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This paper describes a general-purpose programming technique, called Simulation of Simplicity, that
can be used to cope with degenerate input data for geometric algorithms. It relieves the programmer
from the task of providing a consistent treatment for every single special case that can occur. The
programs that use the technigue tend to be considerably smaller and more robust than those that do
not use it. We believe that this technique will become a standard tool in writing geometric software.
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1. INTRODUCTION

This paper introduces a general technique that can be used to cope with degen-
erate cases encountered by computer programs. Consider, for example, a program
that sorts an array of integers using a comparison as a primitive operation. A
special, or degenerate, case occurs when the program attempts to decide which
one of two equal numbers is smaller than the other. A typical way to resolve this
tie is to pretend that the number with the smaller index is smaller (assuming the
integers are indexed, e.g., by their positions in an array). Or think of Kruskal’s
algorithm for constructing a minimum spanning tree of a weighted graph (see
[1]). At each step it chooses the shortest edge that can be added to the current
collection of edges without creating a cycle. If this edge is not unique, then any
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Fig. 1. The different cases in the Parity algorithm.

one of the candidate edges is taken. The thus generated minimum spanning tree
is therefore not unique unless we specify deterministic rules to break ties

_:, both problems, sorting and constructing minimum spanning :m.mm the
mmmo_& cases are easily dealt with, partly because the ties can he broken mngnmmazv\
without nnmm::w inconsistencies. The situation is usually far more complicated
for geometric problems. Consider, for example, the following seemingly straight-

moZz.w& Emo«;ra for the point-in-polygon problem that is sometimes called the
Parity Algorithm:

—Let r be the horizontal half-line whose left endpoint is the test point.
—Count the number of intersections between r and the edges of the polygon. If

that :Ew&m: is odd, then the test point lies within the polygon, and if the
number is even, then it lies outside the polygon.

As UQ.::& out in [12], it is not a trivial matter to implement this algorithm
even if we assume that the test point does not lie on the boundary of the Uo_wmo:,
There mam.o::\ two nondegenerate cases: Either the intersection between r w:m
an edge e is empty, or r crosses e (see Figure 1la and b). There are, however. four
degenerate cases (as illustrated in Figure lc-f) that have to be grmr into moow::ﬁ

A correct answer is obtained if cases (c) and (e) are counted as one crossing
and cases (d) and (f) are not counted at all. If we write the code for the above
m_mo,zﬁra. we realize that a substantial amount of the effort is required to cover
the four degenerated cases. Observe also that there are several seemingly plausible
ways to treat the degenerate cases and that some of them lead to incorrect
algorithms. We appeal to the imagination of the reader to envision the bizarre
structure of degenerate cases one encounters in generalizing the point-in-polygon
problem to three or higher dimensions. Another problem with a set of degenerate
cases H:mﬁ.._m considerably richer than the one of the point-in-polygon problem is
obtained if one intersects a polygon with a geometric o_.d.mnw that is BOZM
complicated than a half-line.

When it comes to implementing geometric algorithms, degenerate cases are
very costly, in particular, if there are many such cases that have to be distin-
guished. This is caused by the positive correlation between the 5:53m~ of
;wmm:mﬁ.ﬁm cases and a variety of factors that contribute to the overall cost cw‘m
piece of software. These factors include the length of the program, which, for
.:mm:, correlates positively with the amount of time required to S:ﬁmv; to mmU::
i, m:a to maintain it. Of course, the degree of robustness of the c:vwaaiamﬁmmﬁmm
with increasing complication. The correctness of a program relies on the ocamvwn,.
tent treatment of all different cases. In this context, it is worthwhile to :E:ECr:
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68 . Simuiation of Simplicity

that more efficient algorithms tend to be more complicated and also more sensible
to slight inconsistencies in treating degenerate cases. .

This paper presents a general technique, called Simulation of Simplicity Amom.r
that can be used to cope with the problems mentioned above. Intuitively, it
simulates a conceptual perturbation of the input data that eliminates all
degeneracies. We hasten to mention that the perturbation is never ever com-
puted—it is assumed to be arbitrarily small, although not <N::mw::m.“ which 1s
enough to simulate the nondegenerate topology. Another interpretation of mrm
technique views it as a general way to break ties consistently. The am.gwmf:m
part of the code appears in the lowest level of the algorithm, namely, in the
procedures that implement the needed primitive operations. Different techniques
following the same main approach have recently been suggested in [23] m:.ﬂ Ei.
A large part of this paper is devoted to demonstrating that the overhead in SB.m
caused by the use of the more elaborate primitive procedures required by SoS is
negligible. . ,

The outline of this paper is as follows: Section 2 presents the general idea of
the technique and works out some guidelines needed to implement it effectively.
Section 3 considers a class of problems for finite point sets that can be solved
using a common set of geometric primitives. It also discusses how the perturbation
influences the geometric primitives. Section 4 demonstrates efficient implemen-
tations of the primitive operations. In Section 5 we show that the geometric
primitives introduced for point set problems can be used to solve a variety of
other problems defined for polygons, hyperplanes, circles, spheres, and o.ﬁrma
geometric objects. Finally, in Section 6 we discuss the perturbation technique
and its limitations.

2. SOS: THE GENERAL IDEA

Degeneracies occur with probability zero if we draw a finite sca_cmﬁg geometric
objects, each represented by a finite set of numbers from the (infinite) set of all
such objects, provided there is no bound on the precision of the numbers used.
In real-life computing, this is not the case; that is, there is only a finite set of
available numbers and thus a bound on the precision that can be achieved. As a
consequence, we are doomed to work with degenerate data. On the o«rwn rm:a,
even infinite precision does not guarantee the nonexistence of degeneracies. u.Z..:m
section gives the general outline of a technique called the Simulation of Simplicity
(S0S) —we use simple as a synonym for nondegenerate—which allows us to neglect
degeneracies when we write programs. A similar but less elaborate method vm,f,
been used to solve degenerate linear programs. This leads to the implementation
of the simplex algorithm referred to as the “lexicographical method” (see {3). [4].
(6], or {7] for details). In computational geometry, this technique Jmm been used
in a couple of papers, including (8] and [11], to avoid the otherwise necessary
discussion of degenerate cases. This paper presents the theoretical foundations
of SoS, as well as details of its implementation.

The basic idea of SoS is to perturb the given objects slightly, which amounts
to changing the numbers that represent the objects; these numbers are called ﬁ.:m
coordinates or the parameters of the objects. It is important that the perturbation
i« small enough so that it does not change the nondegenerate position of abjects
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relative to each other. Coming up with such a perturbation is rather difficult and
may require much higher precision than used for the original set of objects. For
this reason, we perform the perturbation only symbolically by replacing each
coordinate by a polynomial in e. The polynomials will be chosen in such a way
that the perturbed set goes toward the original set as ¢ goes to zero. We will see
that it is not important to know the exact value of ¢ to perform the simulation;
rather, it is sufficient to assume that ¢ is positive and sufficiently small. Thus, it
will be possible to use ¢ as an indeterminant and to handle primitive operations
symbolically.

The future user of SoS will not have to be concerned with the role that e plays
in the perturbation or with the symbolic manipulation of polynomials. We may
think of SoS as a package that provides the primitive operations needed for a
certain computation. Ideally, the inside of these operations is hidden from the
user, who communicates with them as one would with an oracle. It turns out that
a large number of geometric problems can be solved using a surprisingly small
number of primitives. Some of these primitives will be discussed in the following
three sections. This section continues to develop the general ideas on which Sos
is based.

One of the goals of SoS is to perturb a set of objects such that all degeneracies
disappear. A degeneracy is something that is not defined in general; its definition
depends on the problem at hand. More specifically, it depends on the primitive
operations used to solve the problem. For example, a primitive operation in the
point-in-polygon algorithm described in the Introduction tests the intersection
of a horizontal half-line and a line segment. A degeneracy occurs if the half-line
contains one or both endpoints of the line segment. A set of objects is now called
simple, or nondegenerate, or in general position, if it does not contain any
degeneracy. We thus define “simplicity” relative to the primitives used to solve
a problem.

This paper considers only topological primitives, that is, operations that test
some given input and classify it as one of a constant number of possible cases.
This is in contrast to operations that compute new objects such as the intersection
of a half-line and a line segment. In most programs, such an object serves onlv
as an intermediate result anyway; but an intermediate result can as well he
represented implicitly as a collection of pointers and a tag that tells us in what
sense the objects identified by the pointers determine the (implicit} result. To
simplify our discussion even further, we restrict our attention to primitives with
three possible outcomes that we represent by +1, 0, and —1, where 0 indicates a
degeneracy, and +1 and —1 distinguish between the two nondegenerate cases.
Tests that distinguish between more than two nondegenerate cases can be
obtained by combining several ternary tests.

[f we think of a primitive operation as a function f that maps a high-dimen
point (whose coordinates describe the input objects) to +1, 0, or —=1. then
represents the set of degenerate inputs. One requirement for this set i~
measure in this high-dimensional space is zero-—otherwise, it is unre:
call its points degenerate. A set of n objects, given by d parameters
thought of as a point in nd dimensions. If f takes k < n objects ax
/U0 is a surface of measure zero in kd-dimensional space. This su
another zero-measure surface in nd dimensions that is obtained by «
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subspace defined by the k objects and extending it
orthogonal to this subspace along the other coordinate axes. Other combinations
of k objects provide additional zero-measure surfaces that, altogether, a.mooBUme
the nd-dimensional space into faces of various dimensions. A cell is an nd-
dimensional face of this decomposition, and all points of & cell no:mmvo.sa to
nondegenerate sets of objects. A degenerate set corresponds to a point x in the
union of the surfaces, denoted by .. Since & has measure zero, every nonempty
open ball around this point contains a point y of some cell. Moving x to ¥
corresponds now to perturbing the set of objects that x corresponds to such that
all degeneracies disappear. This shows that a perturbation to a so:mmmm.:w.nmam
set is always possible even if the amount of perturbation is severely limited.
Recall that another requirement for the perturbation is that it does not change
any nondegenerate subconfiguration. This means that we should not move x
across a surface it did not belong to initially. This can always be guaranteed if
we choose the open ball small enough that it does not intersect any surface that
does not contain the initial position of x.

