0 over
certain other parallelepipeds.
(¢) Let rn(n) denote the number of representations of n as a sum of N squares
(counting permutation and sign). Then the Dirichlet sum

b (s) 1= S (-1) 2
n=1

is a special case of the sums covered in Theorem 3 and Theorem 4. In particular,
it follows from [2, p. 290] that

ba(s) := —8a(s)a(s — 1).

Notice that from our prior analysis the abscissa of convergence is exactly equal to
1.
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Correspondingly, bg(%) is Madelung’s constant for sodium chloride. Theorem 9
recovers the fact that the limit is taken appropriately if we sum over hypercubes.
Theorem 2 shows that diamonds fail below 1 and Theorem 3 and Theorem 4 show
that the exact abscissa for convergence over spheres lies between % and %. Theo-
rem 4 recaptures the argument in [1] that shows that convergence fails at %, and
we would conjecture that convergence obtains for o > %

7. DIRECT ANALYSIS AT s =1

In the most basic case Q(x,y) := z? + 32 and s := 1 one can directly establish
that the limit A(C,Q, 1) = —wlog2 when C is either the square |z| < 1,]y| <1, or
the diamond |z|+ |y| < 1, or the circle 22 +y? < 1 (i.e., summing over the standard
I, balls for p =1,2,00), as we show below.

Observe that, when C' is the above unit circle,

. (D)™ &K (=DFra(k)
A(C,Q.1) = lim _ Z 2452 > ko
0<i?4+j2<n? k=1

where 74(k) is the number of ways of expressing k as the sum of two squares of
integers in Z. Let

S, = i M, A, = iTg(k).

k=1 k=1
Then
n 2n 2n
- 7‘2(2]€) T‘g(k) - Tg(k)
San =20 o - TS ’
k=1 k=1 k=n+1

since r2(2k) = r2(k), because k = i? + j? & 2k = (i + j)? + (i — j)%. It follows by
partial summation that

2
_ Ak A2n An
Sgn——;:%k(kﬂ) Tl

Further, we are familiar with the fact that

An
=7 +¢, with e, = O(n~Y?).
n

Hence

2n 2n
1
Sop = _W];:n 1 kE:n k:]j 1 +o0(1) = —wlog2+ o(1) as n — oc.

Finally, since 75(n) = O(n'/?), we see that Sa, — So,_1 = 0(1), and therefore that

. = (—1)kT2(/€)
lim S, = E ——= = —7log2.

This shows that the method of expanding circles yields —m log 2 as the value
of the lattice sum
(_1)i+j
Z 32 + j2 '

i2442>0
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We show next that the method of expanding diamonds yields the same
value. This amounts to proving that

1)t
T, = Z (2_: = — —mlog?2 as n — oo.
? J

0<i|+|j|<n

Observe that, for 0 <t < 1,

2
- 1= 1 4 4N 2
_ k=1 _ % _ i2 4
k=1 =0 =0
and hence, by what has been proved above, that

/1 f(=t)dt = mlog?2.
0

But we also have

k

—f(=t) = A (—DF [ 3Tt
k=0 7=0

4i kzt(k 3)2+52 -1
k=1

so that
k—

—

1 .
G AT

1 o
_ _ _ _1\k
/Of( tydt =4 (-1)

k=1 §=0

provided we can justify the term-by-term integration. This can be done as follows:
Note that, for 0 <t < 1,

where

and that, for 0 < j <k,

k2
Sk PR
Further, for 0 <t <1, k > 2,
Al #(k=3)%+5° -1 t=3)?+5% =1
Op—1(t) — 0(t = - - - - -
8) = (0) H\ =P+ -1)2 (k=52 + 57
+k e N DA B

e R R Vi VR i
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so that
= 1 1
Op_1(t) — O (¢ < _
|k 1() k( )| = j_1<(k_j)2+(j_1)2 (k—j)2+]2>
k—1 t(j_1)2 —t]2 1
- _ -
S r G R
k-1
< Z J2—(j—1)? 1
T k=212 (Rg)? 4R
k—1
2 2 1
= (G=-1)7 _ il
+k2j:1 [t t }+k2
k—1
4 9 9 1 7
S prmpX 0Vt EtEEE
j=1
Also, for 0 < t < 1,
k-1
1 2k
< <y —— <=2 -2 .
0_51@@)_3:0(]6_],)2_’_],2_1# k—>0ask—>oo

It follows, by the Weierstrass M-test, that

4200 = - m 4 o (1) - dax(t)
k=1 k=1
- lm /0 Fl—u)du = — /0 F(~u) du,

and this completes the proof of the expanding diamonds case.

Finally we shall show that the method of expanding squares also yields the
value —mlog2 for the lattice sum. In fact we shall deal with the slightly more
general method of expanding rectangles. Let

(—1)i+i 0
—1
Rm,n = E —i2 +]2 s Rm,n(t) = E tl +J .
[e]+14>0 |2]+14]>0
[i]<n,|j|<m [i]<n,|j|<m

We shall prove that R, , — —mlog2 when p := min(m,n) — oco. Observe that

1
Rmm = _/ Rm)n(—t) dt
0

and that, for 0 <t < 1,

f(t) = Rnn(t) = 1 Z fiPHI Z R Z e

[i]>n,|5]>m li|<n,|j|>m [i]>n,|7]<m

4 o0 o0 n o0 o0 m
- SN Y N et S

i=n+1 j=m+1 i=0 j=m+1 i=n+1 j=0
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Observe also that, for 0 <t < 1,

ST (=0T <t and |3 (-0 <1
i=n+1 =0

Hence, for 0 <t < 1,

|F(=t) = Ry (—1)] < 4D H D2 =1 4 gg(mat P14 gyt 1)® =1 o qop(ut )P —1

and so
|Rpm.n + mlog2| = ‘/ f(=t)dt —/ Ry n(—t) dt’ <————= —0as pu— oco.
0 0 (n+1)?
This completes the proof. O

