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Abstract: Lattice basis reduction in combination with an efficient backtracking algorithm is
used to find all (4996 426) simple 7-(33,8,10) designs with automorphism group PI'L(2, 32).
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1. INTRODUCTION

Let X be av-set (i.e., a set with v elements) whose elements are called points. A t-(v, k, \)
design is a collection of k-subsets (called blocks) of X with the property that any ¢-subset
of X is contained in exactly A blocks. A t-(v, k, \) design is called simple if no blocks are
repeated, and trivial if every k-subset of X is a block and occurs the same number of times
in the design.

A straightforward approach to the construction of ¢-(v, k, \) designs is to consider the

matrix
v . v . v
tk .—(mi_j),Z—l,...,<t>,]—1,...,(k>.

The rows of M}, are indexed by the ¢-subsets of X and the columns by the k-subsets of X.
We set m; ; := 1 if the 4th ¢-subset is contained in the Jjth k-subset, otherwise m; ; := 0.
Simple ¢-(v, k, \) designs therefore correspond to {0, 1}-solutions z of the system of (})
linear equations:

M-z =M1,1,...,1) 7.
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Unfortunately, for most designs with interesting parameters v, ¢, k the size of the matrix
My, is prohibitively large. For example, in the case of v = 33,¢ = 7 and k = 8 the matrix
M3 has 4272 048 rows and 13 884 156 columns.

But by assuming a group action on the set X the size of M, can be dramatically
reduced. A group G acting on X induces also an action on the set of ¢-subsets and the set
of k-subsets of X. With A; , = (a; ;) we denote the matrix where a;; counts the number
of those elements in the jth orbit of G on the k-subsets of X which contain a representative
of the ith orbit of ¢-subsets of X. This matrix was introduced by Kramer and Mesner [10].
They observed:

Theorem 1 (see [10]). A simple t-(v, k, \) design exists with G < Sym(X) as an auto-
morphism group if and only if there is a {0, 1}-solution x to the matrix equation

A -z=X1,1,...,1)T. (1)

Taking the group PI'L(2,32) the matrix A7 g in the above example has 32 rows and 97
columns. Nevertheless it is still a respectable task to find solutions of (1).

Solving eq. (1) is a special instance of the multidimensional subset sum problem which
is known to be NP-complete [S]. This problem is also of interest in other areas such as
cryptography [2, 13], number theory [23], and combinatorial optimization [18].

Finding solutions for this problems requires algorithms which do searching in high-
dimensional spaces. These algorithms can roughly be divided into two classes, depending
on whether they search in a systematic manner for all possible solutions or if they just try
to find one solution.

For finding just one solution the algorithms are mostly randomized, for example simu-
lated annealing, combinatorial optimization, local search [17], and lattice basis reduction
[1, 11, 12, 19]. See [17] for a survey. Recently also algorithms which use Grobner bases
have been proposed [26, 27].

In [11, 12] the authors used the original lattice basis reduction algorithm (LLL) as
described in [14] and a lattice like the one proposed in [13]. Meanwhile lattice basis
reduction algorithms have been improved. New algorithms were invented by Schnorr, [21,
22, 24]. Also new lattices have been proposed, see [3, 4, 7].

In [1] the authors implemented these new methods and used a slightly different lattice
to find the first simple 7-designs with small parameters.

Meanwhile the lattice basis reduction algorithms are further improved [25] and have
been generalized from the euclidean norm to arbitrary norms [8]. These algorithms are
now strong enough to find new simple 7-designs.

On the contrary, in order to find all {0, 1}-solutions of (1) until now only exhaustive
search techniques based on backtracking have been used. See, for example, [17]. Schmalz
[20] used a graph theoretical approach. He enumerates all solutions implicitely via graphs.