To follow the forthcoming reasoning, it is not ne
understand the topology of the nd-dimensional space as indicated in the above
paragraph. Nevertheless, this view of the problem sheds some light on the nature
of degeneracy. It also explains why there is always a small enough um:cnvw:w:
that removes all degeneracies. Below, we discuss such perturbations more m._wmo;‘
ically and address a few questions concerning the efficient implementation of
SoS. ‘

Simplicity is simulated by applying a particular perturbation to a set
P={po,P1s--+>» pnatofn geometric objects

£7(0) in the kd-dimensional

cessary for the reader to

p“?:?ﬁ.?..iaif 0=si=n-—1,

each specified by d parameters. It will be important that each object has a unique
index between 0 and n — 1. The objects are in arbitrary, and therefore not
necessarily in general, position. The perturbation of P is realized by replacing
each parameter by a polynomial in &. We define

Pe) = {pile) = (male), mialeds oo maleNi0=isn— 1

where

ﬁ.;inai+m?3 for 0<i<n-—1 1=<j=d,
¢ that goes to zero when ¢ goes to zero. We will refer
to the new parameters 7., (¢), the new objects pile), and the new set P(e) w.m.:a
¢-expansions of the original parameters @i, the original objects p., m:.& the original
set P, respectively. The choice of the polynomials e(i, j) will be guided by three

requirements SoS has to meet.

ande(i,j)is a polynomial in

(1) Pte) must be simple if e >0 is sufficiently small. .
(2) P(c) must retain all nondegenerate properties of the original set I”.
(3) The computational overhead caused by simulating P(¢) should be neghgible

As mentioned before, condition (2) is automatically met if ¢ is smal
To satisfy (1) it sufficient to choose the ¢ (i, j) such that there is no none
the property that Pie) is not simple if € I. Think of /

apen interval [ with
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point x in nd dimensions, and let x(e) be the point that corresponds to P(e). The
points x(e), e > 0, form a one-dimensional curve C in nd dimensions. Thus, (1) is
satisfied if C N > is a discrete set of points. (Recall that ./ represents all points
in nd dimensions that correspond to degenerate sets P.) In this topological
setting, the phrase “z sufficiently small” gets a specific meaning: If &> 0 is the
smallest value of ¢ such that x(ep) € &, theneis sufficiently small if and only if
0 < e < e. It is less clear how condition (3) influences the choice of the (i, J).
Below, we formulate a criterion for the polynomials &(t, j) that leads to an
efficient implementation of SoS. However, we do not claim that other choices of
the ¢(i, j) cannot lead to efficient implementations too.

Recall that a primitive operation is a function f that maps a set @ of k objects
to +1, 0, or —1. If the ¢-expansion is defined properly, then F(Q(e)) € {+1, =1
provided ¢ > 0 is small enough. In general, F(Q(e)) will be the sign of a fairly
complicated function in e (Since f is now a binary function, we can identify
{+1, —1} with {true, false} and express it as a predicate. We will follow this
practice in the following sections of this paper.) One way to allow for an efficient
evaluation of f(@(e)) is to choose the ¢(i, ) in different orders of magnitude such
that two expressions, each consisting of several factors of the form (i, j), can be
compared solely on the basis of the index pairs (i, J) involved. When we evaluate
[(Q(¢)), we can sort its terms in order of decreasing significance, which can be
done by comparing sets of index pairs. The most significant term will be a term
without any e-factor; it will be equal to f(Q). The first term with a nonzero
coefficient decides the sign of the function. If Q is nondegenerate to begin with,
then f(Q(c)) = f(Q), and no other term has to be determined. In Sections 3 and
4, we will see that such a choice of the (i, j) allows us to determine the sign of a
fairly complicated polynomial in only a few steps.

Note that SoS requires us to tell when @ is degenerate, which means that we
need to be able to decide whether or not f(Q) = 0. This is not possible with the
kind of floating-point arithmetic that is usually provided by current computers.
Instead, we need to use exact arithmetic and, thus, occasionally long integers.
These admittedly somewhat expensive operations occur only inside the primitives
and do not concern the user of SoS. Furthermore, the length of such long integers
is bounded by a constant if kd, the number of input parameters of {, is bounded
by a constant. In most geometric algorithms, this constant is reasonably small.
In Section 6 we report on our experience in implementing SoS and give an
indication to what extent the use of long integer arithmetic slows down the
computation. This point cannot be taken lightly because the long integer arith-
metic is likely to occur in the innermost loop of any program that uses SoS and
thus dictates the constant in front of the asymptotic running time. However, it
is worthwhile to mention that the need for exact arithmetic is not a peculiar
feature of SoS itself, but is necessary whenever we do exact computation rather
than push our luck and hope for the cancellation of round-off errors.

3. FINITE POINT SETS: A CASE STUDY

For a further discussion of SoS5, it is advantageous 1o apply it to certain geometric
objects and certain primitive operations defined for these objects. We choose
points in the d-dimensional Euclidean space o4 a5 the objects for the case study.

Notice that this is actually no loss of generality since every object specified by
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d parameters can be interpreted as a point in E9 The primitive operation that
we will consider takes d + 1 points as input and decides on which side of the
hyperplane spanned by the last d points the first point lies. As we will see in
Section 5, this primitive operation has a wide range of applications.

If a given finite point set is perturbed, as explained in Section 2, one can ignore
all degeneracies and special cases. The price for this simulated simplicity is that
the coordinates of the points are now symbolic expressions in€ Even for a simple
task, such as the comparison of two coordinates, we need a custom-made
procedure that handles the e-expansions of the coordinates. Let =, ; be the jth
coordinate of point p;, and let my, be the Ith coordinate of pg, 0 = 1, R = n — 1,
and 1 < j, | = d. To decide which one of the two corresponding perturbed
coordinates is smaller, we define a predicate Smaller as follows:

Smaller (w,j; we1) = true 7, () < mrile).

Due to SoS, we can neglect degeneracies; that is, we have n,,(¢) # m,.(c), and for
this reason the predicate Smaller (x,;; m.,) = false if and only if =, (e) > 7x.(e).
The implementation of this predicate is fairly straightforward since we can
compare the e-terms, (i, j) and e(k, ), by comparing the defining index pairs
(see Section 3.2, Lemma 3.2).

Predicate 1 (Smaller). Assume the e-expansion e, J) is defined as in
Section 3.2 {2). With this, for indices 0 = i, k= n — 1, and 1 < J, [ = d, which
satisfy (i, j) # (k, 1), the predicate Smaller(r;;; 7,) can be implemented as
follows:

function Smaller(r, ; m.,) returns Boolean
begin
if 7, ; % m, then
return {m;; < ;)
else if { # k then
return (i > k)
else
return (j <1)
end

Notice that, in this case, the coordinates =, ; and =4, as well as their index pairs
(i, j) and (k, 1) have to be passed as arguments whenever predicate Smaller 1s
called. This means that in popular programming languages, such as Pascal, the
function heading would be something like

FUNCTION smaller (i, j, k, 1, Pij, Pkl): Boolean;

but implementation details like this will be ignored in the remainder of this
paper. Furthermore, notice that we have

Smaller(w, ;; nx) = true f ;m% rote) J < 1),
Lo ]

In Section 3.1 we express more complicated predicates than just comparisons of

coordinates by similar determinants. For matrices not exceeding a given size, it
is not difficult to specify the e-expansion e(i, j) such that all requirements

)

discussed in Section 2 are satistied. This will be done 1n Section 3.2, Finally,

o
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.m@o:o: 3.3 extends the results to homogeneous coordinates. The procedures that
implement the predicates will be developed in Section 4.

3.1 Predicates Expressed by Determinants

This section introduces the notion of orientation of a sequence of d + 1 points
ms.m&. With this concept we will be able to give an implementation of the
primitive operation for d + 1 points mentioned above.

The orientation of a sequence of points (p;, p;,, ..., p.,) In E“ is either negative
or positive—unless the d + 1 points lie in a common hyperplane, in which case
the orientation is undefined. The exceptional case is a degeneracy that can be
ignored if the points are perturbed. We define the orientation of a sequence
recursively. It will be important that the orientation of a sequence depends only
on .:._m relative position of the points to each other and not on their absolute
positions.

If the dimension d = 1, then the orientation of (p,, p,,) is positive if p, > p,,
m:a. ﬁ is negative if p,, < p;, (cf. Figure 2a and b). If d = 2, then (p,, p.,, E«:v rm_m
positive orientation if the three points define a left turn in the plane; that is, D.,
lies to the left of the directed line that passes through p, and p, in this order. if
(P, P, Pi,) defines a right turn, then its orientation is negative. Note that the
orientation of (p,, pi, p;,) 18 the same as the orientation of (p,, p.,) as “seen
from” p,,. Indeed, the line through p, and p,, can be identitied with E " as soon as
we choose a direction of the line. This direction is provided by the location of
p.,: It goes from left to right as seen from p, (see Figure 2¢ and d).

If d > 2, then the orientation of (p,, p;,, .. ., p,,) is the same as the orientation
of (p.,,...,p.,) as seen from p,. For example, (p,, p... p.,, p,,) in £ has positive
orientation if p; observes (p, pi,, p;,) making a left turn. In most situations
where the concept of orientation is used, the interest is in the position of one
point, p,, relative to d other points, p;, p,,, . .., p,,- We thus sav that p

lies on

tw

the mof.:.cw side of (py, - .., pi,) if (P, Py, - - -, Pi,) has positive orientation, and
p,, les on the negative side of (p,, ..., p,) if (p,. p.. ... p.) has negative
orientation.

To decide on the orientation of a sequence of d + 1 points in £, we use the
matrix

Tl Tig,2 1
T Ta2 1

A= (1
Tin Wi o WG b

LEmMmAa 3.1 The orientation of (pi, p,.
signidet \) = +1 and is negative if and only if sign(det \) = —1|
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Piy

Pi,

Pi Piy Piy Py Pig Pis
(a) (b) (c) (d)

Fig. 2. The orientation of d + 1 points in dimension d, for d = 1, 2. (a) Positive; (b) negative;
(c) positive; (d) negative.

itself if the number of transpositions is even; otherwise, its orientation is the
opposite of the orientation of (p,, p;,, ..., py,).