8. THE PROOFS

Proof of Theorem 1. We first note that for a positive definite quadratic form
ko k
Qx1,... o) = ZZaijxixj e Rlzy,...,xy]
i=1 j=1
with a;; = a;; we have
Qzy,..., o) > Nt +--- +23)

for some A = Ag > 0. Suppose in what follows that o > (k—1)/2, v > 0, and the
j; are integers. Let

Q(07 7078) = 07 Q(jla"'jkas) = Q(]la 7j1€)_s when 312 + - +]I§ # 07

and let

= sup |wu(j1a"' 7j/€)| < o0.
v>0
(1,013 )EZE
Then we have
Ay (s)
oo oo
= Z Z q(jlv 7jk)xl/(j1?"' 7jk)Q(j1"" ’jk’s)
Jj1=—00 jp=—00
% oo
:Z T Zwl/(jla e a.]k){Q(.]lv v ,jk—17jk75) - Q(jl’ e ’jk_l’jk + 1, 8)}
J1=—00 jJr=—00
00 %)
= Z e Z ajh...,jk(’/’ S).
J1=—00 jrp=—00

Suppose next that o > (kgl) +e> (kgl). Observe that, for 0 < u < v,

v
11— v—u
/u t Sdt‘ < e lsh
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and hence that, when (j7 + -+ j2)(J7 + - + (i + 1)) # 0,
QU - -+ k) = QUrs -, Jk +1)
/\H"’(j% R j,%)l"’"’

12570, i + ok (24 + 1)) sl
/\1+o(j%+...+jlz)l/2 (j%—l—"'—l—j,%)”"’lﬂ
A9 s|M

(jf 4o +jlg)o+1/2’

|
|aj17~~7jk(7/7 S)l < |S|/1'

where
M= sup |2 Zf:_ll ik Ji + o (275 + 1)]
J24+j2>0 G+ 42
Also, when (j7 + -4+ j2)(j? +--- + (jr + 1)?) = 0,
I
|k, k|7

< o0,

|aj1>~» Ik (v, 8)| <

Since (as in Borwein-Borwein-Taylor [1])

1
Z < o0

i2 ... i2)(k/2)+e ’
Pbotg2>0 U1+ + k)

it follows, by the Weierstrass M-test, that when v — oo, A,(s) — A(s) say, uni-
formly in the region {s : ¢ > (k—1)/2+¢, |s| < K} with K any fixed positive
number, and, since A,(s) is analytic in this region, that A(s) is analytic therein.
Consequently

A(s) = lim A,(s)
exists and is analytic in the region Re s > (k —1)/2. O

Proof of Theorem 2. We suppose that C' is the diamond aq|x1| + -+ + ax|zk] < ¢
where d = ged(ay, ... ,ax) and all the a;/d are odd positive integers. Observing
that when aq|x1| + - - - 4+ ag|xg| = en and n is a multiple of d we have

(_1)11+“'+1k — (_1)cn/d
and
k k
|Q(£L’1,"' 7(Ek)| S ZZlaU| 02n27
i=1 j=1

it is not hard to see that when s = £(k — 1) and N is a multiple of B :=ay - - - a

|An (s) — An_1e (s)] = S Q... @) EEY
ar|zi|+-+ak|zr|=cN
1
SR

£ [+ 4|z} |=(cN/B)
o1 ((cN/B)—i—k—l)
- ClNk_l k—1
> >0

as N — oo (where in fact we have only bothered to count the points with x; =
(B/a;)x} > 0); and the limit cannot exist. |
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Proof of Corollary 1. Under the hypothesis, it is simple to estimate that
m
Wy (i, dk1m) ==Y qUns s Gk, DX (ko1 1)
l=—00

is uniformly bounded. O

Proof of Theorem 3. Suppose that g(x1, ... ,zk) is periodic with period M. Then,
(with Sp(x) as defined in (1)) dividing the sum into residue classes modulo M, we
have

M M
(6) So(z) = Z Z q(r1, ... ,re)Fo(re, ..., re, ),

T1 =1 Tk =1
where

Fo(ri,...,rg, @) := Z 1.

Q(z1,...,xx) <z
x;=r; mod M

Writing «; = My; + r;, it is easy to see that F(rq,... ,7k,2) counts the number
of lattice points (y1,...,yx) € Z* in the expanded ellipse 2'/?E, where E is the
ellipse M2Q(y1, ... ,yx) < 1 of area

k)2

- M*\/IDIT(k/2 + 1)
with centre shifted to (—ry/M, ..., —ry/M). Approximating the number of points
in the ellipse by its area, we can write
FO(Tla s ,’I"k,ZE) = AZEk/Q + 0(1/))7

where from the results of Huxley [7, Theorem 5] (for k& = 2), Kratzel & Nowak [9]
(for k=3), and Walfisz [17] and Landau [10, 11] (for £ > 8 and k > 4 respectively;
see Landau [12, Satz II] for the most immediately applicable form) we can take

223/ (log £)315/146  when k = 2,

v = 22%/34(log 2)10/17 when k = 3,
T zlog’z when k = 4,
x(k/2)—1 when k > 5.
Hence
SQ(ZZ?) e lek/2 + O (BQMJ) ,
where
M M M M
By = Z Z q(r1,...,r%), Ba:= Z Z lg(r1, .. re)ls
T‘1:1 Tkzl T‘1:1 T‘k:].
and the result is plain from (2). |
Proof of Theorem /4. Notice that if Q(z1,... ,z,) = @123 + - - + apx? with all the
a; odd positive integers and q(z1,... ,2;) = (—=1)% T F2%_ then
r(n,Q,q)=(-D" Y L
Q(z1,...,x1)=n

Now by elementary methods we have

> Ir(n,Q.q)| = ST 1=A(1+o(1)z"?

n<x Q(z1,...,x1) <z
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as x — oo, where A is the area of the ellipse Q(z1,...,zx) < 1. In particular there
must certainly be infinitely many integers n with |r(n, @, q)| > 3 An*/?~1. Hence
if Re s < (k/2) — 1 then

(V. Q. q)
—Ne 70

as N — oo, and the limit A(s) cannot exist. |

|ANn(s) — An-1(s)| =

Proof of Theorem 5. We closely follow the proof of the corresponding omega result
for the error in the classical circle problem (as given in Landau [13]) and for p > 1
inductively define

Spale) = [ Syludu
0
where Sp(z) is as defined in (1) (so that equivalently
1 1 ¥
S,(z) = — x—n”rn,CLq:i/Sux—up_ldu
for all p > 1).