The new approach—using lattice basis reduction [14]—is to construct a basis of the
kernel of the equation

. x .
Ay ( ): |y €eZye 2)
1 0

which consists of short integer vectors. But the shortest integer vectors (in the euclidean
norm) in the kernel of (2) need not be solutions of our {0, 1}-problem (1). Kaib and
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Ritter proposed in [8] an algorithm which enumerates all solutions with y = £ as linear
combination of this short integer basis vectors.

The first step of this algorithm—finding a basis of the kernel—can be done in polynomial
time in the number of columns of the Kramer Mesner matrix Ay with the help of lattice
basis reduction [14]. The explicit enumeration in the second step of [8] is still an exponential
algorithm. But in most cases it is much faster than the brute force enumeration which was
used in the above mentioned algorithms. Thus in some sense this algorithm combines the
two classes of algorithms to solve (1).

2. FROM LINEAR EQUATIONS TO LATTICES

As in [1] we transform the Kramer Mesner matrix A;; with [ rows and s columns into the
matrix

Col 0

COAtk

Col 0

c12 0 0 1
' o 3)

0 012 0 011

0 o)1 0

0 0] 0 1

containing s + 2 column vectors with [ + s 4+ 2 rows. The set of all integer linear combina-
tions of these vectors is called a lattice. The maximal number of (R)-linear independent
vectors in this lattice is called the rank of the lattice. A minimal set of vectors which
generates the lattice is called a basis of the lattice. Important in our context are bases
which contain short vectors. These are called reduced bases if they fulfill certain criteria
of shortness, see [14]. See further Section 3.

The lattice L spanned by the columns of the matrix (3) has the column vectors of the
matrix itself as a basis. This basis is reduced with the algorithm proposed in [25] to a
new basis.

Definition 1.  Ler L C R" be a lattice of rank m. For 1 < p < oo the norm defined by
the mapping

n 1/p
Il RY = Rz ||y = (Z x)

i=1
is called p-norm. The norm defined by the mapping
| lloo : R" = R,z — ||2]loo := max{|z;||1 <i<n}
is called co-norm.

(1) For1l < p < oo we call avector € L p-shortest if it is a shortest nonzero vector in
L in p-norm.

(2) The successive minima A1, ...,y of L are defined through: X\; = \;(L) is the
smallest radius r of a ball centered at the origin which contains exactly i linearly
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independent lattice vectors. Thus A1 (L) denotes the (euclidean) length of a 2-shortest
vector in L.

If we setin (3) c; = A and ¢y > A, the oco-shortest vectors of the lattice with an entry
equal to ¢y in line [ + s + 1 are {0, 1}-solutions of the eq. (1), because

1. Every integer solution (x1,...,zs)" of (1) can be regarded as linear combination
of the columns of the matrix (3) multiplied by £(z1, ..., zs, — A, ).

2. Every integer linear combination of the columns which does not correspond to a
solution of (1) contains at least one nonzero entry in the first [ coefficients. Since
it is a multiple of ¢y and ¢y > A, the oco-norm of this linear combination is greater
than \.

3. Every integer linear combination which corresponds to a solution of (1) contains only
zeros in the first [ lines. Only {0, 1}-linear combinations of the first s columns plus
or minus the last column can give a vector which contains only entries with absolute
value less orequal to c; = Ainline/ + 1 to !+ s and [ 4 s + 2 and simultaneously
only zeros in the lines 1 to [.

A {0, 1}-solution of the system (1) therefore corresponds to a vector in L which consists of
zeros in the first [ rows and has only the entries —1-c; or 1- ¢y intherows [+ 1,...,l+s.
Further, in row [ + s 4+ 1 and [ 4+ s + 2 it contains =\ and =£c1, respectively.

Until now only reduction techniques (see Sec. 3) for the norm p = 2 are working
efficiently. To find a co-shortest vector we have to employ backtracking methods. Since
the 2-norm and the oco-norm are equivalent (for all z € R™: ||z||oc < [|z]l2 < v/1l|2|00) it
is reasonable to use 2-short vectors to find the co-shortest vectors.