There are plenty of algorithms for point set problems that are based on
computing the orientation of a sequence of points. Prime examples are the
construction of convex hulls (see [9], [18], [19], [20], or [22]), computing A-
matrices as discussed in [9] and [14], and finding convex subsets (see [5], [9],
and [10]). The remainder of this section considers the primitive operations
required by the three-dimensional convex hull algorithm of Preparata and Hong
that is described in [9], [18], and [19].

The first step of the algorithm sorts the points in x,-direction. To perform this
step, it needs to compare the x,-coordinates of two points, which can be done by
computing the orientation of their orthogonal projections onto the x,-axis.
Second, it constructs the two-dimensional convex hull of the points projected
onto the x,x;-plane. Here, the primitive operation is to decide whether three
points (in the x,x;-plane) define a left turn or a right turn. Third, the algo-
rithm constructs the three-dimensional convex hull by repeating the following
operation:

Given a plane pivoting about two extreme points p, and p, . find the point
hit first by this plane.

This operation can be reduced to a number of comparisons of the following form:
Given two points p,, and p;, which one is hit earlier by the pivoting plane? To
perform such a comparison is equivalent to deciding on which side of the plane
through p,, p.,, and p; point p, lies. This is the same as computing the vrientation
of (pi,, pi,» Pi,, Piy)- Thus, we see that the convex hull algorithm of Preparata and
Hong requires three primitive operations, all of which determine the orientation
of point sequences.

3.2 Choosing the Form of the Perturbation

As explained in Section 3.1, the primitive operation that determines rhe orien-
tation of a sequence of d + 1 points in d dimensions computes the =ign of a
determinant of a (d + 1)-by-(d + 1) matrix. SoS replaces the coor i
this matrix by entries of the form =, + ¢(1, j). The detern
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sum of a finite number of terms, where each term is the product of d items and
an item is either an original coordinate or an (i, J). Thus, each term consists
of a coefficient, which is the product of original coordinates, and a so-called
e-product, a product of factors of the form «(i, j). The number of factors (i, j)
can be zero, in which case the ¢-product is defined to be equal to 1. As mentioned
in Section 2, it is irrelevant what exactly the definition of the ¢-expansion is as
long as it satisfies certain requirements. The computational simulation is unef-
fected if we change the definition of the s-expansion within allowed limits. Even
$0, it is important to show that there is at least one e-expansion that satisfies the
requirements. The existence of such an expansion implies the physical existence
of an appropriately perturbed point set, which is the only guarantee of the
consistency of our method we have.
We define

e(i, j) =¥, 02)

for0=isn-1,1<j=<d and$ = d, and show that this choice satisfies all the
requirements of SoS. Notice that the amount of perturbation experienced by
coordinate =, is larger than the perturbation of nx, if and only if (i, j) < (k, D);
thatis, i< kori=kandj> [ Furthermore, we have

O ejy= [ 27> =sk ) 3

j)=<{k,!) Uy <(k1)

if 0 < ¢ < 1. This is equivalent to stating that 2**~', the exponent of ¢(k, [), is
larger than the sum of the exponents of all e(i, j) with (i, j)} < (k, I). [t follows
that it is sufficient to consider the sets of index pairs when we compare two
e-products. Let e, and e, be two different e-products, and let .#(e,) and .# (e,) be
the two associated sets of index pairs. We call .7 (e,) smaller than .7 (e,) if the
set .7 (e,) — #(e;} is empty or if (Z, J) <k, 1), for (i, j), the largest index pair in
F(ey) — F(ey), and (k, 1), the largest index pair in .7 (e,) — Fey).

LEMMA 3.2 Let ¢; and ¢, be two positive constants, and let e, and e, be two
different e-products. Then ¢, - e, > ¢, - e, for a small enough ¢ if .7 (e,) is smaller
than .7 (e,). ’

Lemma 3.2 is an immediate consequence of (3) and the fact that a small enough
¢ can compensate the influence of the constants ¢, and ¢o. Notice that it is
actually irrelevant which index pairs .7 (e,) and 7 (ey) contain. The only thing
of importance is the relative position of .7 (e ) and .7 (e,) in the ordering of all
sets of index pairs, where large index pairs are more significant in the comparison
of sets than small index pairs. Observe also that Lemma 3.2 holds if we increase
the value of § in the definition of the e-expansion. It turns out that this lemma
is the crucial property that allows us to prove that P(e). the perturbed point set,
is simple and that the orientation of d + 1 points in P(¢) can be computed
efficiently.

LEMMA 3.3 The set P(e) is nondegenerate if e > 015 sufficiently small.
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PrROOF. To prove the assertion, we show that, for no choice of d + 1 mutually

distinct indices iy, ij, . . ., iy, the determinant of the matrix
ig-8—1 ip-6—2 g h—d
Tig1 + P T2 + e Ty + P 1
PR 06 8-2 9i)-4-d
Ty Tt T2t e That e 1
Ae) = : : . : : (4)
ig-8—1 ig-6-2 g d~d
w0 t &% T2 + e T + X 1
is equal to zero. To see this, we assume wlog that 0 = jp < i} < --- < iy <

n — 1 and sort the terms of det A(¢) in order of increasing exponents of e.
Specifically, det A is the first term, and

R
>

; iy bmdy iz b-id-1)
(—1)fdr21 . 2 eann

the last one. Each term is of the form b - ¢, for some constants & and c. Because
we can assume that £ > 0 is arbitrarily small, the absolute value of the first term
with nonzero coefficient b is bigger than the sum of all other terms. Furthermore,
such a term always exists since (3) guarantees that no two terms of the deter-
minant have the same exponent of ¢, and thus, such a term cannot cancel. For
example, the coefficient of the last term is (—1)'“/?" 3 0 and cannot be canceled
by any other term. Consequently, det A(e) does not vanish. [0

As pointed out in the proof of Lemma 3.3, the most significant term of the
polynomial det A (e) is the determinant det A of the original coordinates. If the
orientation of the original sequence (Diy» Piys - - -, pi,) 1s defined, then this term is
nonzero, which implies that the orientation of the perturbed sequence is the
same. This is reassuring since it shows that the perturbation does not change
:o:%.mm.mm_.imﬁm relations of THé 6Tiginal point set.

The curious reader might wonder why the perturbation is defined in the
peculiar form given by the c-expansion (2). As mentioned before, there are many
other choices that could be used, for example,

eli, j) = o

is such a possibility. This e-expansion would also work, but its implementation
is slightly more difficult than that of (2) (cf. Section 4.2). On the other hand,
many less “exotic” choices do not work. The remainder of this section illustrates
this by considering two choices of &(i, j) that appear simpler than (2). The two
choices are

e(i, j) = ¢ % and e, j)=(-6+7) -«

In both cases, Lemma 3.3 does not hold. The reason for the failure is that both
expansions do not satisfy (3) and thus possibly lead to cancellations of ¢-terms
in det A(e). Such cancellations occur, for example. if all d + 1 points of the
sequence coincide with the origin. In this case, the matrix A (¢) equals

ey, 2) - elin. d) 1
eliy, 1y ely, 2) 0 eld,.

eliy, 1) eli,. 2)
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If we define (i, j) = ¢/"°*/, then the second column is equal to ¢ times the first
column, which implies that det A(e) = 0 if d = 2. Ife(i,/y=1(-0+) - ¢ then
the sum of the first and the third columns equals twice the second column; hence,
det A(e) =0ifd = 3.

3.3 Homogeneous Coordinates

When we develop the primitive procedures for computing the orientation of
d + 1 points in Section 4, we represent a point by its homogeneous coordinates.
This representation is slightly more general than ordinary Cartesian coordinates
(it can also represent points at infinity) and leads to a slightly more uniform
procedural treatment.

Let p be a point in £, and let (x&, #§, .., =) be its sequence of Cartesian
coordinates. Point p has d + 1 homogeneous coordinates

H _u H._H
?:, To, oy Tgi Tgey)
such that
o
c i
T= for 1 =</=d.
Tae

Thus, p is 1/r,, times the point whose Cartesian coordinates are equal to the
first d homogeneous coordinates of p. Notice that the homogeneous coordinates
of p are not unique; we still represent the same point p if we multiply each
coordinate by the same nonzero scalar. If we decrease the absolute value of w1,
without changing the other homogeneous coordinates. then p moves away from
the origin on a straight line and reaches “infinity” when » 7, becomes 0. Indeed,
p is “at infinity” if and only if ¥, = 0. Using homogeneous coordinates, it is
not allowed to have all d + 1 coordinates equal to 0—in this event, p is not
defined.

We next extend Lemma 3.1 to homogeneous coordinates; that is, we charac-

terize the orientation of a sequence of d + 1 points (p,. p,. ..., p,),
pi, = ?_‘ww? ﬁ\wmf u,‘,f?_,_,

in terms of their homogeneous coordinates. The orientation of a sequence of
d + 1 points is not defined if any of the points lies at infinity. In fact, it is not
possible to generalize the notion of orientation to points at ianfinity without
changing our interpretation of a point at infinitv. example, consider a
sequence S of d finite points and one point p = | .= 0) at infinity.
We can think of p as the limit of points

ple) =G =0 a7

mit of these points
i with ¢ small enough,

when ¢ > 0 goes to zero, but as well, we can think 1
If ¢ is negative and approaches zero. If we replace 1
then e > () and ¢ < 0 lead to different orientation. \\.

ur discussion

v N i danuary




78 . Simulation of Simplicity

of orientation to finite points. Define

H H H
Tig1 T2 ' Tydel
H H H
Ti LT Tid+1
A= . (5)
H H H
T Tig2 0 TWider
If =¥ =1, for 0 < v = d, then A is the same as the matrix A used in

i, d+1
Lemma 3.1. Otherwise, we can multiply the rows such that =|',., = 1. The sign

of det A changes if we multiply a row with a negative number, which implies the
following result:

LEMMA 34 Let (p, pi, ..., h_hv be a sequence of points with p;, =
?_.N: aww.? cees a.w? iwhiv and w; .. # 0. Their orientation is positive if
sign(det A) = ISy sign(r! . )), negative if sign(det A) = —[19_, sign(z ),

and undefined if det A = 0.