We invoke the following lemma of M. Riesz [16] (as in Wilton [20]; cf. Landau
[13, Satz 533]):

Lemma 1. If fo(x) is L-integrable and bounded over (0, z) and if, when v > 0 and
z >0,

1 x
fo(z) = _/ Jolw)(@ — u)\du
! I'(v) Jo
and if, further, V(z) and W (z) are increasing functions of x with

|fo(z)| <V (x)
and
|fi(@)] < W (),
then
|fa(@)] < b(B, DV () 1= CDW ()70
for all 0 < B <, where the b(B,1) depend only on B and .

We shall show that (as long as A, (s) is not identically zero) there are a positive
integer v and non-zero constants B, and C, such that

1Sy41(2)| < Bygr (1 + o(1))art*F+20+D-D)

for all x and
1S, ()] > [Cy| (1 + o(1))z k+2v=1)

for infinitely many x.
Hence by the above lemma we must have

v+1
|C,,| (k-1
|So(z)| > (14 0(1)) gk
b(v,v + )BT

for infinitely many x.
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Thus it remains to justify the claimed upper and lower bounds for the S,(x).
We define the constants

_ WDt r(n) "
Cp = M7Tp+1 Zl n%(kﬂ'?p-ﬁ-l) COS ((k+2p+ 1)1) ’

p, = (VDM 1>< [r* (n)] )

Mar+1 — n%(k-i—?p-ﬁ—l)
Lemma 2. We suppose that q(z1,... ,x) is periodic in all the x; with period M
and
M M
S > qlrr, k) =0
T1:1 Tkzl

For all p > %(k — 1) we have
|Sp(117)| < Bp (1 + O($—1/2)) x%(k-up_l)
for all z, and if C, #0

_ log z —1/4 L(k+2p—1)
5,601 = G (140 (b)) ) o

for infinitely many integers x.

Proof. For p > 0 we inductively define

Foii (7 2) ::/0 F, (7, u)du

and observe (by repeated integration of (6)) that

M M
z) = Z Z q(ri, ... re)Ep(re, ... e, ).

7‘1:1 ’I‘kzl

It has been shown by a number of authors (see for example Landau [10]) that the
F,(7,x) can be expressed in terms of Bessel functions:

(\/_M) (k+2p—2)

FP(va) :VP(:E) E(va)v

Mrr
where i
m k/2+
\% = P
o) MFDT(k/2+ p+ 1)

and

 kJdap)2 7) 21 |[nx

E(F,z) := a*/4re/ Z WJk/erp <M” 5) )

with

2
r*(n;7) = Z cos (MW F-f) .

A
Q" (@)=n
Notice that, from the straightforward bounds

S 1=00?),  J(x) =013,

zezZ*
Q" (%)<=
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such a sequence is absolutely convergent for p > (k —1)/2.

Hence if
M M
Z Z q(ri,...,rg) =0,

T1:1 T‘kzl

we obtain

(VDM)3(+20-2) LF/A+0/2 n) 27
Sol@) = M ’ an/4+p/2‘]k/2+f’ VD)

Approximating the Bessel functions by cosines (for example see Watson [19, p.

199]);
_ 2 ™ _3/2
J,,(z)_,/mcos(z—(zy+1)4)+0(z ),
we obtain
(VDM)zk+20=1) 1y
S = Mmr+l 22T 0I (M + M)
with
> 2 [nz
2:: k+2p+l COS(MH D (k+2p+1)4>
and

._ -1/2 = r*(n) _ —1/2
M2~—0<$ /Zm>—0(x )

n=1

(the latter bound since

(7) > Ir(n)] = 0(z*?)
and by assumption 2p + 1 > k).

The trivial bound
= r*(n
i<y AT
n=1
gives us the required upper bound.

By the box principle (in k£ dimensions), given an N and k real numbers vy, .. .,
vy, there is certainly an integer 1 < m < (N ky 1) such that the distances from the
my; to their nearest integers simultaneously satisfy ||my;|| < 1/N. In particular
(taking k = N) there is an integer m = /z < NV 4 1 with m(\/n/M~/D) close
enough to an integer for n =1,..., N that

cos<2w\/a (k—|—2p+1)4) cos((k+2p+1)z)+0<%>

T loglog 16z
k+2p+1 —) O ——
COS<( et )4 + ( log 162 )
for allm = 1,..., N (the latter equality following from the observation that, since
log 16z > e,

(log 16z) log(16(NN +1)2)
log(log 162) = loglog(16(NN + 1)2) O(N)) :




CONVERGENCE OF MADELUNG-LIKE LATTICE SUMS 3151

Using the estimate (7), we can readily bound the remaining terms in the sum by
= *(n) _ —(2p+1—k)/4
> swmena = oW )
N
_ loglog 162 1/4
= ON"VY =0 (=== :
( ) log 16z
Hence for such a z, as long as C, # 0, we have

0y = cos (k4204 1)) (140 [ (lo8los102) " = ()
1_cos(( + 2p + )Z) + W Zln(k+2p+l)/4 )

and the remaining bound is plain. Varying N (and hence the closeness of the
approximation), we can clearly generate infinitely many integers z in this way. O

n=

Final step of the proof. Hence it only remains to justify that (as long as r(n, @, q)
is not identically zero) C, is non-zero for some p.

First observe that r*(n) cannot be identically zero: If 7*(n) is identically zero
then S,(xz) = 0 for all z > 0 and any p > (k — 1)/2; in particular it follows from
the relation

N-1
r(N,Q,q) = (N +1)IS,(N+1) = > (N+1-n)’r(n,Q,q)

n=0

and an easy induction on N that r(n, @, q) must be identically zero.