Let (-, -) denote the ordinary inner product in R, n € N. For a sequence of linear inde-
pendent vectors by, ...,b, € R™ weletd],..., b} bethe Gram—Schmidt orthogonalized
sequence. We thus have

1—1 <b“b*>
b :=0b; — Z ,uw-b; fori =1,...,m, where u; ; = o, b]*> @)
]:1 J J

Definition 2.  For an (ordered) basis by, bs, ..., by, of a lattice L C R™ and 1 < i <

m, m;(v) is the orthogonal projection of v € R™ into (by,ba, ..., b;_1)*.
L; := 7;(L) is the orthogonal projection of the lattice L into (by,ba, ... b;_1)*
Since

we see that

mi(v) =Y (v,b5)b}. (5)

3. IMPROVED LATTICE BASIS REDUCTION

In the first step of the algorithm we compute an integer basis of the kernel of the eq. (2)
with lattice basis reduction. The original algorithm (LLL) for lattice basis reduction of
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Lenstra, Lenstra, and Lovasz [14] reduces a basis b1, bo, . . . , by, of the lattice L C R™. In
this section we only use the euclidean norm:

Algorithm 1 (LLL-algorithm, see [14]).
set k= 1.
dountilk =m —1:

l. Forj=1,...,k—1replaceby by by, —rb;j, where r = [y, ;| is the nearest integer
to pg, ;-

2. if 8|bl1* > |Ibgyy + pkr1kbil|® then interchange by and by and set k =
max(k —1,1),

otherwise set k := k + 1.

Remark 1. With step 1 of the algorithm we achieve that the LLL-reduced basis vectors
are ‘‘as orthogonal as possible’’.

In step 2 of the algorithm we compare two vectors: The projection of by on the subspace
orthogonal to (by,bo, ..., bix_1)* and the projection of by ; on the same subspace. Then
we take the vector which gives the shorter projection as the new vector by,.

In [14] the authors give an upper bound on the euclidean length of the reduced basis
vectors:

4 m—1
2 < 2\2. [ ——
<2 (57) ©

A generalization of this algorithm is Korkine—Zolotarev reduction where we not only
compare the euclidean length of the projections of by, and by on the subspace (by, ba, . . .,
br_1)" but we search for the integer linear combination wugby, + wpy1bpr1 + - - + Unby
which gives the shortest nontrivial projection on (b1, b, . . ., bk._1>l-.

Since there is no algorithm to find the shortest nontrivial projection in polynomial time
in the number of vectors (n — k), Schnorr restricted the search to blocks of 5 vectors [22,
24]: The integer linear combination by, + wg41bk+1 + - - - + Uk+3—1bk+3—1 Which gives
the shortest nontrivial projection on (b1, bs, ..., b,_1)" is found by explicit enumeration.
See further [24] and [25] for improved versions with better estimates for the reduced bases.

We want to compute an integer basis of the kernel of (2). The lattice vectors which
correspond to elements of the kernel of (2) contain only zeros in the first z entries. Practical
experience shows that it is sufficient to set the constant ¢ equal to (s + 2)? in order to
compute a integer basis of the kernel of (2) with the above lattice basis reduction algorithm.

4. EXPLICIT ENUMERATION

After computing an integer basis of the kernel of the eq. (2) we remove all nonkernel
vectors from the lattice and remove the first [ lines of the remaining vectors, because they
only contain zeros.

Now we search for all integer linear combinations of these remaining kernel basis vectors
which correspond to {0, 1}-solutions of (1), i.e., which only consist of +c; entries. We
adapted the algorithm of Kaib and Ritter [8] to find the oco-shortest vectors in the above
lattice. The use of (b, by, ..., b;)" and the lattices L; is motivated by
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1. Korkine—Zolotarev reduction: A basis by, bo, ..., b,, is called Korkine—Zolotarev
reduced if

bi:)\l(Li)7 fOI'lSZSm

2. Blockwise Korkine—Zolotarev reduction: Since there is no polynomial algorithm
to find a Korkine-Zolotarev reduced basis, Schnorr [24] proposed an algorithm
which constructs a basis where only blocks with fixed length of basis vectors are
Korkine—Zolotarev reduced. This blocks are reduced by explicit enumeration which
has exponential runtime in the block length.

