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Rigidity of zonohedra

N. P. Dolbilin, M. A. Shtan’ko, and M. 1. Shtogrin

In the present note we generalize a theorem stated in [3] on the rigidity of quadrillages! on the
2-sphere S2 in E3. Namely, we show the rigidity of a very extensive class of non-convex polyhedra
embedded in 3-dimensional Euclidean space, the so-called zonohedra, introduced by Fedorov [2]
as long ago as 1885.

The basic concepts, results, and problems of the theory of deformations of surfaces can be
found in the collection [1].

Here by a zonohedron we shall mean an abstractly given polyhedral sphere such that: a) each
face is a Euclidean convex polygon with an even number of sides; b) the set of sides of each
polygon can be split into pairs of sides that are parallel to each other.

It is natural to introduce the concept of a belt or zone ([2], p. 256) for such polyhedra.
A quadrillage of the sphere S2 is an important special case of Fedorov zonohedra and the concept
of a strip, which has served as a useful tool in the study of properties of quadrillages, coincides
with the concept of a zone for arbitrary zonohedra.

A zonohedron Q embedded in E3 (with plane faces) is called rigid if there is an ¢ > 0 such
that if Q' C E? is any zonohedron (with the same plane faces) isometric to Q with IQ—Q'|l <e,
then @' is congruent to Q.

Theorem. A zonohedron embedded in E? is rigid.

We consider the graph I' of distinguished edges introduced in [3]. Let us assume that the
embedded zonohedron admits a continuous deformation ¢ in the course of which each face remains
plane. Then in the course of the deformation ¢ at least one dihedral angle, that is, the angle
between the planes of two adjacent faces, must change. Let us call each edge of a dihedral angle
that changes under ¢ distinguished. We consider a deformation ¢ and we shall assume that it
is so small that under ¢ the embedded zonohedron remains embedded as before. We denote the
graph consisting of all distinguished edges by I'. The edges of I" are the distinguished edges of the
zonohedron and the vertices of the graph are the vertices of the distinguished edges, and only these.

We list some properties of the graph of distinguished edges. Note that the set of edges of T is
non-empty if and only if the zonohedron @ admits a deformation .

1. The graph T' divides the surface of the zonohedron into a number of connected com-
ponents. FEach distinguished edge separates two different components, that is, it is a
boundary of two faces of the zonohedron belonging to different components.

2. At least two edges must meet at each verter of I'. This follows immediately from I'l. & 7

3. If only two distinguished edges meet at a vertez, then they lie on a straight line. )

I'4. Either 2 edges or at least 4 edges meet at a vertez of T'.

Ky
3

For the proof of these properties of T see [3].

Now let us pass from the graph of distinguished edges to a graph I'y,, which we shall call the
graph of the deformation p. The vertices of the deformation graph I', are declared to be only
those vertices of T" at which at least 4 edges meet. We consider an arbitrary distinguished edge e of
the original graph I" and select those distinguished edges which can be joined to e by an edge path
passing through vertices of I" of degree 2. In view of property I'3, and also of the boundedness of
the zonohedron, the union of such edges forms a straight-line segment, which we shall regard as
an edge of the ‘new’ graph I',. Both endpoints of such an edge are vertices of valency at least 4,
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It is elliptic, that is, it has the signature (0,4) (see 3], for example) but the graph I'; — w is
obtained by a blow-up of I~“, and hence it too is elliptic. We have shown that I‘()?) is a Lanner
graph. Since X is a Fano variety the morphism ¢ shrinks all the vertices with weight less than —1.
For the remaining vertices e; we define the DP-coefficients n; as in [4]: 5; = —[p*"Kx] * [e;] =
143, o;[Fi]*[e;], where the F; are the exceptional divisors of the morphism ¢, and the coefficients
«a; are determined by the equality K5 = P*Kx + >, aiFy; a; <0, as we may take X to be the
terminal modification of X, which is non-singular, since the isolated singularities of (SL(2), G)-
varieties are not Q-factorial [5]. If all the n; > ¢ we say that the graph ['(X) satisfies the DP()
condition. In this case by Theorem 3.13 of [4] we obtain the bound p(X) € 7+ 16/. It remains
to note that 7(X) < hef(n;). This proves the theorem.