We suppose that w is the smallest positive integer such that r*(w) # 0. From
the lower bound Q*(z1,...,x,) > A*(z} + - + 2%) we certainly have the trivial
lower bound

M M 2 k
[r*(n)] < Bn*?, Bi:(Z"'ZM(ﬁ,.-.M)O («r) .

’r‘1:1 ’r‘kzl

Hence if

7T2

k B 1
>N = 42 log | — 1)*/2+2) Jlog (14 —
R> max{2—|— , og<12|r*(w)|(w+ ) )/og( +w>},

we have

r(w)

whk

>

n=w-+1

)

_ B(w 4 1)k/2+2 <§: i) .

(w+1)E n?

n=1

and Y0, 7*(n)/n® # 0. In particular at least one of p = [(AN—1—k)/2]+1or p =
(AN —1—k)/2]+1 will have both >>°° | 7*(n) /n(k+20+1/% and cos((k+2p+1)7/4)
non-zero, and hence C, # 0. O
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Proof of the representation (4). By partial summation and integration by parts we
obtain

-,

Axﬁzﬁﬁilﬂ3—£7&www@» (u™*)du

S

_ Z F(S + Z) (S’L(V) - Sz(l)) T F(S ;(5)4— 1) /11/ Sp(u)u—s—p—ldu

I(s+p+1)
I'(s)

for bounded |s|, since by Lemma 2
Sp(u) = O(ut+27)
for p > (k- 1). |

/ S,(w)yu™* P du + O(y—%(p—%(k—l)+20))7
1

Proof of Theorem 6. Writing
r(n,7) =r(n;ry,... ,rg) = Z 1,

Q(z1,...,xK)=n
z;=r; (mod M)

for Re s > 0 we define the 6-function

n=0
M M K
= Z Z q(ri,...,m6)0(s;7)
T1:1 Tkzl
where
0(s;7) = Z r(n; e ™.
n=0

Now by Novédk [14, Lemma 1] for integers h and [ (with (h,l) = 1 and [ > 0) the
modular functions 6(s;7) can be expanded in a neighbourhood of the cusp 2mih/l
so that for Re s > 0

. k/2 (. _ 2mih)—k/2 2y =
f(s:7) = = \% Mkl/2l)k m; Sp.1 (M, ) exp <_DM72TzZCiS(T)2ﬂ+h)> ’
where
l : 2rih 2
Shi(m, 7)== alz_:l : --akg_:l exp (— 7 Q(aM +7) + Wﬁ’b (d’M+f')> :
Thus

N 2mwih wk/2 o R
0 (0—|— l ,7") = ST (S0a(0.7) + Bna(7 7))
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where for fixed h and {

—» w2\
Eh,l(rao') S Z lk exp (—m(m%++mi))
ezr
#0
(@) (Z nk/? exp(—cn/a)) — O(E_C/U).

n=1

33

Now if we are in the non-singular case we can pick h and [ such that

\/—Mk/zlkz Z (ris..- Shl(,f)#o

Tkl

(notice that, since the ¢(rq,...,7) sum to zero, h # 0) and hence

27ih
O,k/29 (0’—|— 7‘; ) :A—FO(E_C/U)

uniformly in o.
Now, with So(z) as in (1), writing

0(s) = s/ e " Sy(x)dx
0
it is clear that |So(z)| < ca®/2=1 for all x would imply that

~ 2mwih 0
o*/24 <U—|— 77 ) < clo+ (2m’h/l)|ak/2/ e TR 2y
0

= clo+ (2wih/)|T(k/2).

Hence, on letting o — 0, we see that for any constant
c1 < A2mh/1)"H(T(k/2))t
we must have |So(z)| > ¢;2%/271 for infinitely many integers x. |
Proof of Corollary 2. We take h = 1 and [ to be a high power of M,
l:=M", ~>2aq,

where « is the highest power of a prime factor of M dividing 2D (recall that D,
defined in (3), is the determinant of the matrix of coefficients o;; of Q(z1,... ,zx)).
Writing
R :={(x1,...,0) €ZF : 1<z <1}

and
. 2 -
F@) = e (<20 ) (2),
non-singularity will follow once we show the non-vanishing of

M M
S=MTFY" N F@) =) F@)

r1=1 rE=1 ZER



3154 DAVID BORWEIN, JONATHAN M. BORWEIN, AND CHRISTOPHER PINNER

Now

ISP = > Y F@HF@

TER YER
= > Fla+HF)
TER UER
k l
= SSF@OI]| S exp |- lzxz(ZZaqu) ,
HER i=1 \a;=1 e

on noting that

and expanding

Observing that

Xl: 2mizia [ 1 ifa=0 (modl),
exp l “ 1 0 otherwise,

and setting

k
L:=< (u,...,ux) €ER : 2Zaijuj =0(modl), 1<i<ky,,
j=1
we obtain
|2 =15 > F(i).
uelL

Now it is not hard to check that any u satisfying the linear system in L must
necessarily satisfy

2"Du; =0 (mod 1), 1<i<Ek,
and therefore certainly

u; =0 (mod M7~%), 1<i<k.
Since we have chosen v > 2a, we thus have

q(i) =1, Q) =0 (mod I),

for any « € L, giving

SP=)Y"1#0
ueL
(plainly (I,...,1) is in L), and we are in the non-singular situation for any
Qx1,...,zk). |

Proof of Proposition 1. Clearly it is enough to show the result for triangles 7', and
in fact (by taking sums and differences) enough to consider triangles with one vertex
at the origin. Using symmetry * — —z, y — —y, we shall further assume that
the triangle T lies entirely in the quadrant x,y > 0 and (replacing N by ¢N or
N/ged(a, b) as necessary) that T takes the form

T ={(z,y) : rax 2 5oy, mz < s1y, ax — by <1},
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where a, b, s;,r; € Z with r;,s; > 0 and ged(a,b) =ged(ri, s;) = 1. We denote the
sides of T' by [;:

li:mx=s1y, lo:rox =80y, lg:ax—by=1,

and by P;, P> the points of intersection of I3 with {; and [y respectively;

S4 T3
Pi = )
as; —br; as; — br;

Choosing integers zg, yo satisfying

ary —byo =1
and writing
A
B;
(notice that ged(4;, B;) = 1 and B; > 0), we can parametrise the integer points on
n(ls N'T) (the intersection of the line ax — by = n with NT') by

Ai =rizo — siyo, Bi=as; —br;, o =

T =nxy+ bt, y =nyg+at, no; <t < nag
forn=1,...,N, with (=1)%t¥ = (—1)™@o+vo)+ta+b) We distinguish two cases:

(i) 2|ab

(ii) 2 /f ab.