3. Itis easy to see that Ly = L. If we can find a shortest vector in L; we can find
a shortest vector in L. We will see that there is an algorithm which computes (in
exponential time) the p-shortest vector in L;. It is a backtracking algorithm which
uses information about p-short vectors in L; to compute p-short vectors in L;_1.

For the first two points see [9, 21, 24]. We will not exploit them any further here. We are
interested in the third point, especially for p = co. For this let us have a closer look on the
projection ; defined in (5):

As above let the Gram—Schmidt vectors be b7,05, ..., by, together with their Gram—
_(bisbY)
T(0F,07)

Schmidt coefficients p; ; : for ¢ > j. We set p1; ; := 1. It follows for every basis

vector b; and 5 < t:

t
mi(b) = Z fit,ib; -
i=

And since 7;(-) is a linear mapping it follows for w;, wit1, ..., Uy € Z:
m m t
o (35 ) =3 S
t=3j t=j  i=j

Reordering of the summands gives

m m m

; Z uhy | = Z b Z Uifli,s-

t=j s=j 1=s
With ¢, := ||b%]|3 for 1 < s < m it follows
(3w | =3 (z u)
t=j s=j \i=s
2
For the speed of the enumeration algorithm the following relation between the projections
m m . .
i (D= uebe) and w1 (3247 ;4 ueby) is crucial:

m m m
v g uby | = g Ui g, 5 b;+7Tj+1 g ughy |, @)
t=j i=j t=j+1
hence
2 2 2

m m

j Zutbt = Zuiﬂi,j ¢+ || T4 Z uby . ¥
=]

t=j ) t=j+1 )
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It means we have to compute (> y u;pi j)%c; to get from stage j + 1 to stage j of the
algorithm.

Definition 3.  For uj, uji1,...,Um € Z we write w; 1= ﬂ'j(z;?ij ugby).
The backtracking algorithm tries all possible integer values for w,,,, Uy —1, . . ., u1. Starting
from t = m it computes w; for m >t > 1 and finally w; = Zyil u;b;.
Remark 2. If ujiq,uj42,...,Un € Z are fixed and u; € Z has to be choosen such that
[lw;||3 is minimal, then u; has to be set to the nearest integer to — >/ 1 Wikki,j, since
2 2 2
m m m
2
lwill3 = |lm [ D2 webe ||| = [wi+ D wipi | i+ ||mipa [ D wbe
t=j i=j+1 t=j+1

2 2

We are searching for the p-shortest vector with 1 < p < co. The solutions of our system
of linear equations (2) are the co-shortest vectors in the lattice generated by the vectors in
(3), but we describe the search for the p-shortest vector in L for arbitrary 1 < p < oc.

Let F' be an upper bound of the p-shortest vector of L. Since all p-norms in R" are
equivalent, there exist constants ,,, R, such thatr,||z||, < |||z < R,||z||, forallz € R™.
Therefore a p-shortest vector v has 2-norm ||v||2 < R,F' and in order to find p-shortest
vectors we enumerate all vectors with 2-norm not greater than R, F.

Moreover, Kaib and Ritter [8] use Holders inequality to combine the search for p-shortest
vectors with enumeration in 2-norm:

Theorem 2. If for fixed uj,ujt1,...,Un € Z there exist ui,us,...,uj—1 € Z with
| >0 wibilly, < F then for all y;, yjt1, - ., Ym € R:
m m
> yillwill3] < F- >y ©)
i=j i=j

q
with 1 < g < oo such that 1/p+1/q = 1.