Corollary. p(X) < 7+ 16/k, where k is the Gorenstein indez of X.

The author is grateful to Yu. G. Prokhorov for posing the problem and for his attention to
this work, and also to V. V. Nikulin for helpful discussions.
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that is, vertices of the new graph. We list some properties of the deformation graph that we shall
need.

T, 1. All the edges of ', are straight-line segments consisting of a number of distinguished edges.
I'p2. No two edges of Ty have two common endpoints.

This follows from the fact that the zonohedron Q is embedded in E2. Hence there are no
two-edge cycles in the deformation graph.

I'y3. At least 4 edges meet at each vertez of T'y.

T'p4. The graph T', divides the surface of the zonohedron into regions among which there are
at least eight triangles (by a triangle we mean a region whose boundary consists of three
and only three edges of T',).

In fact, let us denote the number of components of T'y, by k, the number of its vertices by v,
the number of edges by e, and, finally, the number of regions into which the sphere is divided by
the edges of 'y, by f. We note that a region need not be a disc, and the edge contour that bounds
it, which consists of straight-line segments, need not be connected. Let fn denote the number of
regions with n edges. Then we may write down the following relations:

ann24v, ann=28, an:f.

From these relations and the generalized Euler formula (v — e + f = k4 1) we obtain:
S-n)fn>4v-e+f)24-2.

Hence we deduce that fz > 8+ f5 +2f + -+ (n —4)fn +---. Thus there are at least eight
triangles in I'y.

Remark. In fact it follows from the above arguments that each connected component of T'y, con-
tains at least eight triangles.

Proof of the theorem. Let us assume the contrary: the zonohedron @ embedded in E® admits a
continuous deformation ¢. Then the deformation graph ', must exist. Let A denote one of the
triangular regions of @ (see I',4), and let a be any edge that lies on a side of A. The strip (in the
sense of Fedorov) constructed from the edge a contains two faces, F} and F say, adjacent to a, of
which one, say Fy, lies outside the triangle A, while the other face F» lies inside A. Moving along
this strip in the direction from Fi to F2, we meet the first face F after Fo that does not already
belong to A. Then the preceding face Fj..1 in the strip lies inside A. Since the faces Fr_; and Fj
have only one common edge b and belong to the same strip, the edge b belongs to the contour of A
and runs parallel to the edge a. Therefore the distinguished edges a and b cannot lie on different
sides of A, that is, they are obliged to lie on the same side of the triangle. However the edges a
and b cannot lie on the same side. This contradiction shows that no graph I', with properties
I'p1-I'x4 can be embedded in the edge skeleton of the zonohedron Q. Thus the assumption that
there is a deformation has led to a contradiction, which proves the theorem.

Remark 1. Although the theorem speaks of the rigidity of embedded zonohedra, in fact, as is clear
from the proof, immersed zonohedra are also rigid, as are also zonohedra which can be mapped
into E3 linearly on each face and whose one-dimensional (edge) skeletons are immersed in E3.

Remark 2. We consider a decomposition of E3 into Fedorov parallelohedra, that is, into
3-dimensional convex polyhedra that fill the space under parallel transfers. It is known that there
are 5 affine types of such parallelohedra. Let Q be a polyhedral sphere consisting of faces of the
2-dimensional skeleton of a decomposition of the space into parallelohedra. Then the polyhedral
sphere @ is a zonohedron and is rigid by the theorem proved above.
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HEN3TMBAEMOCTDL 30HO9IPOB

H.I1. Nonsuaud, M. A. IliTAHLKO, M. Y. IITorpuH

B macrosmett 3amerke 06obmaerca Teopema o Hep3rHGaeMoCTH KBaIprILKelt nByMepHoit Che-
pu 528 E3, mnoxennas B [3]. A uMeHRO, M IOKaXEM Hey3rbaeMoCTh OUeHb IMPOKOro KIacca
HEBMNYK/HX MEOrorpammnkos, ssenerrnx E.C. Pexoposu eme 1885 roxy [2], Tax Ha3LBAEMBIX
30HOBPOB, BJIOKEHHEIX B 3-MEPHOE EBKIM0BO NPOCTPAHCTEO. '

C OCHOBHEIMM NORATHAMH, Pe3yabTaTara ¥ mpoGaenany Teopuy yarubania nopepxHocTell MOXHO
nosraxoMmThCa B cGopruxe [1].