(i)When a and b are not both odd.

Since a and b are of opposite parity we can pick our xg, yo to both be odd (indeed
either (zo,yo) or (zo + b,yo + a) will be of this form). Hence on the line segment
n(l3 N'T) our parametrisation gives (—1)*T¥ = (1), and, writing

fa(t) = Q(nzo + bt,nyo + at)™?,
we have

AN(TanS): Z An(lgﬂT,Q,S),

1<n<N
where
An(l3mTaQ7S) = Z (_1)tfn(t)
noy <t<nas

We first observe some elementary bounds on f,:

[fa®)] = 1Q(z,5)°| = O(n™*7),

0] = | —s((2ab+ By + (2ya+ Gb)y) Qr,y) | = O(n=>1),
lfn @) = ‘((2ab + Ba)z + (2va + Bb)y)? (s+1) 9 Q(a,b)

Q(x,y)s+2 Q(x,y)s+2
(8) = O(n 2,

Pairing odd and even t, we have
An(l3 N T7 Q7 5) = Ml + MZ;

where

%noqgtgénag
and
My = UQ(n)fn(Ztn,Q + 1) — ul(n)fn(Ztn,l =+ 1),
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1 : : : nA 1 nA :
where ug(n) := 1 if there is an integer ¢, 1 in {2311 -3 2311) and 0 otherwise, and

L o . . . nA2 1
ug(n) := 1 if there is an integer ¢, 2 in (232 — 21 352

Using the bound for f//(¢), we have
2t+1

and 0 otherwise.

fuwdu= [ (120 + 0> )

2t

fa(2t+1) — fr(2t) = /

2t
This and the observation that for a differentiable function g(z)

[x2]
[w2]g([w2]) — [z1]g([z1]) — / [u]g’ (w)du

r1<n<xo [21]

[z2]
/[ (9(u) — {u}g/(w)) du

1]

(]

Q

z
Il

enable us to evaluate Mj:

My = —% > (%fn(Qt)—l—O(n_%_z))

1
2

[3nas]

= —% (fn <2%no¢2) — fn <2%no¢1)) +0(n=271

= %Q(nPl)_s - %Q(nPQ)_S + 0721,

noi Stg%nag

For M, (approximating the (2¢,,; + 1) by na;) we have
wi(n)f(2tin +1) = u;(n)QnP;)~° + O(n=2771),

giving
4050 T,Q.9) = Loupy= U200 Loy U2 20l) gy 2oy,
Notice that
(9) A(l3NT,Q,5) = O(n™>").
Hence
Ax(1.Q9) = sor) Y LA Sg(p,) 3o =2l

n<N n<N

+Ci(s) + 0 (%) ,

where C1(s) is analytic for all Re s > 0. Noting that the functions u;(n) are defined
modulo (2B;) and that for a function u(n) < 1 defined modulo ¢

Yoo un™ = (k)™ Y uln) + 0k

kg<n<(k+1)gq kq<n<(k+1l)gq

Z n—Qs + O(qk_QU_l),

kg<n<(k+1)q

Il
/N
Q|

[~]-

£

2
N———
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we can plainly write

2B;
Z (1;;?(11)) =(1- i Z u;(m) Zn_QS + Cy.i(s) + O(N~29)
n B;

1<n<N 1<n<N

with Cs;(s) analytic in Re s > 0. Now

2B,
Z ui(n) = #{1<n<2By:n4; =1,2,..., or By (mod 2B;)}
m=1
_ By if 2 f Ay,
T\ Bi-1 if24,,
and
2B,
Z us(n) = #{1<n<2By:nAy=0,1,..., or (By — 1) (mod 2B5)}
m=1
_ By if 2 f A,
T\ Bo—1 if2/As.
Noting that (since 2o and yo are both odd) 2|A4; exactly when 2 } r;s; we obtain
i (12)
1M1 _ _os 1 A(l2 _ 5 5
J—— P S S _ P S S N o
35, QP) Z;Vn +5, AP) Z;Vn + C(s) + O(N~2),
where

_ 1 if 2 /i/TiSi,
)\(lz) o { 0 if 2|risi,

and C3(s) is analytic for Re s > 0. Since we have already shown that
An(IsNT,Q,s) = O(N27),
it will be enough to show that for i = 1,2

M)

An(LiNT,Q,8) = =

QP)™ > n + Cai(s) + O(N ™),

n<N

for some suitable analytic Cy ;(s).
Since N(I; NT)NZ? = {nB;P; : 1 <n < N/B;}, we have

AN(IiNT, Q,s) = Q(B:P) ™" Y (—1)itoin=2,

n<N/B;

Now if A(l;) = 0 we have r; + s; odd and
ANLiNT,Q,5) = Q(BiP)™ Y (=1)"n™>

n<N/B;

= QBiP)™ > ()™ —(2t—1)"*) +O(N )
t<N/2B;

_ Z O(t—20—1)+0(N—20')

t<N/B;
(10) = Cui(s) + O(N~27),
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while if A(l;) = 1 then r; + s; is even and

ALY 5

n<N
B.
P)~*® -
= Q(B? (nB; +1)7** + O(N*)
' n<N/B; =1
QP)~ S
= (nB;)™>*+ Y On>) +ON"*)
" n<N/B;l=1 n<N/B;
=Q(BP)™" > n ¥ +C5(s)+ON),

where the Cy ;(s) and C5 ;(s) are analytic for Re s > 0, as was required.

(ii) When both « and b are odd.