In contrast to Cartesian coordinates, a point is now represented by d + 1
coordinates, which makes it necessary to choose 6 = d + 1 when defining the
e-expansion (i, j} in (2). With this, it is easy to prove that determinants cannot
vanish, which implies that Lemma 3.3 holds also for the new setting using
homogeneous coordinates.

4. IMPLEMENTING A PREDICATE

This section presents the actual implementation of a geometric predicate using
SoS. The chosen predicate determines the orientation of a sequence of points, as
defined in Section 3. Its implementation will be based on the s-expansion specified
in Section 3.2 (2) and on the fact that the orientation can be found by evaluating
the sign of a determinant as stated in Sections 3.1 and 3.3. The crux of the
implementation is that this determinant is a polynomial in . The computation
of the sign of such a polynomial is discussed in Section 4.1. The coefficients of
the polynomial turn out to be subdeterminants of the original matrix. Based on
this observation, Section 4.2 gives an algorithm that generates these subdeter-
minants in sequence of decreasing significance by employing a special encoding
scheme. Finally, in Section 4.3 we briefly address the problem of sign computation
of integer determinants in general.

In Sections 3.1 and 3.3, we defined the “orientation™ of a sequence of points in
d-dimensional Euclidean space given by Cartesian and homogeneous coordinates.
We now formally develop the corresponding predicate that uses perturbation in
the sense of So8S. In the Cartesian case, each point p, is given by its d coordinates

D. = A#, Lo

i~ represented by a

whereas in the case of homogeneous coo
(d + 1)-tuple

po=lma, o T
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Let
P=1po, ..., pa-i}
be a set of n points in E? and denote by
P(e) = {pole), - . ., pai(e}}

its perturbed version using the e-expansion of Section 3.2 (2), assuming é is large
enough so that Lemma 3.2 is valid. Now define for d + 1 points with distinct

indices i, i, . .., ig, all in the range from 0 through n - 1,
Positiveqs(p;, - .., pi,) = true

iff
the orientation of (p; (¢}, ..., p;,(e)) is positive.

Degenerate cases can be neglected because we simulate simplicity. From
Lemma 3.1 it follows that Positive, is equivalent to the test of whether or not

sign(det A(e)) = +1,
with A(¢) denoting the corresponding matrix of the perturbed Cartesian coordi-

nates as in (4). In the homogeneous case (see Lemma 3.4), we have to check
whether or not

d
sign(det Afe)) = [] sign(m; qu1(e)).
v=0

Here, A(c) denotes the perturbed version of matrix A in (5), whose rows are
formed by the homogeneous coordinates of the points involved; that is,

71+ oelle, 1) w2 + 2(io, 2) Tigd+1 T n:”? d+ 1)
ot oe(i, 1) me +e(in, 2) moae1 toeli, d+ 1)
Ale) = : : - .

T+ oe(ia, 1) w0 + e, 2) Tavt +oella, d + 1)

At first sight, the development of such an e-determinant seems to be a painful
exercise. Yet, it will turn out that it is not that hard and can be achieved in an
algorithmically clean way. Anyway, to begin with something easy, consider

moa+ e, 1) w4+ e(i, 2)

det ,(c) = det mately, 1) ms+ e(), 2)

Let e((iy, /1), ..., {iny 7o) = [[ 221 2(i, J.), and call it a k-fold e-product; e( ) = 11s
called the 0-fold c-product. Furthermore, assume 1 < j. When we now develop the
determinant, we get

det A,

i)

1 -
. 2)),
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where the terms are already sorted by increasing powers of ¢. Note again that the
first coefficient corresponds to the “unperturbed” determinant, that is, A,, whose
evaluation would be part of any implementation of the predicate—of course,
followed by the more or less awkward handling of all possible degeneracies.
Observe also that the coefficient of the fifth term is a constant, namely, +1.
Thus, the last two terms have no influence on the sign of det A,(e). Therefore,
the number of relevant terms of the e-polynomial det A;(e) is only 5, rather than
7, which is the total number of terms.

It is convenient to assume i, < < i, (cf. (6)). This assumption, together
with Lemma 3.2, implies that the sign of det A(e) and det A(¢) can be computed
without any further knowledge of the values of the indices. Clearly, this is not
the case in general, but can always be achieved by appropriate row exchanges in
Ale) or A(e)—recall that each exchange changes the sign of the determinant.

For this, assume there is a procedure Sortq..((io, - .-, ig), (igy -, ig), s") that
returns for a given sequence of d + 1 indices (i, ..., i4) the sorted sequence
Gy voes 1a) Additionally, Sort., returns s’, which is set to the number of

exchanges used. We can now implement predicate Positive, using two operations,
SignDet A and SignDet A, that compute the sign of the e-polynomials
det A(e) and det A(e), assuming ip < -+ - < ig- Both functions will be discussed
in Section 4.1.

Predicate 2 (Positive). Letp,, ..., p,bed + 1 points in E“ given in Cartesian
or homogeneous coordinates with distinct indexes all between 0 and n — 1. Then
the following pseudocode is an implementation of the predicate Positive,:

function Positiveg (piy, - - -, Piy) returns Boolean
local if,...,i5, d', s', v
begin

Sortay1((ioy - -y ia)y (3152 70)8")
if Cartesian coordinates then

maae) oo mgale) 1
d' — SignDetAg41 : : :
moale) o mrale) 1
else
mpale) o mgale) maga(e)
d' « SignDetAgiq : : :
moale) oo miale) Tiasi(e)

if odd(s') then d' — —d'

if Cartesian coordinates then
return (d' = +1)

else

return (d' = Zm\d sign(mi, dei (e

)
end
The problem is now to give efficient implementations for the two functions
SignDet Aq., and Signlet A, We feel that 1 important (o stress that
“efficiency” is meant in a practical sense in theorv it can be done in constant
time anyway. assuming d is a constant.
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4.1 The Sign of a Perturbed Determinant

We now illustrate the implementation of SoS on the bottommost programming
level by implementing the function SignDet \j,, which returns the sign of
a D-by-D e-determinant det (e} for any given D; primitive SignDet A, can be
treated in the same way. To appreciate the significance of a (practically) efficient
implementation of SignDet Ap, we point out that this is in fact the major part of
SoS, at least when applied to the predicate described above. Provided that
iy < -+ < ip, we will show that it is possible without great effort to generate the
sequence of the coefficients of det Ap(e) in decreasing order of significance. Since
¢ can be assumed to be sufficiently small (but positive), the sign of the
e-polynomial is therefore equivalent to the sign of the first nonvanishing
coefficient.

Using simple rules for evaluating a determinant as exemplified for det A,(¢) in
(6), the coefficient of every term in det Aple) is a subdeterminant of the
“unperturbed” matrix Ap. Here, a single entry is called a 1-by-1 subdeterminant,
and by definition, the 0-by-0 subdeterminant is equal to 1. To tell the whole
truth, we must mention that each coefficient in effect is a subdeterminant
together with a certain sign, that is, multiplied by either +1 or —1. We will see
in Section 4.2 how to decide whether +1 or —1 applies. To continue our discussion,
we need a few notations. We say that the {t + 1llst coefficient in order of
decreasing significance, denoted by det M7, is the cofactor of depth t of
matrix Ap{e). Note that this coefficient already includes its proper sign. Thus,
det M,? = +det Ap. The size of the corresponding matrix (i.e., the number
of rows or columns) is denoted by k, = R(M?>"). These definitions are illustrated
in Table [, which shows all significant terms of det A.(e). In the column with the
heading ¢, we display the e-product associated with the cofactor of depth ¢
Column v, will be explained later.

This leads to the pseudocode implementation of SignDet A, shown below. It
assumes that ip < --- < ip and that the sequence of subdeterminants, sorted by
increasing depth, is known. The code also requires a function SignDet, () that
calculates the sign of det & for a k-by-k matrix & The authors have not been
able to find an alternative way to determine the sign other than by computing
the actual determinant. Unfortunately, computing the (exact) determinant of a
matrix of integers demands the use of long integer arithmetic. More about that
in Section 4.3.

function SignDetAp (Ap) returns =1 or 1
local o, ki, ¢
begin
te— —1
repeat
te—t+1
ko R(MPP)
o « SignDet, (M}
until o £ 0
return o
end
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Table I. The 5 Relevant Terms of det Ax(e)

t ke - ke o, det M:" e,

0 2.2 [3,3; 3] +%nAw”__ MMV ()

1 1-1 [2,%3] —det{m,) = —m,,) eli, 2)

2 1-1 [1,3%3]  +det{ms) = +7,, (i, 1)

3 1.1 [2,23)] +det(m,) = +7,, (), 2)

4 0-0 (1,2 3] +det() = +1 e((7,2), G, 1)

Function SignDet Ap “scans” through the table of relevant subdeterminants.
Two lines of the pseudocode, “k, < k(M;*)” and “c « SignDet, (M ?),” indicate
table lookups. In Pascal this could be implemented as a CASE-statement. For
D = 2, it would consist of five different cases as shown below:

CASE t OF
0: s := SignDet2 (Pi1,Pi2,Pj1,Pj2);
1: s := -Sign (Pj1);
2: s := Sign (Pj2);
3: s := Sign (Pil);
4: s

END;

If the depth counter is of no interest, one can even unwind the loop and come up
with the following code:

FUNCTION SignDetDelta2 (Pil, Pi2, Pj1, Pj2): Integer;
BEGIN
SignDetDelta2 := SignDet2 (Pil, Pi2, Pj1, Pj2):
IF SignDetDelta2 < > 0 THEN goto 999:
SignDetDelta2 := ~Sign (Pj1);
IF SignDetDelta2 < > 0 THEN goto 999;

SignDetDelta2 := 1;
999: (* exit *)
END;
To give more insight into the computation of the terms of det Ay(e) in the
order of decreasing significance, we now consider the three-dimensional case,

that is,

o+ el 1) 7.+ el 2) w5+ ell, 3)
det As(e) = det el w02y w4 ety 3)
ey ek, 1 om0 etk ) wo. + oelk, 3)

< However only 15 of them are relevant,
ere are two reasons why we only need
b One is that the coetficient of
nzern: we can therefore stop there
sen 1= that certain coefficients occur

