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RECTANGULAR ARRAYS WITH FIXED MARGINS
' PERSI DIACONIS* AND ANIL GANGOLLI!

i
}
,Ab.u-act. In a variety of combinatorial and statistical applications, one needs , |
‘;how the number of rectangular arrays of nonnegative integers with given row and !
sums. The combinatorial problems include counting magic squares, enumerating ;
s tations by descent patterns and a variety of problems in representation theory.
m‘iuical problems involve goodness of fit tests for contingency tables. We review i
. thaes problems along with the available techniques for exact and approximate solution. NS
o

ing that a natural analog
Is 1s the following. Iet
f cardinality n each. Lgt$
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L. Let Hy be a bipartite 8
of vertices A and B; for 3§
reen any two subsets X of ‘38 ’
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ich a graph exists using a;
e known constructions of
%) be the bipartite graph §
edges are all edges of H, §
Ty edge e of H. It is not 3
wo assertions hold.

ey

1. Introduction. Let r = (ry,---,rp) and ¢ = (c1,--+,¢,) denote
paitivc integer partitions of N‘. Let X, denote the set of all m x n non-
wegative integer matrices in which row 7 has sum r; and column j has sum
G- Thus £;;Ti; = N for every T' € Xyc. Throughout, we assume m,n > 1;
otherwise L. has only one element. As will emerge, ¥, is always non-
empty.

When m = n and r; = ¢; = r, ¥, becomes the set of magical squares.
The classical literature on these squares is reviewed in Section 2. For
general r, ¢, the set Lpc arises in permutation enumeration problems. These
include enumerating permutations by descents, enumerating double cosets,
and describing tensor product decompositions. Section 3 describes these
problems. Sections 4, 5 describe closely related problems in symmetric
function theory.

In statistical applications, Ty is called the set of contingency tables
with given margins r and ¢. Tests for independence and more general
satistical models are classically quantified by the chi-square distribution.
More accurate approximations require knowledge of Tre. These topics are
tovered in Section 6.

Remaining sections describe algorithms and theory for enumerating
and approximating |Xrc]. Section 7 describes asymptotic approximations.
Section B describes algorithms for exact enumeration. Section 9 gives com-
Pexity results. Section 10 describes Monte Carlo Markov chain techniques.
The different sections are independent and may seem to be quite disparate;
the link throughout is the set of tables.

Each of thege topics has seen active devélopment In recent years. A
useful review of the earlier work is in Good and Crook (1977).

"2) > 0 so that for every
+ | B > n:

> (Cn.

st surely does not contain

irectly; (ii) follows from
1ot many more than n/4
the edges of H, cannot
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ris Bertsimas for bring: of nomne faf’iv 4 tquares. et Hp(r) e'no e the number of n nma Sricels ;
Joel Spencer for helpful "l?\lri(‘v}? C Integers .each of whose row and columii sums is 7. Such

¢s are called magical squares and were first studied by MacMahon

H1916) who showed Hi(r) = (r ;’ 2) + 3<r : 3) Stanley (1973, 1986) gives

A careful review of the history. He has proved that for r > 0 H,(r) is a ‘
——
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