When a and b are both odd any z, yg satisfying azg — byy = 1 are necessarily of
opposite parity, so that on the line az—by = n our parametrisation gives (—1)**¥ =
(—=1)™. We here choose our xg,yo to satisfy A; = r;xzo — s;yo > 0 for ¢ = 1,2 (this
we can do by replacing zo, yo by zo + bj, yo + aj for a suitably small j), and set

B;

fi= g

Hence, altering the order of the n and ¢ summations,

n<N nay <t<nas
= E El + E E27
a1 <t<Nai Nai1<t<Nas

where

E, = Z (_1)nfn(t)7

tB2<n<tf1

Yo D) fald).

tB2<n<N

Ly

Just as in case (i) (with the roles of n and ¢ reversed), summing along the line
joining t31 P; and tB2 Ps, we have

1 (1 —2m() 1 (1= 20t oo
B = ;Q(F:P) %—562(51131) %—FO@ o,
_ 1 B2 - —2s 1 —2s —20—1
E, = 5@ A—2P2 (1 —209(t))t™*° — §fN(t)(1 —2w(N)t~*° + O(t )
where v (n) = 1 if there is an integer in (% -1 %} and 0 otherwise, va(n) =1

if there is an integer in [% — %, %) and 0 otherwise, and w(N) is 1 if N is even
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and 0 if NV is odd. Hence

ATQs = 5 Y (D0 +semey Y el
Nai1<t<Nas a1 <t<Nai
+%Q(51P1)_S > %+Cﬁ(3)+O(N‘2”),
a1<t<Nai

with Cg(s) analytic in Re s > 0. It is not hard to see that the first sum is simply
1AN(I3 N T,Q,s). Hence it remains to verify that the other sums differ from
FAN(2NT,Q,s) and An(I1 NT,Q,s) by a function analytic for Re s > 0. One
proceeds just as in case (i) (with the roles of A; and B; reversed and with 2|B; if
and only if 2 | 7;s;), showing that for i = 1,2

(—1)'Q (B:iP)”" Z (1_15227?@))
a; <t<Na;
Ali)

L Q@BP) 7% 4 Crils) + O(N2)
! a;<t<Na;
=Al:)Q (BiP)™° Z t7% + Cgi(s) + O(N~*7)

1/B;<t<N/B;

= AN(iNT,Q, )+ Cyi(s) + O(N™27),
with Cy ;(s) analytic in Re s > 0, and the result is plain. |

Proof of Theorem 7. Part (i): Define d to be the least common multiple of the d;
and (for a given positive real v) set N = d[v/d]. Then vP and N P differ by at most
a finite collection of lines of the form [; : a;x — by = ¢;n,¢; # 0, with N < n < v.
Hence A, (P,Q, s) differs from A} (P,Q, s) by a finite sum of 14, (l; N P,Q, s) with
¢; #0and N < n < v, exactly %AN(ll- N P,Q,s) for any radial lines (i.e. lines
with ¢; = 0), together with a finite set of points lying at the intersections of these
various lines.

However, we have already seen (recall (9)) that when a;/d; and b;/d; are of
opposite parity the lines a;x + bjy = nci,¢; # 0, contribute O((c;n/d;)~%°) =
O(r=29), while for the radial lines we showed (see (10)) a contribution C;(s) +
O(N~29) (with C;(s) analytic for Re s > 0 and C;(s) = 0 unless (0,0) lies on
l; N P). The left-over points, being of distance < v from the origin, similarly
contribute only terms of size O(r=27), and the limit exists for all Re s > 0.

Part (ii): Given our polygon with sides l; : a;xz — by = ¢;, we set

1
6:— 1 i_l
2Ini1n|c|

and observe that for an integer N going from NP to (N + §)P we may lose some
lines of points but can gain no new lattice points, and similarly going from (N —4)P
to NP we may gain but cannot lose lattice points. Hence the two differences

|AN:E5(P7Q56) _AN(P7Q76)|

consist solely of sums of Ay (l; N P,Q,0) with ¢; # 0 (together with odd points of
intersection that are of size O(N~27)). Further if we take N = 2nd (where d is the
least common multiple of all the ged(as, b;)) then every I; with ¢; # 0 will appear
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in one of these sums (which one will depend on whether (0,0) lies on the same or
opposite side of the line as the interior of the polygon). As in part (i), the lines I;
with a;/d; and b;/d; of opposite parity and ¢; # 0 will only contribute O(N~29).
However, if a;/d; and by /d; are both odd and ¢; # 0, then

An(rNT,Q,0) = (~1)@C@nd/dn N~ g (1)

KqNStSNzN

will contribute

Yo fat)zer > N zeN'T,

k1 N<t<kaN kK1 N<t<kaN

for some positive constants e;. Hence if 0 < o < 1/2 and we have at least one I;
with ar/d; and by /d; both odd and ¢; # 0, then at least one of the two differences
|[An+s(P,Q,0) — An(P,Q,0)| will always be bounded away from 0 by a constant
(irrespective of N) and the limit A(P, @, o) cannot exist. When P is a star body
centred at (0,0) we set § = 1, and (since we only gain points in going from (N —1)P
to P) the same argument shows that Ay(P,Q,0) — Ay—1(P,Q, o) does not tend
to zero with N; hence the limit does not exist even if we restrict ourselves (as is
natural) just to integer scalings of P. When all the I; with ¢; # 0 have a;/d;, b;/d;
of opposite parity but there are radial lines (I; through I say) with ¢; = 0 and
a;/d;, b;/d; both odd we consider Ax(P,Q,0) for N = nd. By the theorem it is
clear that convergence for 0 < o < 1/2 will be determined solely by the sum over
the perimeter. As in part (i) the lines l;, ¢ > k, cannot disturb the convergence.