This polynomial has a total of 34 1er
and those are listed in Table 1]

to test 15 coefficients out ot a
el(k, 3), (J,2), (i, 1)) is equal to +1_wh
and consider no further terms. The «
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Table IL.  The 15 Relevant Terms of det A4(¢)

t koo k v, det M2 &
T2 iy
0 3.3 [4,4,4; 4] +de T2 Tys e(}
a2 i3
1 2.2 [3,4,44] +%A5., fv e(i, 3)
Ter Teo
2 2.2 [2,4,44] l%Aﬁ._ fv £(i, 2)
Tt Tia
3 2.2 (1,444 +%A5 fv eli, 1)
T2 Mg,
. - i1 T2 .
4 2.2 (3,83, 4;4] %AS._ aiv e(j, 3)
5 1-1 [2, 3, 4: 4] +det(m,1 ) =+, e((),3), (;, 2)
6 1.1 [1,3,44] —det(m,) = —mss e((4, 3), (i, 1)
. Ty T3 .
7 2.2 (2,2, 4; 4] +%~A5._ aZv £(j,2)
8 1.1 [1,24;4] +det(m,) = +m,, ({4, 2), (i, 1))
9 2. 4 —det{ ™2 x,.uv .
2 :. L4 _ € Aaw.w Ty mc, b
10 2.2 {3,334 éama._ fv ek, 3)
T Wi
11 1-1 {2,3,8,4] —det(r,,) = —n,, e((k, 3), (i, 2))
12 1-1 [1,38,34] +det(m;,) = +m,, e((k, 3), (i, 1))
13 11 (2,234 +det(r,,) = +7,, c((k, 3),(/, 2}
14 0-0 (1, 2, 3; 4] +det{ ) = +1 e((k, 3), (4, 2), (i, 1))

more than once, that is, with different e-products. For example,
det Agle) = - + mug - e((F,2), (5, 1)) - —mpy - e, D, 2) - (D

Clearly, there is no need to test —m, 5 # 0, since at this depth +m, 3 = 0 is already
known; otherwise, the sign determination would have stopped immediately after
testing the coefficient of «((J, 2), (I, 1)).

4.2 Generating the Sequence of Significant Coefficients

The properly sorted sequences of e-terms of the polynomials det A,(c) and det
As(e) are apparently very regular. In the following, this regularity will be worked
out and exploited by an algorithm that automaticallv generates the correct
sequence of e-terms. This procedure can be embedded in an implementation of
the function SignDet A, that computes the sign of det Ay {e). We agree that a
procedure that generates each term of det A, (e) by collecting the proper rows
and columns of the original matrix is, in a practical sense, much slower than a

ACM Transac
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straight-line program that scans through a fixed sequence of submatrices. How-
ever, in higher dimensions the former might be the better strategy, since the
likelihood of det M2> =0 forall 7 with0 =7 <¢ decreases very fast as ¢t increases,
not to mention the fact that the tables of relevant terms for det Ap{e) become
rather long for large D. The algorithm to be described can also be used for
automatic generation of such tables and even for the automatic generation of
codes implementing them.

We now discuss in detail how we can extract the individual terms of the
polynomial det Ap(e). Recall that a term is of the form b - ¢¢, where b is called
the coefficient and ¢° is the e-product of the term. If ¢ = e((in, 1), v - Uiy Ji))
(so it is a k-fold e-product), then we call ¢(i,, j.) active, for 1 < ¢ = k. Given the
e-product of a term, we can extract the coefficient b from the given matrix by
crossing out all rows and columns that contain an active ¢(i,, J.). In order to avoid
extensive double indexing and index inversions, we assume that the points whose
coordinates are the entries in the D rows of the matrix Ap have indexes 1 through
D. This allows us to ignore the difference between a point index and the
corresponding row index. Indeed, this assumption is no loss of generality since
the only property used in computing the sign of det Ap(e) is that the point
indexes are sorted and, therefore, the actual values are irrelevant. With this
assumption, ¢(i,, j,) is in the ith row and the jth column, and we cross out rows
ity i2, ..., i and columns j, jay .-+ Ju- This leaves a (D — R)-by-(D — k)
submatrix. Table II illustrates these definitions for D = 3.1fb - ¢ is the term of
depth t, then the notation in Table I is such that b = det M;'?, ¢ = &, and ki is
the number of rows (or columns) of M;?.

Note that we did not yet specify how we can decide whether b is —1 or +1
times the determinant of the submatrix. We now describe a rule that is based
on the number of transpositions needed to sort a certain permutation. For
row (, 1 < ¢ < D, let j, be the column such that e{¢, j,) is active in the term that
we currently consider. By definition of a determinant, there can be at most one
such column, but it could very well be that there is no such column. In this case
we choose j, such that =, ; belongs to the main diagonal of the submatrix that
was obtained after crossing out rows and columns as described above. If the
number of exchanges needed to sort (i, ja, ..., Jp) is odd, then b= det M is
—1 times the determinant of the submatrix; otherwise, it is +1 times this
determinant.

Interestingly, the number of exchanges needed to sort the sequence
(jis Jos - - -, Jp) is even if and only if i, + j., is odd for an even number of pairs
(i, j), 1 == k To see this, notice that the total number of pairs (x, J.)
with « + J, odd is even since

i i
Y (x +7.)=2 Yok

1

N} *

Now observe that (i, J2, ..., Jo) can be sorted using only exchanges of adjacent
columns, that is, of integers j, that differ by one. Note also that we can dispense
with all exchanges between two columns where both contain an active e{t, j) or
both do not. Thus, every exchange of two columns increases or decreases the
number of pairs (i, j, ) with . + J, odd by one, which implies the claim. This
property will be used in the algorithm that computes the proper sign.
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The key observation that allows us to automatically generate the relevant
an:m. of det Ap(e) is that ¢((iy, J1), ..., (i, Jx)) is the e-product of a relevant
term if and only if {; < - .- <, and j, < .-+ < j;. In other words, the ¢(i,, J,) go
monotonically from the left top to the right bottom of the matrix. To m.wm .&:m
take an e-product that does not satisfy this condition, and consider the ?Unom:nm
defined by the same 2k indices that is obtained by matching the smallest i, with
ﬁvm mBm:mmﬁ J., the two second smallest indexes, etc. This new e-product mm,EoS
significant than the old one since the exponent of ¢ it defines is smaller than the
exponent of the old ¢-product. Furthermore, the coefficients that correspond to
the two e-products have the same absolute value, namely, the determinant of the
submatrix obtained by crossing out rows i, and columns j,, for 1 =« < k.

.A‘rm algorithm that generates the e-products and their corresponding coeffi-
cients uses a vector

v=|uy, ..., Up Upa]

where each v, is an integer between 1 and D + 1 and v, corresponds to the ith
row of det Ap(e); vpe, 18 set equal to DD + 1 and is used only for convenience. The
interpretation of v is as follows: To encode the ¢-product e((iy, j1), ..., (i ‘\. )
we mmn Ui, = J for 1 =« =< k. Forevery i such that the ith row does not omzﬁww:»mm
moﬁ_ﬁ.w e(i, J), we define v, = v, with i, the smallest integer in {i;, ..., iy, D + 1}
that is larger than i. Thus, ¢, in v implies that ¢(x, v,) is mo:<,o if szm only if
v, < Uest- For example, v = [3, 4, 4, 4] implies that the e-product of the encoded
term is (1, 3). Other examples can be found in Table II, which gives the vectors
of all relevant terms in det Aj(e).

The next problem we face is how to generate the terms of det A, in the correct
order, that is, in the order of decreasing significance. Here we use the fact

:H_me c‘ = ?5 e b Up+] encodes a more significant term than
v’ = TWT e Ugs c.:+; if and only if v; > v, for j, the largest index, such that
v; # v;. This implies that v = [D + 1, ..., D + 1; D + 1] encodes the most

m_m:_mom:n term and, indeed, it encodes ¢( ) = 1, whose coefficient is the deter-
minant of the entire original matrix. It is now easy to write a function that
computes for a given vector its successor.

function Nezt v (v} returns Vector
local ¢, «
begin
L1
while v, = 1do ¢ .- ¢+ 1
v, e~ v, - 1
for x — ¢+ - 1 down to | do v, «- v
return v ,
end

The alert reader wii

ieed that this tunction returns - al”
T : s an “illegal” vector
if the input ve ¢

[ I {4 + 1}. which is not a problem, since the
flo20 0000 D0 D o+ 1) already encodes a
s naoreason to call Next 1 again.

determinant ev:
nonzero coeft

on Graphies, Vol 9 No. | ry 1990
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After initializing v to [D + 1, ..., D + 1; D + 1], successive calls to Next_v
give the desired sequence of vectors. It remains to be shown how the coefficient
of the encoded term can be computed. The procedure below decodes v and returns
the submatrix M obtained after deleting the proper rows and columns from Ap.
It also returns s equal to ~1 or +1, depending on whether the coefficient equals
—det M or +det M, and returns k, which is equal to the number of rows (or
columns for that matter) of M.

procedure Matriz (v, s, k, M)
global Ap, D
local ¢
begin
M~ Ap
k—D
S «— +1
for : — 1 to d do
if v, < v,y then
{in this case £(¢,v,) is active}
if odd(: + v,) then s « -3
delete row ¢ from M
delete column v, from M
ke—k-1
end

We can now modify the code of SignDet A, by replacing the table lookup by
appropriate calls to Next_uv and Matrix. With additional modifications the same
algorithm can be used to generate the table of relevant terms in det Ap(e) or
even to generate the corresponding code for SignDet Ay, for any D. Note that, in
the latter case, the loop in SignDer A, is to be repeated only until &, = 0, since
in “generating mode” the values of the determinants are not computed and thus
there is no natural abortion of the cycle of calls. The result for D = 4 can be seen
in Table VI in the Appendix.

A nice feature of the above algorithms is that we only need to change the
initialization of v to (), ..., [); D] to get an implementation for SignDet A, that
computes the sign of the ¢-polynomial det A(e). For this case, the loop over all
relevant terms has to be repeated either until the corresponding cofactor is
nonzero or, if we are in “generating mode,” until k, = 1. See Tables [II-V in the
Appendix for the relevant terms of det A, (¢} for D = 2, 3, 4. It seems worthwhile
to mention that Cartesian coordinates should be used whenever possible. This
reduces the problem roughly by one “dimension,” as compared to the homoge-
neous case (cf., e.g., Tables [1 and IV,

The presented ¢ polyn = det A
computational overhead by Sos
mind that the most sig
original determin
evaluation of the sign
data are nondegenera
rather unlikely that th

) and det A,{e) illustrate that the
s acceptably small. One has to keep in
these ¢-determinants corresponds to the
es=es the primitive. So. there is no way around the
ant for any implementation. If the input
of SoS s obviously zero, and in general, it is
= have to be evaluated down to large depths.
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Indeed, the largest depth or the sum of all depths that occurs in a computation
can be used as a measure for the degree of degeneracy of the input data.