3 nech N0 30%080p0M MEL GyAeM NOHMMATS A0CTPAKTHO 33IAHHYI0 noMMARpAILHYIO chepy TaKyo,
T70: 3) KAXIAA FPAHD SBILAETCA EBK/IMIOBLIM BLITYKILIM MEOFOYTONLHMKOM C JETHEIM TUCIOM CTOPOH;
6) MHOXECTBO CTOPOR KaXKJIOr0 MHOTOYTOILHIKS pa3bupaeTCs HA NAPH CTOPOH, NAPAIIENEHEX MEXIY
coboit.

JI716 TAXMX MHOTOTDAHHUKOB €CTECTBEHHO BBOIMTCA IIOHATHE Hosca wm 308K [2, ¢. 256]. Ksazpum-
ax chepu 52 ects pakunilt wacTHELE Cirydalk 30HORAPOB denoposa ¥ TOBLTHE NOJNOCKH, ciryxuBmeit
11071€3HAIM MECTPYMEHTOM A M3YHeHus CBOUCTB KBAIDRIELDKA, COBNANACT C MOHATHEM NOACA AL
POMIBONLHEIX 30HOAPOB.

Souoanp @, BNOXKeHHEI! B E? (c nnocxinm rpanmau), HASLIBaETCH Heus2uboembLm, eCI CYIEcT-
syer taxoe € > 0, uro moGoi M30MeTPIUHRIA €My (C TeMu XKe ILIOCKIMUA TPaBAMI) 30HO3IP Qc ES
pu yenosma [|Q — Q| < € xourpyenTes Q.

TEOPEMA. Jonoadp, eaoacennnt 8 E3, seasemcs neuzsubaemonm.

Paccyorpims rpad ormeuennux pebep I, KoToph Grix sexen b [3]. JdomycTimd, uTo BIOXEHHEI
30HORIp IOMYCKAET HempepisHoe M3rubamme ¢, B mpouecce KOTOPOTO KAX/AL Pafb 0CTAeTCA II0C-
xoit. Toraa B mponecce u3rnGama %075 Ot O IBYTDAHHBIA YTOJ, T.€. YTOI MEXKy IVIOCKOCTAMU
ZBYX CMEXHHIX FPaHelf, NOJKEH M3MEHATHCH. Ha3sosem Bcaxoe peGpo M3MEHAIOMErocs npu waruGanm
(p IBYTPAHHOL'O YTIIA OTMENERHILM. Paccumorpuu marnGanye @ 1 GyzeM IpeanonaraTs ero HACTOJBLKO
MAJIBLIM, YTO BIOXKEHHEIA 30HOBIP IPH ErubasuM (p 0CTAETCH NO-HPEKHEMY BIOMKCHHEIM. OGo3naumM
rpatp, cocroAumit ¥3 BCEX OTMETEHHEIX pebep, uepes I'. Pebpa rpada I' — 370 OTMEUeHHEE pebpa 30-
HOBIPA, 8 BEPIIMHK rPada — 2T0 BEPIIIHL OTMEICHHARIX pebep 1 TOILKO OHM.

Tepeuncmns BexoTOpHE CBOKCTBA rpada oTMeveHHLIX pebep. SameTmM, UTO MHOKECTBO pebep
rpaa I HEMyCTO TOTHA 1 TO/ILKD TOTAA, xorza sorosap Q momyckaer usrnbamme .

T'1l. I'pag T' pasbusaem noeeprrocms 304090PG HG HECKOABKO KOMNOHERT COAIHOCTIU.
Kaxcdoe ommenesinoe pebpo paadeasem 08e PasuNNbE KOMNONEHMEL, m.e. FeATeMCH 2pa-
nuyeil deyz zpanetl 3on08dpa, NPUHGOAENCAUUT POINULM KOMTORENTIAM.