However the radial lines [;, i = 1,..., k, each contribute
ANLNPQ.o) = > f)=f(F) D>
r1N<t<raN t#0
IilNStSIigN

S logN ifo=1/2,
= BUNT ifo<1/2

(where eg is some positive constant), and the resulting sum is plainly unbounded
as N — oo. O

Corollary 3 is immediate from Theorem 7.
Proof of Theorem 8. We split P into a series of cones P; with base a face of P and
vertex (0,0,0):

p; = {(xvya Z) DT+ bly +ciz < e, Qi T + ﬁljy +’Yljz < 07 1< .] < JZ}?
for some integers av;, Bij,7ij, so that

1

AN(Pvas) = ZA}(V(H;Qas)a

i=1

where A% (P, @, s) indicates that points on the sides of NP (excepting the base)
are to be counted with weight 1/2. Slicing up each three dimensional polygon N P;
into two dimensional polygons F; ,, parallel to its base,

Pimi={(2,y,2) € Z*: a;z + by + ciz = m, aijz + By +7i;2 <0, 1 <j < Ji},
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we have
Neq',

AP0 =Y S e@)
Ztm ZEP; m
where Y* denotes that points on the boundary of the polygon are to be counted
with weight 1/2.

We suppose now that P; ,,, comes from a face with at least one of a;/d;, b;/d; or
¢i/d; even. We assume (replacing m by d;m as necessary) that ged(a;, b;, ¢;) = 1,
and (reordering as necessary) that ¢; is odd and a; is even. Setting o; = ged(a;, ¢;)
and choosing an even integer b; such that b;b; = 1 (mod «a;) and an odd integer
(a;/c;) such that (a;/a;)(a;/e;) =1 (mod ¢;/«;), we make the change of variables
demanded by the relation a;xz + by = m (mod ¢;) on P; p,:

y = bim + oy

() () (B (2)
r=—)|——|m—|— by +|— )2
; «; o (673

Observe that a;z 4 b;y + ¢;z = m becomes

and

(o) (1) (2)
zZ=m < «; ) e
and that
(—1)=Hvtz = (_1)1/+y/'

Hence the sum of (z,y, z) over P, ,, is replaced by a sum of (2’,y’) over mR; N Z?,
where R; is the polygon

Ri={(«',y) € Z® : aja’ + By <~ij 1< < Ji},

and the agj,ﬁl’»j,'y{j are integers with, we shall assume, no common factor and
dij ==ged(ag;, B;). Writing

Q(xa Y, Z) = Qi(xlvylvm)

(where Q;(x,y, z) will be a positive definite quadratic form), we have

S Q@ya) = Y (CD)TQiym) T = A (Ri, Qi s),

(z,y,2)EP;,m (z,y)EMR;NZ2

with >°* denoting that points on the perimeter are counted with weight 1/2. To
evaluate the A* (R;,Q;, s) one proceeds almost exactly as in the proof of Proposi-
tion 1 (replacing the bounds for the kth derivative, k =0, 1,2, in (8) by

AR @] = O ((Inl + [m[)~>7*)

and so on) to obtain

S (C)TQu(a g m) ™ = O,

(z,y)EMR;NZ2
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where ZT denotes that for each side [;; of the polygon R; the last line of points

parallel to that side,
Eu(m) = |:m ] Rij, Rij = —/(llj n Rl),
Vig
is to be included in the sum with weight 1/2. The desired sum A*(R;, Q;, s) thus

differs from this latter sum only by the addition or exclusion of the (half-weighted)
last lines of those sides l;; for which m # 0 (mod d;;), and

!
Yij

ij

J,

1 k2
* _ —20 L.
AR Qi) = Om ™)+ 3 3 iy (m),
dJ”J[m
where
Aw(m) == Z (_1)z+le($7yam)_Sv
(z,y)€Lij(m)

with the + sign determined by whether (0,0) lies on the interior or exterior side of
l;; respectively. Thus

J;
AN(P;,Q,8) = Cio(s) + ZEij + O(N'729),
j=1
with
Ej:= Y,  Aym)
1§m§Nci/di
d”)(m
and C; o(s) analytic for all Re s > 1/2.
Now if ;s := «j;/d;;j and 3j; := B;;/d;; are of opposite parity, one readily shows

that alternation in sign along the line £;;(m) gives (in the manner of (9))
Aij(m) = O(m™27),
and hence
Bij = Cij(s) + O(N'7%7)
with the C;;(s) analytic for Re s > 1/2.

Now if the o}, (j; are both odd, parametrising the line (as in the proof of

Proposition 1), we have
An(lean(m)vs) = Z (_1)m+yQi(x,y7m)—s
(z,y)EnR;;NZ2

= (=" Z Q1(nxo — o, Bist — nyo,m) 7,

n&1<t<nés

for some fixed integers zo = xo(4,J), yo = yo(i,J) (With afjzo — Biiyo = 1) and
rational numbers &, = & (7, j). So for bounded integers k1 and ko we certainly have

Aniy (Rij, Qi(m + k2), 5) = (1) An(Rij, Qi(m), 5) + O ((Im] + |n)7*7) ,

where a trivial bound gives

AR, Qulm).5) = O (e )
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Hence, splitting the sum over m into multiples of 2d;;, we have

By=8; Y. AyQd)+ > O(m )+ 0N,

lSNei/Qdidi]‘ lngNeq/dq
where (as may be readily checked)

2d;j

Z m'Yu/dIJ — 07

m=1
giving
Eij = CZJ(S) + O(Nl_za),
with Cj;(s) analytic for Re s > 1/2.
Therefore

AN (P, Q,5) = Cis) + O(N'7*7)

(where C;(s) is analytic for all Re s > 1/2), and the result (i) follows at once if all
the faces have at least one a;/d;, b;/d;,c;/d; even.

For part (ii) one proceeds in the manner of the proof of Theorem 2 to show,
by counting the number of points on the faces with a;/d;, b;/d;, ¢;/d; all odd, that
(for suitable multiples N and ¢ := £ min; e ~1) the contribution from those faces to
|[AN(P,Q,s) — An—_s(P,Q, s)| does not tend to zero as N — oo. O

Proof of Theorem 9. The approach resembles the proof of Theorems 5 and 6 in
Borwein-Borwein-Taylor [1, §IV]. We set

i 00
Z Z q(nl,... ank)ZQ(nl“'wnk)’

T(z) :=
ny=—o NE=—00
mi mi
Ta(z) = Z Z q(ni, ... ,nk)ZQ(n1>»~7"k)7
ni=—ma:; Np=—mg

and define the normalized Mellin transform M(f) for Re s > 0 by

M(f) :==T7Y(s) /OOO frtdt.
We set
F(s) :== My(T(e™") — q(0,...,0))
and observe that (since My(e™) = a~* for a > 0)
A (s) = My(Tw(e™") — q(0,...,0)).