By evaluating the subdeterminants, we systematically take care of all possible
degenerate cases. Take, for example, the evaluation of det Az(e). Different cases
can be distinguished by looking at the largest depth t... reached during the
computations. This .. can be 0, 1, 2, 3, or 4, and the corresponding degeneracy
is as follows (compare with Table IV in the Appendix):

tmax = 0:  The three points p,, p;, and p, are in general position.

tmax = 11 The three points are collinear, but P; # px and the line containing the
three points is not vertical.

tmax = 2:  The three points lie on a common vertical line, but p, # p,.

tmax = 3:  Point p; coincides with p,, but not with pi, and the line through p; and
p; is not vertical.

twmax = 4:  All three points lie on a common vertical line, and D = Dx.

It would be interesting to see this somewhat unnatural case analysis in greater
detail since it gives a nonobvious breakdown into degenerate cases that has
curious properties.

This discussion completes the implementation of SoS with respect to the
predicate Positive, for point sets in E%. We considered both the Cartesian and
the homogeneous case. The key was to find a method that generates the proper
sequence of relevant terms of det Ap(c) and det Ap(e) ordered by decreasing
significance. With this, the implementation of the functions SignDet Ap and
SignDet Ap was easy. We will see in Section 5 that both functions can also be
used to implement other predicates.

4.3 Remarks on the Sign Computation of Determinants

In the previous sections, we reduced all computations to a sequence of sign
evaluations of determinants. In the primitives discussed in this paper, the
matrices are at most of size (d + 2)-by-(d + 2), d the dimension of the space, and
all elements are assumed to be integers. Theoretically, the sign of such a
determinant can be determined in constant time if we assume that d is a con-
stant. This assumption is indeed fair since So$ is intended primarily for low-
dimensional geometric computations. In practice, however, it is important to
optimize the sign computation since it will be in the innermost loop of every
program that uses SoS-—which does not mean that this issue is less important
for programs not employing SoS. We remark on a few methods that can be used
to get speed in these computations.

One important condition that we have to meet is that the sign of the determi-
nant has to be computed exactly —we cannot tolerate a +1 for a 0, etc. Assuming
that the coordinates or parameters are integers, we can use either long integer
arithmetic or modular arithmetic based on the Chinese remainder theorem. For
details on hoth methods, refer to [16]. If we actuallv compute the determinant in

order to find its sign-—and no metho ?HHS: to the authors that mccwMuwmam

e e T T .
actual computation of the determinani —we have (o be prepared to deal with

numbers of absolite Tize arteast i7", where 4 denotes maximum absolute value

of any data item and 1) denotes the largest size of matrices we work with. To see




88 . Simulation of Simplicity

this, just take the D-by-D matrix whose entries are all zero except for the ones
in the main diagonal, where they are equal to u; the determinant of this matrix
is 2. An upper bound on the absolute value of the determinants is given by a
well-known theorem of Hadamard that states that

D

jdet(my. pa.0)l=s II

=1

2 ’
S a2 = uPp
j=1

Among other things, this upper bound on the absolute value of a determinant
gives us an upper bound on the number of computer words needed for the
computation if we use long integer arithmetic.

Without any hardware support, long integer arithmetic is very time consuming,
which might motivate us to resort to the use of approximation methods. Any
computation of the determinant using floating-point arithmetic of bounded
length is such an approximation. Floating-point arithmetic is usually rather fast
since it enjoys the needed hardware support on most of today’s computers. If the
value that we get is sufficiently far from zero, we can be sure that the correct
value is different from zero and lies on the same side of zero. But how can we
quantify “sufficiently far from zero”? In any case, we could now use Gaussian
elimination (see, e.g., [13]) that takes O(D®) time or asymptotically faster
methods based on matrix multiplication as described, for instance, in [1]. We do
not believe that the latter methods could be of any practical use, though. However,
if the value that we get is suspiciously close to zero, we have to use some other
method to determine the sign of the determinant.

Finally, we would like to mention that the determinant of a D-by-D matrix
can be expressed in terms of subdeterminants, and that some of these subdeter-
minants might later appear again when the evaluation of det Ap(e) or det Ap(e)
proceeds. It is conceivable that the values of such subdeterminants are saved and
used again when needed. Even so, we do not believe that such a method could
lead to significant savings since we expect that, on average, only very few terms
of the e-determinants are needed.

5. FURTHER APPLICATIONS OF SOS FOR DETERMINANTS

In this section we demonstrate that the algorithmic solution to many geometric
problems can be based on primitive operations that compute the sign of deter-
minants. Those include problems that deal with objects different from points.
There are two major reasons why determinants are useful beyond problems for
points. One is that more complicated geometric objects are often given by a finite
set or sequence of points. Examples are line segments given by two points and
triangles specified by three points. This will be illustrated in Section 5.1, which
revisits the Parity Algorithm discussed in the Introduction. The other reason
(and this is the more profound although less obvious of the two) is that other
objects can he thought of as points in a different space. Take. for example, a
hyperplane in d dimensions. It can be specified by a linear relation of the form

+ X, + e =0
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Multiplying this relation with a nonzero constant does not change the hyperplane.
This suggests that we think of the hyperplane as the point with homogeneous
coordinates

(01, M2, ooy Ml Mawt)

in d dimensions. This view of hyperplanes will be discussed in more detail in
Sections 5.2 and 5.3. Of course, an n-gon specified by a sequence of n points in
the plane can be interpreted as a point too—in this case it is a point in 2n
dimensions. However, in contrast to the former case, this view is not likely to
lead to any useful application of determinants since it becomes increasingly
expensive to compute them as the size of the matrix increases. Finally,
Section 5.4 shows that even nonlinear geometric objects such as circles and
spheres can profitably be interpreted as points in low dimensions as well.

By no means do we believe that the list of applications for primitives concerning
the sign of determinants, as presented in this paper, is exhaustive. In fact,
because of the versatility of determinants. an enumeration of their applications
in geometric computation is tar beyond the scope of this paper. We agree though
that such an enumeration is a challenging task.

5.1 Point-in-Polygon Test

Recall the Parity Algorithm for the point-in-polygon problem sketched in the
Introduction. In order to test whether a given point p lies inside a simple polygon
P, the algorithm intersects the horizontal half-line r, whose left endpoint is p,
with all edges of polygon P. If the number of edges intersecting r is odd, then p
lies inside P, and if this number is even, p lies outside. The subtlety of this
algorithm lies in the treatment of special cases since the above characterization
holds, in general, only if we introduce certain artificial counting mechanisms
whenever r contains a vertex or even an entire edge of P. In this section we show
that the test of whether or not an edge intersects the horizontal half-line r can
be reduced to computing the signs of certain determinants. SoS is then used to
simulate a perturbation of the point and the polygon that removes all degenera-
cies. The algorithm assumes that P is given by a sequence of vertices
(s, ..., ts) and that all coordinates including those of p are integers.

We now consider the problem of testing whether r intersects an edge e of P
given by its two endpoints. Let u = (v, v;) and w = (w,, ws) be the two endpoints,
and recall that p = (7,, 7,) is the left endpoint of r. Because of SoS we can
assume that u, w. p are not collinear and that no two of the three points lie on a
common horizontal line. Note first that r and e intersect only if the second
coordinate of p lies between the second coordinates of u and w. Assume v, < w,.
If indeed ¢, < 7. < w..then r N e # if and only if (i, w, p) defines a left turn
(see Figure 3).

[t is now not verv difticult to develop this case analysis into a predicate that

tests tor intersection. To perturb the points, we use the same e-expansion as
described in Section 42
That <. we = (¢ by el = (v, (), »(e)), where

O 21 For a uniform treatment, we define
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w w

u /

- . - e e s >
r p
u U

(a) (b) (c)

Fig. 3. The three cases to consider for r N e using So8. In (a), r and e do not intersect
since the second coordinate of p does not lie between those of u and w. In (c), they do
not intersect since {u. w, p) is a right-turn.

p = Uy = (vo, vu.), and write the predicate for arbitrary three vertices rather
than for v, and two successive vertices of P.

Predicate 3 (IntersectHalfLine). Letv,, v, and v, be three vertices with pairwise
different indices 0 < 1, , k < n. The following pseudocode returns true if the edge
from v,(e)} to v, (e) intersects the horizontal half-line whose left endpoint is given
by v.(e), and false otherwise:

function IntersectHalfLine (v;;v;, vx) returns Boolean
local ¢, j', k', s/, d'
begin
W.l.o.g. assume Smaller(v;a; vk,2)-
if Smaller(v; 25 vi2) A Smaller(v; 2; vk,2) then
Sorta((,7, k), (7' k"), s")
voale) vig(e) 1
d' — SignDetAz ] vyq(e) wvjia(e) 1
via(e) v ale) 1
if odd(s’) then d' « - d’
return (d' = +1)
else
return false
end

A few remarks are in order. When the above function is applied to the point-
in-polygon problem. / = 0 alwavs holds. Thus, the sorting of (i, j, k) can be
reduced to a single comparison between j and k. Furthermore, to avoid all
veon test, it is sufficient to perturb only the

degeneracies for the
point p = ¢,,. Indeed. 1t

. and therefore, the determinant does

Hasve . NI

then we necesse

not even get evaluared L he savings one gets this way are only nominal, which
we interpret as an arcevent tor the efficiency of our general method.
The rer oot 1~ used to comment on what happens if the test

Ivgon P, If we use the above primitive as

point p lies

e
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is, SoS will neglect this special case and find that p lies on either side of P’s
boundary. The decision depends on the relative positions of p and the vertices of
P, and we might as well assume that it is arbitrary although consistent. Such a
decision may or may not be desirable. If it is not acceptable, one could test
whether or not p lies on the boundary of P before running the Parity Algorithm
with SoS. Once more this test can be reduced to computing signs of determinants.