T'2. B xamcooil sepwsune zpaga I' doadcno acmpenamses He Menee dsyz pebep. o HeMen-
nenno caexyer m3 I'L. :

T'3. Ecau 6 8epusine CTOOSMCA MOAYKO 080 OTMEHENNUT pebpa, Mo OHU AENCAM HA NPA-
motl.

T'4. B sepwune zpaga T' czodamer aubo 2 pebpa, aubo ne menvuie 4.

IloxasaTemsCcTBO 3THX cBoltcTs rpagal’ cu. B [3}-

Tlepeitnem or rpada OTMEICHHRIX pebep x rpady 'y, xoTopHiit GyneM HASHIBATL zpafom uzeu-
6anusr . Bepmymasm rpada mrubamms ['p 06HABNAI0TCA JITbL T€ BEPIIIHE! rpada I, B KOTOpHIX
CcXOmATCS He MeHee 4 oTMeueHHEIX pebep. PaccmoTpin NpoIBBOILHOS ormeuenHoe pebpo e u3 uCxon-
goro rpada I' u BresM T€ OTMeeHHLIE pebpa, KOTOpEIE MOXKHO COGIMENTE C € pebepHbM myTeM,
TPOXOIAIIMM Yepe3 BEPIMHEL rpada I' crenenn 2. B cury caoticrsa I'3, a Tak>ke OrpaHIMEHHOCTH 30~
HO?Ipa, 0bLemmenue Takux pebep obpasyer npamomsEeiHEIE OTPE3OK, KOTOPHItt MEI GyneM CauTaTh
pebpou “mosoro” rpadal'y. O6a xoHIA Taxoro pefpa ABAAIOTCA BEPIIMHAMY BANEHTHOCTY HE HIDKE 4,
T.€. BEPIIMHAMI HOBOTO rpada. Tpusenem reobxommMEIe HAM caoitcTpa rpada msrubanms.

Tpl. Bce pebpa epaga Ty cyms npamoauneilnne ompesxy, COCTNOAWUE U3 NECKOADKUT
omMmenennnz pebep.

T»2. Huxaxue dea pefipa zpaga 'y ne umenom dsa obwuz xoxrya.

Pa6oTa BumoHena Iy YacTHaEOK noaxepxxe Poccmitcxoro dorna GyRIAMEHTATLHEIX HCCIEN0-
samult (rpasr N 96-01-00166) u Hemenxoro Bay<HO-NCCIENOBATEILCKOTO obmecrsa (DFG).
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970 BHITEXAET M3 TOTO, YTO 30H0aAD Q Baoxen B E3. Takuu 06pasom, B rpade mrnGamms et
IBypeGepHEIX IAKIOoB.

T'»3. B xaxcdoil eepuune 2pada I'p czodames ne menee 4 pebep.

T 4. I'pag Ty pasbusaem nosepznocmv 301090pa Ka obaacmyu, cpedu KOMOPHT uMmeem-
o7 no xpafinetl mepe aocemv mpeyeoasruxos (nod mpeyzossruxom nonumaemcs obascmo,
gpanuya xomopotl cocmoum u3 mpez u moasko mpex pebep zpada I'p).

B camom nexne, 0603nawn wmcno xoumonent rpada Iy vepes k, uucno ero sepums — yepes v, wmc-
110 pebep — gepes e u, Haxoner, wwcI0 06nacrelt, Ha KOFOPEe cdepa pasbusaerca pebpaym rpada Iy,
- qepea f. 3amermy, uro 061aCTE MOXeT GRTH M He JHCKOM, & OrpaHNuMBAION ee peGepit xon-

COCTOSII M3 HPAMOMHEHAHEIX OTPE3KOB, MoXKeT Guirs He casmum. OBoanawad vepes fr wmcao
oﬁnac-reﬁ ¢ n peGpam. Toraa MOXHO HAIMCATS CIEXYIOMME COOTHOMEHIS:

ann 4v, ann=23, an=f-.

W3 armx cooTromenmit u 0Go6mennolt hopmym Diinepa (v — e + f = k + 1) nonyuaem:
Y @-n)fazdv—c+f) 242

Orciona suBomn, 910 f3 > 8+ f5 +2fg + -+ + (n— 4)fn + - - - . Taxuna oGpasom, B rpade I'y
uMeeTcs, Mo Kpalinelt Mepe, BOCEME TPEYTOJNLHUKOB.