We shall need the following uniform boundedness lemma:

Lemma 3. For anyt > 0 and integers N; > 0 (with at least one N; > 0),

Z Z q(ni,...,n )e‘tQ("l’---a”k) <06—A(N12+~~+N,§)t

n1=N1 ng=Ng

for some C' =C(Q) >0 and A = A\(Q) >0
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Proof. We set
g(“’la cee ,uk) = e—Q(ul,... JUk)
and write )y for the characteristic function of the region {(u1,...,uz) € R”

u; > N;}. Applying the partial summation technique employed in the proof of
Theorem 1,

g
e
S
S
S
Il

n=—oo n=—oo

[e’e] n n+1
- > (Z a(z)>/ Y (u)du,

n=—0oo0 \l=—o00

> (Z a(l)) (b(n) — b(n + 1))

to each of the variables n; in turn, we obtain

Z Z (n1, ... ,ng)l(n1,... ,ng)

)

ng=—oo NEp=—00
where
ni Nk
W(ni,...,ng):= Z Z qre, o me)X (e, s Tr)
r1=—00 Tp=—00
and
ni+1 ni+1 o 0 \/_ \/_
I = _— = t,... t) duy - - - duy.
(nlv an’k) /n1 [Lk aul au g(ul ) y Uk ) U1 Uk
By assumption |W(n1,... ,nk)| < B (Vanlshlng unless n; > N;), and hence
S < / / (ulx/_ ,uk\/f) duq . . .duy
N 3u1 uk
= B/ / —---—g(ul,...7u;€) duq . .. duy.
N1Vt NVt duy duy,
Now since Q(x1, ... ,x)) is positive definite, we have
Q1 ..., x) >2M(a3 +--- +a3)
for some A > 0, giving
0 0 2 2
Z .2 < |P =2\ (ui+ - tuy)
oL aukg(ula sug)| < [P(u, .. ug)le
- 0 (e—A<u?+--~+ui>) 7
where P(uq,... ,ur) = Pg(u1,... ,ux) is some polynomial of total degree k. Thus
S = / / _’\(“%J“"'J“”i)) dui...du, =0 (e_’\(NfJF"'JFN’?)t) ;
N1 Nk
as claimed. O

Observing that (replacing u; by —u; as necessary) T'(e~*) — ¢(0,...,0) can be
written as a sum of sums of the form S with at least one of the N; > 1, and
T(e ) — Ty (e™) as a sum of sums with at least one N; > m = minm;, we have

T(e™) = q(0,....0) =0 (™), T(e™) = Ta(e™) = 0 (7).
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Hence

F(s) I(s) /Oo (T(e™") — q(0,...,0)) t* 'at

0
_ o I'(o)
O(I‘ls / o 1dt>=0( )
el )
exists, and similarly

|F(s) — Am(s)| = O <|r—1(s)| /Ooo e_’\mztt"_ldt> =0 <m-20 E(g;') —0

as m — oo in any region {s : o > ¢, |s| < K} for a fixed positive € and K. Thus
the limit exists and is analytic for all Re s > 0. O

Proof of the §5 formulae. We recall the #-functions

o0

Oo(q) == > ¢V 0s) = Y

n=—oo n=—oo

and observe (as may be deduced from Zucker-Robertson [21, 22]) that when Q(y/—p)
is a unique factorisation domain containing v units

o0 qn
— (1—q")
Hence r(n, Q,), the number of integer representations of n by Q,(z,y), satisfies

r(n,Qp) =uy (-p|d),

d|n

r(n, Qp)g" = 02(0)02(¢") + 03(9)03(¢") = 1+ u) _(=p|n)
n=1

and (2) is plain.
When p = 3 or 7 we can relate 7(n,p), the number of integer solutions of x? +
py? =n, to r(n,Q,). Setting N(x + y/—p) = 22 + py? and writing

1 1
Qpl,y) = (@ - y)? + P+ y)?,

it is easily seen that r(n,p) represents the number of integer solutions (z,y) of
N(z+y+/—p) = n, while 7(n, Q) represents the number of integer solutions (X,Y’)
of N((X/2) + (Y/2)/—p) = n with X and Y of the same parity. It is easily seen
(matching (z,y) = (X,Y)) that r(4n,p) = r(n,Q,), and by congruences modulo 4
that r(n,p) = 0 whenn = 2 (mod 4). When n is odd and p = 7, congruences modulo
8 show that if N((X/2)+(Y/2)y/—p) = n then X and Y are necessarily even (giving
a pairing (z,y) and (X/2,Y/2)), and r(n,7) = r(n, Q7). When n is odd and p = 3,
putting w = (1 + \/—_3) /2, it is readily checked that exactly one of the r(n,Q3)
solutions ((X/2) + (Y/2)v/=3), ((X/2) + (Y/2)v/=3)w and ((X/2) + (Y/2)V/—3)w?
will be of the form (z + y/=p), and hence that r(n,3) = 1r(n, Q3).
Thus, setting A =1 or 1/3 as p = 7 or 3 respectively, we have

— (ED)"r(n,p) o~ (2, Qp) — 7(n,Qp)
n;l ns N n;l (4n)s A ngl ns
n odd

= AFEN1-27%)1 - (-p|2)279)) <Z T(nTQp)> :

n=1
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So finally, noting that (=3 | 2) = —1, (=7 | 2) = 1 and (1 — 217%)((s) = a(s), we

have
1
gy = 2(1+217%)((s)L_s(s)
2 2)\s ’
@iz & T3
> DT —2(1 4 2'%)a(s)L_3(s)
2 2\s - ’
@iz & T
1
= 2(1 - 217 4 2172 ((s) L
Z ((E2 +7y2)3 ( + )C(S) 7(5)7
(=,y)€22\(0,0)
(1)t
S = —2a(s)Lq(s). O
2 2)s
eoizoo & T
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