5.2 Hyperplanes in Euclidean Space

Algorithms for hyperplanes play a central role in computational geometry. This
becomes obvious when one thinks of the importance of problems such as linear
programming, computing the intersection of half-spaces, and constructing
arrangements of hyperplanes (see [9) and [19] for further details and references).
The goal of this section is to demonstrate how the techniques of Section 4 can
be used to implement a typical primitive operation needed in those algorithms.
This will open up an entire class of problems to the use of S0S. The main tool
that lets us exploit the techniques of Section 4 when we handle hyperplanes is a
duality transformation that maps hyperplanes to points and vice versa. In
essence, this transform is nothing but a reinterpretation of what hyperplanes
and points are.

In this section we assume that a hyperplane h in E” is specified by its nonzero
normal vector a = {«y, ..., a4) and a number, —«ay,.,, called the offset. Now, a
hyperplane h consists of all points x € E9 such that

(x, a) + agey = 0; (8)

that is, the scalar product of x and a equals the offset. Notice that the hyperplane
does not change if we multiply the normal vector and the offset by some nonzero
number. We define h* as the point whose homogeneous coordinates are
(a1, ..., g5 ager). Geometrically speaking, h* lies on the line through the origin
defined by a, and the distance of h* from the origin is the inverse of the distance
between h and the origin. This can easily be verified after observing that | ag. |
is the distance between h and the origin, provided @ has a unit length. Note also
that the origin lies between h and h* (see Figure 4). Conversely, for a point p
with homogeneous coordinates (r,, s, . ... 7y; 7,.,) we let p* be the hyperplane
with normal vector (r,, 7., ..., 74) and offset —=,.,.

It is straightforward to show that this transformation preserves incidences:
thatis, p € hifand only if h* & p*. Indeed, it is a triviality when one remembers
what p € h means algebraicallv, namely, that

ay + omsan F o mpag b owg gy = 0

[t is equally easy to prove that this mapping preserves the relative order between
a point and a hyperplane. T'o describe what exactly we mean by this, define

ht = dxlix. as + ¢ > 0 aned ho o= dxlix o ay + o, < 0L

and call those the positice and negative sides or half-spaces of h. By order
preservation we mean that p € 27 if and onlv if A~ € p*". Here. a warning is
d tuture confusion. [t we multiply the normal vector and the

appropriate to as
offset of a hvperplane A by -1, we do not change the hyperplane. but we do
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Fig. 4. Mapping a line to a point and vice
versa.

change the sides of h; what was previously its positive side is now its negative
side and vice versa. We will take advantage of this curiosity by encoding the
positive and negative sides into the hyperplane’s specification. Note that, geo-
metrically, the normal vector of a hyperplane h points to its positive side.

The primitive operation that we wish to tackle in this section is to decide on
which side of a hyperplane h;, the intersection of d other hyperplanes
hi, - - ., hi,_ lies. By the use of SoS, the absence of any kind of degeneracies can
be assumed; so h; (¢) through h;,  (¢) intersect in a unique point that does not lie
on h;(e). By Cramer’s rule, the intersection point p = (xy, ms, ..., 1) of d
hyperplanes is given by the coordinates

_ det Ay,
det Ay’

S‘.h

where A, is the matrix

X1 Q2 R &y d
A1 Q2 tet &y d
Qg 1 A2 "0 Fy

and Ay, is the same matrix after replacing the ith column from the left by the
vector

T d+

TG d+ 1

TG, de
Point p lies in the positive half-space ot h, if and only if
Ty + Mo et o F Taa g b g P 0.
Provided that det 3\, is positive, this is equivalent to
4t det dgag, g > 0.

det Ay, + det Mgy, + -+ det A,

In case of a negative det 1, the above statement 1s valid after reversing the
direction of the inequality. Consequently, p € h; if and only if

det Ay, - det A, >0

ACM Transactio 1. January
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This can be seen by developing

Qi y ®d iy, d+1
a1 A d & d+1
det Agyy = det :
Q1 Ry 20 Q4 Oy d+l
279N o] e & ,d Ay d+1

using the last row. Now, we can use this to write a procedure that decides on
which side of a hyperplane d other hyperplanes intersect. It uses SoS, as described
in Section 3.3.

Predicate 4 (OnPositiveSide). , h, be d + 1 hyperplanes in d
dimensions, given as in (8), and with distinct indexes 0 < i, Iy, ..., g <n — 1.
The following function, written in pseudocode, returns true if the intersection
M54 Ay (e) lies in the positive half-space of h, (¢), and false if it lies in the
negative one.

function OnPositiveSidey(hiy, ..., hi, |; hi,) returns Boolean
local if,...,¢)_,, 8, d', 4, ...,14_,,1y, s, "
begin

Sorta((ioy . . -, td=1), (£ - -y 1y_1), 8")

Sortay1((Zoy -y ide1,1d)s {20y - - - 1g_12 1), 8")

apa(e)  aale) oo agale)
& = SionDetA apale)  amale) oo auale)
= oynveing . . . .

oy ale) ap o) e d(e)

if odd (s') then d' ~ —d’
Bu_mta
i ge1(e)

d" — SignDetAgyq : :
1(e) D_.u\tNAmv ooy d(e) D_.m«:&t?v

2(€)

a;n
ta-1»

if odd {s") then d" « —d"
return (d' = d")
end

5.3 Nonvertical Hyperplanes

[n many applications we know that all hyperplanes we have to deal with are
nonvertical; that is. thev intersect the dth coordinate axis in a unigue point.
Examples are Voronoi diagrams or, more generally, power diagrams for arbitrary
order and weighted Voronoi diagrams (see, e.g., {2] and [9]). It is beyond the
scope ot this paper to describe how the data for those problems are used to

anes; 1t will be enough to know that they are obtained via
geometri transforms that do not create vertical hyperplanes.

gencrate hivpe

ns on Graphies, Vol 9, No. 1. Janua




94 . Simutation of Simplicity

A nonvertical hyperplane h in d dimensions can be specified by a relation of
the form
Xt aXo F o+ g Xgoy F Xg + ag = 0. (9)
The advantage of describing a hyperplane using this form rather than the one in
Section 5.2 is that it takes only d parameters rather than d + 1. This will lead to
some savings when it comes to computing signs of determinants (cf., e.g., det A,
in Table VI and det A, in Table V). Since every hyperplane h is now do:é.?ﬁwr
we can uniquely define what we mean when we say that a point lies (vertically)
above or below h. Define

h* =jx=(x;, ..., xg)|aux, + -+ + agoy + xq + ag > 0},

andlet h™ = EY — h — h*. A point p is said to lie above h if p € h* and below h

ifpeh.
The primitive operation that we consider in this section decides whether the
intersection of d hyperplanes h,, ..., h;,_, lies above or below hyperplane A,,.

The use of SoS as in Section 3.2 allows us to assume that indeed h, through
h,,_, intersect in a unique point that does not lie on h;,. A decision procedure
based on comparing the signs of the two determinants can be derived from the
procedure given in Section 5.2. We just replace all o; 4(¢) by 1 and exchange the
last two columns of the second matrix in function OnPositiveSidey. This leads to
the following predicate:

Predicate 5 (Above). Let h,, h,, ..., h;, be d + 1 nonvertical
hyperplanes in £, specified as in (8), and with pairwise different indices 0 < i,
iy, ..., lg<n— 1. The following predicate returns true if the point of intersection
M3 k. (e) lies above i, {¢), and false if it lies below h;,(e).

A=0

function Abovey(hiy,--.,hi,_,; hi,) returns Boolean

local ig,...,4,_,, sod g, 1, s.m, s, d"
begin
,m,Qz&AT.o, “ey N.a.\ﬂv» ?m, EEEE] ﬂuwl~u, .ﬁv
) ; . : . . RN
V_Ql&,ﬁﬂ:ff ey tdo1y ~kv4 T..w\a LRES) sMI: NMY $ v
agra(e) e c:.m_kllmv 1
d' = SignDetAy :
ay,_ale) e aa(e) 1
if odd {s') then d' «- — d'
apa(e) -0 awale)  ogpale) 1
1" e SignDetAg., . ’ : ’
« J T ayale) oy a-a(e) o ale) 1
auqle) - D&kx;mv Pnhﬂmv 1

if odd {s") then d" « —d"

return {d’ # d")

end
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5.4 In-Sphere Test

In d dimensions any d + 1 affinely independent points (i.e., points that do not
lie in a common hyperplane) define a unique sphere that goes through the d + 1
points. For example, in two dimensions there is a unique circle through any three
noncollinear points. Given d + 2 points py, pi, - . ., Pa+1, the problem we address
in this section is how we can determine whether p,., lies inside or outside the
sphere specified by the first d + 1 points, assuming this sphere is unique. Such a
test is useful for constructing Voronoi diagrams (as shown in [15] for
d = 2) and other problems where circles and spheres play a role.

An elegant solution to this problem can be given using a transform that lifts a
sphere in d dimensions to d + 1 dimensions where it is represented by a
hyperplane. This transformation can be traced back in the literature to [21] and
has since been used throughout the computational geometry literature (see (9],
[15], and (19]). For the case of circles in the plane, we explain this transformation
in detail and finally phrase the predicate for general dimensions.

Let U: x; = x7 + x3 be the paraboloid of revolution whose symmetry axis is the
xy-axis, and let

el = )+ (v — v} = v}
be a circle in the x,x,-plane. Note that (v,. v.) is the center of the circle and i

is its radius. The lifting map transforms ¢ to the plane c¢* in three dimensions
given by the equation

X =2y + 2yoxe — (v 4 vi = yi).

The quick reader will already have verified that the vertical projection of
7'M ¢*, which is an ellipse in three dimensions, onto the x,x,-plane is equal to
the original circle c. A point p = (m,, ) lies inside ¢ if and only if its vertical
projection onto U lies below ¢*. This insight gives us some hope that, in fact, the
problem can be bent such that Predicate 5 from the previous section is applicable.
Before we continue our exploration in this direction. let us understand how the
original statement of the problem and the lifting map are connected. Recall that
there are four original points, which we call p,, p;, p., and p,. The first three
determine the circle ¢ and therefore the plane ¢*. Moreover, if we project them
verticallv onto U/, then ¢* is the plane through these points on the paraboloid [/.
The guestion is now whether p; = (7. 75.. 73, + #3.), which is the vertical
projection of py onto {J, lies below ¢* (in which case p, lies inside ¢) or above ¢*
(then p. lies outside ¢). By the use of SoS, we can assume that the four points
are in general position.