3AMEYAHME. W3 npusesennuix paccykaeHni Gak THHECKHM CIeyeT, IT0 KK Ias CBA3HAA KOMIIO-
nenrarpada I'p conepkur e Menee BOCbMH TPEYTOIbHIKOB. ‘

JIOKA3ATENLCTBO TEOPEMBI. IIpemonoxing IpOTHBROE: BIOHKEHHLI! B E® 30HO03Ip @ momyc-
KaeT HenpepuBHoe arubarue . Torzna xomker cymecrsosaTs rpad narubamis I'p. OGosnawny e-
pe3 A omy u3 TpeyromsHux obnacreit som0apa Q (oM. T'p4), nuycrs a ~ Kaxoe-mnbym pebpo, xo-
TOpOe NexuT Ea cTopone Tpeyromarka A. Iosc (B cuucre $enoposa), nocrpoernsit no pebpy a,
COZEPXMT XBe rpamu, ckaxeM, Fy u Fy, npmukaromue K pebpy a, npadeM ofHA U3 HUX, OyCTh F1,
NeXAT BHe TPEYTONLHUKA A, B TO BpeMs Kak npyras rpass, Fa, nexur sayTpn A. Ileurasck Brom
3TOro noAca B Haupasaenym or Fy k Fo, Mul BcTpeTyM nepsyio nocne Fo rpass Fj, kotopas yxe e
mpumamexut tpeyronsruky A. Torna npemunymas rpass Fy 1 B nosce sesxur sryTpz A. Tak xax
rpamu F),__; u F), muesor mumm oxeo obmee pe6po b u npunamtexkat omroMy noscy, To pebpo b npu-
HAJUICKUT KORTYPY A K npoxomr rapaaneasHo pebpy a. Ilosromy ormevenmtie pebpa a u b ne MoryT
JIEXATH HA DASHHIX CTOPOHAX TPEYTOMLEVKA A, T.€. 05A3aHE! TeXKaTh Ha OHOMN CTOPOHE TPEYTOILHIKA.
Omaxo pebpa a 1 b me MoryT neXaTh ¥ HA ofmHoll cTopore. [lonyuennoe mpoTuBOpeUNe NOKA3LIBaET,
uTo muKaxoi rpad I'y co ceoficream I'p1-T' 4 Be MOXeT OuTE BiOKeR B peGepHEL ocTOB 30HO9A-
pa Q. Taxum oﬁpasou, npexuoaokenue 06 M3ruGanvy OpUBENO K NPOTHBOPETMIO, YTO JOKA3LIBAET
TeopeMy.

3AMEYAHME 1. XoT4 B TeopeMe rOBOPHTCA 0 nemmﬁaeuocm BJIOXEHHHLIX 30HOAIPOB, B NelicTBH-
TeNLHOCTH Xe, KaK BIIHO I3 JOKA3ATENLCTBA, nemmﬁaemnm ABJSIOTCA ¥ OTPYKEHHEIE 30HOJAPH,
a TaKXKe TaKue 30HO®APL!, KUTOpHe omﬁpmxem 8 E® mameitno a xaxnoit TPaHy ¥ b7 OMHOMEPHEIE
(pe6epme) 0CTOBH nospyacenw B E3.

3AMEYAHME 2. Paccuorpum pa3buerne E3 na ¢$enopoBcKIe NAPAJINEN0NPH, T.€. Ha 3-MepHEe
BHUTYKJILIE MHOTOTIDAHHWKH, 3ATI0THAIONIHE TPOCTPAHCTBO MIPM NOMOIIH NapaJ/lIelsHEX neperocon. Kak
H3BECTHO, CymecTsyer 5 adpdumnrx TYmOB TakUX napanrenosapos. Ilycrs ) — nosmanpansuas che-
Pa, COCTaBJEHHAS U3 rpanell 2-MepHOro OCTOBa pa3buenus NpocTPABCTBA Ha Napanenoanps. Torma
nomerpansaas cdhepa @ SBIASTCA 30HOEPOM M 110 JOKA3AHHOM Teopeme Remsrubaema.
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