Proof. For |l < ¢ we see from (7) that there exist x;, x;41,...,2;—1 € R such that
wy = b +wipr = by + 241 b Fwipr = - = @b + - Fxio1bf |+ w;.
It follows

(w; —wg,w;) = (xby + -+ + ;210 _1,w;) =0,
since w; is a linear combination of b}, ..., by,. Therefore, if | < 7,
<wlawi> = <wiawi>~

If there exist u, ug, . . . , Uy, € Z with ||w1 ||, = || Yim, wibill, < F then Holders inequal-
ity gives for an arbitrary vector v € R™:

(w1, )| < flwillpllvllg < F - [[v]lg-
And it follows:

m m m m
Do willwills] = D gilwi,wi)| = [ gilwr,wi)| = <w1,zyiwi>
i=i i i i
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m m
< lwallp | Y wiwif| < F- > yaws
i=j . i=j .
O
It remains to select y;, . .., ¥, appropriately to enable an early recognition of enumer-
ation branches which cannot yield solutions. Kaib and Ritter [8] proposed the following
selection:

L (Y, Yjt1,---sYm) = (1,0,...,0): Testif [|w;]|3 < Fllw;|q-
2. (yj;yj+17-~~7ym) = (7],1 *77,0,...70) Wlth?] 6]0,1[

Let us say w; = xb} + w; 41 for an 2 € R. Then for every successive wj in the same
direction, that means every w’; = (x + )b} + w;1 with r € Z and having the same sign

as x, we have for  := IiT:

w; =nwi + (1 =nwjp and 0<n <1 (10)
If w} can lead to a solution, then from (9) it follows for every n €]0, 1:

nlle} 13 + (1 = mllwsa 13 < Fllms + (1= nywipalls. (1)
With (10) the inequality reduces to
w13 < Fllw;]lg-

Here 0 < 7 < 1is needed.
Therefore we can cut the enumeration in the direction of z if ||w;[|3 > F||w;||,. This
results in the following algorithm:

Algorithm 2.

1. Compute a LLL-reduced integer basis of the kernel of the linear system (1): Choose
co large enough such that the number of remaining columns will be equal to s — | + 2
and LLL-reduce the matrix (3).

2. Remove the columns with nonzero entries in the first [ rows. From the remaining
columns remove the first | rows (the zero entries).

3. Compute for the remaining columns by,...,b, the Gram—Schmidt vectors

1,05, ..., by, with their Gram—Schmidt coefficients p; ;, see (4).

4. Setj:=1; Set F := upper bound of the p-shortest vector in L. Set I := RZFz.
5. Do the search loop:

while j < m

Compute w; from w;1.

if |w;||3 > F then
ji=j+1
NEXT(u;)

else

if 7 > 1 then

if PRUNE(u;) then
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if onedirection then

ji=7+1
NEXT (u;)
else
onedirection := true
NEXT(u;)
end if
else
Ji=7-1
Y= Z;ij.»,_l Ui i, 5
u; := round(—y)
onedirection := false
end if

else/* (j=1)*
PRINT wq, ..., Um
NEXT(u;)
end if
end if
end while

The procedure NEXT determines the next value of the variable u;. Initially u; is set to the
nearest value of —y; := — Zi";ﬂ_l Usfhi j, SAY ujl The next value (u?) of u; is the second
nearest integer to —y; then follows uz;’ and so forth. Therefore the values of u; alternate
around —y;. If PRUNE is true for one value of u; we do one more jump around —y;, then
the enumeration is only proceeded in this remaining direction until it is pruned again, see
Figure 1. If p = 2 the procedure PRUNE(u;) is equivalent to the first test ||w; |3 > F and
hence the (expensive) computation of the w;'s can be avoided. Actually for p = 2 Kannan
[9] already proposed this method. And he noticed that in each level we have to test only two
values of u;: ujl and u? For arbitrary p with and ¢ such that 1/p + 1/¢q = 1 the procedure
PRUNE looks like this:

Algorithm 3. Choose y;, ..., Ym
PRUNE(u;)
if [ 2500 yillwill3] < F - | 320 wawillg

_y j
u?.) ul llz 114 u I
TJ ] ] J J
PRUNE = true

FIG. 1. Enumeration With Pruning.
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Return false
else

Return true
end if

Some improvements can be made in order to speed up the algorithm:

WASSERMANN

1. We do not have to compute w, in order to test if ||w;||3 > R,F = F. Since

lw; 13 = (uj +53) - 165113 + Nl 3

we can keep track of ||w;]|3 and test if |w;||3 > R,F = F. This test is cheap and

we only compute w; if it succeeds.

We can stop the enumeration of a branch if there is a row ¢ where |w; ;| # A or if
|lwijn| # land by ; =by; =--- =bj_1,; = 0. Inthis case wy ; will stay unchanged

for all selections of uq, ..., u;_1.

Since multiplication of the solution vector with —1 yields the same solution of (1)

we always choose the last nonzero coefficient u; > 0.

Another choice of (Y, yj+1,---,Ym) in (9) and Algorithm 3 is y; := land y, 11 :=

—1: We know from (7) and (8) that,

m
*
'lUj = E uiﬂi,j bj + wj+17
i=j

respectively,
2

m
lwil3 = | D winig | 105113+ w13
i=j

Using y; = 1 and y;4+1 = —1 the inequality (9) results in

S I A

i=j

[
B

If we precompute F' - this test is also very cheap.

5. RESULTS

We used the algorithm to find all 7-(33,8,10) designs with automorphism group PI'L(2,32)
acting on the projective line GF(32) U{oo}. With the lexicographic numbering

1: %) 5: r+1€lF;3
2: 0 €3y 6: % e F3o
3: 1€z :

4: z€F30 33 2+ 28 +22+2+1€Fs

the following set of strong generators o, ao, a3, gy for a Sims-chain of PT'L(2,32) was

used:
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a; = (4,29,15,18,6)(5,28,14,19,7)(8,27,24, 31, 22)
(9,26, 25,30, 23)(10, 21, 32,16, 12)(11, 20, 33, 17, 13)

as = (3,33,9,19,6)(4,17,30,25,12)(5, 18, 29, 8, 16)
(7,32,26,24,23)(10, 15, 21, 13, 31)(11, 20, 22, 28, 27)

as = (2,33,26,11,15,14,21,22,7,3)(4, 18,6,32,9, 16, 30, 10, 20, 13)
(5,17)(8,19,29, 27, 24, 12, 31, 25, 23, 28)

aq = (1,33,7,15,16,14,5,13, 24, 3)(4, 10, 32, 27,29, 28, 26, 31, 17, 19)
(6,23,9,30,22,8,21,18, 11,12)(20, 25).

The algorithm described in [1] produced a 32 x 97 matrix which is a permutation of the
rows and columns of the matrix in [16], generated by another set of permutations.

The method of [1] in its first version found only 1 solution for A = 10. It was Brendan
McKay who observed with his general integer backtracking algorithm that there are more
than one solutions. In fact he estimated the number of solutions to be between 5 and 7
million. He also estimated that his backtracking algorithm would have taken 100 years to
enumerate all these solutions with the computers we had at hand at that time.

For each of the two matrices the above Algorithm 2 found that there are 4996426
solutions for A = 10 and that there are no solutions for other values of A beside the
complementary designs with A = 16. All these solutions give nonisomorphic designs: By
[15] PT'L(2,32) is a maximal subgroup of Ss3. Therefore the full automorphism group
could be either PI'L(2,32) or Ss3. The latter case is impossible, since it would require all
8-subsets to be included into the design because of the transitivity of S35 on X.
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