This problem can be mapped to the plane problem of the previous section if
we use a dual transform. This transform replaces each point on [7 by the unique
plane whose intersection with {7 is this point. Itp! = (n), my, o4 + 73), then the
formula tor this dual plane 1=

ptox, T Uy

bues. Vel 90 N 1 Jannary
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We see that this is indeed the lifting map applied to point p = (r,, m;) in the
x1xo-plane. This duality transform preserves incidences and above-below order
in a way similar to the duality transform described in Section 5.2. This leaves us
with the following correspondence between the original point-circle problem and
the derived plane-point problem: Point p, lies inside ¢ (the circle through points
Do, p1, and p) if and only if the intersection point of the planes py, pT, and pJ
lies below p;. The statement is also valid if we replace “inside ¢” by “outside ¢”
and “below p;” by “above p3.”

We leave the generalization of this two-dimensional exercise to three and
higher dimensions to the curious reader. In any case, Predicate 5 can now be
used to implement Predicate 6, which formalizes the in-sphere test in d dimen-
sions. If we apply Predicate 5 directly, we will find ourselves computing the sign
of determinants of the form

2 2
21 cee 2mig —(riga + -+ T a) -1

2T a1 o 2T 4 I?_‘ﬁi,_ + -+ s.Nl_nv -1

The sign does not change if we divide the entries in the left d columns by 2.
Similarly, we can remove the minus signs in the last two columns without
changing the sign of the determinant. However, there remains one problem with
determinants of the above type, and this is that the values in the (d + 1)st
column from the left depend on the values in the left d columns. In particular,
with SoS, the e-expressions of the point coordinates appear in mixed products in
the (d + 1)st column. This turns out to be a real pain when we implement SoS
for this type of determinants. A cheap trick that handles this problem is not to
perturb the original points, but rather to perturb the vertical projections onto
the paraboloid in d + 1 dimensions. In effect, this means that we introduce

for 0=sA=<d+1 (10)

Ti,d+1l =

and then perturb the points (x; ,, ..., 7, 4, 7 4+1). Because the perturbation
of the (d + 1)st coefficient does not depend on the first d coefficients, this im-
plies that the points are perturbed away from the paraboloid U. On the other
hand, if the perturbation is small enough we are still close enough to the original
situation.

Predicate 6 (InSphere). Let p,, p;,, ..., p,., be d + 2 points in d dimensions
with pairwise different indices in the range from 0 through n — 1. The program
below returns true if the perturbed image of p, . lies inside the sphere through
the perturbed images of the first d + 1 points, and returns false if it lies outside.

function InSpherey (pig, - - -, Piyi Pig,, ) returns Boolean
i o ! L "ot " iy
local 7g,.. ., i, s, &', 1, ... ig, 1, s"s d
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begin
Sortai1((ios .- +r%4), (%, - - -r2), 87)
%Qﬂn%ﬁ?moe ceey i, s.&+~y ?.M“, ey n.m. s.m+pv~ s
maale) .- ﬁ..%&

_—

d' = SignDetAgy : : :
Toale) o wpale) 1
if odd (s') then d'  — d'
Set m;, 441 as in (7).
ﬁ.mi?v e a..m__m?v a..«....mt?v 1

d" « SignDetA g,y : B : : 6 1
; ; LT

o q(€) ﬁ.nthﬁﬁmv 1

if odd (s”) then d" « —d"
return (d' # d")

end

Note that the rightmost column of the first matrix in the above program
should really consist of —1s. To stress the similarity with predicate Above,., in
the previous section, we replaced the —1s by +1s and thus changed the sign of
d’. This effect is compensated by the fact that we want to return true where
function Above,,, returns false.

6. REMARKS AND DISCUSSION

The main contribution of this paper is the introduction of a general technique
that can be used to deal with degenerate input for geometric programs. The main
purpose of this paper is to demonstrate that this technique (which we call SoS,
the Simulation of Simplicity) is immanently practical, despite its high-powered
appearance. Indeed, the authors believe that SoS will become a standard tool for
implementing geometric algorithms. A pragmatic consequence of this technique
is that authors of geometric algorithms can now be more confident about the
implementability of their algorithms even in the presence of any conceivable
degeneracies, provided SoS is applicable to their algorithms.

This raises the question of determining the limitations of SoS—what are the
properties of an algorithm that allows us to use SoS when we implement it? One
important feature of algorithms that are amenable to SoS is that their algebraic
computations are of constant depth. The deeper the algebraic computation, the
more complicated is the polynomial (or, in general, the function) in ¢ generated
bv SoS, and the less tractable is its evaluation. Another limitation of SoS is the
necessity of absolute precision in the evaluation of algebraic formulas. As long
as square roots can be eliminated by squaring the equation and similar techniques
can be used to remove other irrational functions, this is not a problem, but there
are cases where it is not that easy. Typical examples for such problem cases are
alaorithms for shortest path problems in a geometric setting. Take, for instance,
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two piecewise linear paths in the Euclidean plane. The length of each path is the
sum of square roots of integers (assuming the endpoint coordinates are integers).
Deciding which one of the two paths is shorter is a difficult question unless the
number of square roots is very small. On the other hand, deciding which one of
two paths is shorter is not exactly the kind of problems that SoS was invented
for.

Another problem is that algorithms employing SoS produce results for the
perturbed set of objects rather than for the original ones. In certain settings,
such as in computer graphics, this fact can often be ignored. However, when
“unperturbed” results are needed, some postprocessing has to be performed. This
paper does not deal with this issue, and further work has to be done. Nevertheless,
in most of the applications mentioned in this paper the postprocessing step is
more or less trivial:

—In the point-in-polygon problem, one can simply add a test of whether or not
the query point lies on a boundary edge.

—In the case of Voronoi diagrams or arrangements of hyperplanes, we identify
and eliminate zero-length edges or higher dimensional faces of zero measure.
—In the convex-hull setting, it is possible to undo the perturbation simply by
merging adjacent faces if necessary; for example, in two dimensions, adjacent
edges that lie on a common line, and in three dimensions, adjacent triangles

contained in a common plane.

It is rather difficult, however, to use SoS or any other perturbation scheme for
finding all data points on the boundary of the convex hull. This is because the
perturbation may decide that a point is inside the hull if it lies on a boundary
edge or face. In this case the point would be prematurely discarded. We refer to
(23] for a more extensive discussion of the limitations of symbolic methods aimed
at resolving robustness problems in geometric algorithms.

In order to increase the credibility of our claim that SoS is indeed a practical
programming tool, the second author compiled a prototype version of a SoS
library [17] and implemented the three-dimensional edge-skeleton algorithm of
(8]. We believe it is fair to say that this algorithm is an extraordinary challenge
for someone who wants to do it without SoS. From run-time profiles of this
program, we learned that most of the computing time was spent on multiplying
long integers in order to compute signs of determinants. The speedup that we
got in our implementation from replacing long integer by normal (built-in) integer
arithmetic was a factor somewhere around 10. Of course, for the normal integer
arithmetic to work we severely restricted the range of the coordinates that were
used. In any case, this makes it clear where future work has to go if we want to
produce programs that are reliable and that are as fast as software that uses
{loating-point arithmetic and is therefore inherently unreliable. The most prom-
ising way to eliminate this overhead factor seems to be the design of a special
piece of hardware that computes the sign of determinants for integer matrices.
Such effort seems justified by the versatility of determinants demonstrated in
Section 5. We would like to mention, though, that even without the availability
of such specialized hardware we believe that SoS is of practical value in imple-
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Table IIl. The 2 Relevant Terms of det A,(c)

¢ k- ke v, det M} &

0 2.2 12,2 2) +%Aa.,_ Hv ()
LIRS}

1 1.1 1.2 2] +det(l) =+1 (1)

Table IV.  The 5 Relevant Terms of det A;(e)

t ke ke U det M &
in T2 1
0 3-3 [3, 3, 3; 3] +detfr,, mm, 1 ()
Te1 Wiz 1
my 1 .
1 2.2 [2,3,3; 3} |%An._~_ ~v eli, 2)
ma 1 .
2 2.2 [1,3,3:3] i_zAa\,w Hv (i, 1)
. o 1 .
3 2.2 [2,2,3;3] +%AS._ Hv (7, 2)
4 11 [1,2,33] +det(1) = +1 el(j, 2), (i, 1)

menting geometric algorithms. Aside from the obvious savings in time and effort
for the programmer, it seems to us that the use of SoS is currently the only hope
for producing geometric software that is in any sense reliable.

We end this section by pointing out a new direction for further research: the
systematic study of primitive operations used and needed for geometric algo-
rithms. If one undertook the venture of building a library of primitives for
geometric algorithms, besides computing signs of determinants, what other
operations would have to be in the collection? Is it even clear that computing
the sign of a determinant is such an indispensable operation, or are there less
expensive ways to determine the orientation of d + 1 points in d dimensions?

APPENDIX

In this appendix we give the relevant subdeterminants, sorted in sequence of
decreasing significance, needed for computing the signs of det A,(c), det As(e),
det A,(e), and det A (). Each sequence is given in Tables III, IV, V, and VI,
respectively, which also show the corresponding e-product ¢, and the size k, of
the matrix M;* (M) associated with the (¢ + 1)st significant term in the
e-polynomial det A, (e) (det Ap(e)). The third column of each table shows v,. the
vector that encodes the subdeterminant of depth t. Recall that this vector was
used to produce the proper sequences of subdeterminants by successive calls of
procedure Next_uv. ,
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Table V. The 15 Relevant Terms of det A, {¢)
¢ ke - ke v, det M &
iz Tia 1
T2 T3 1
0 4.4 [4, 4, 4, 4; 4] +d q: 1 ()
T2 W3 1
T M 1
1 3.3 13,4, 4, 4, 4] +det{ Ten Te2z 1 (i, 3)
e 1
wa ma L )
2 3-3 (2,4, 4, 4,41 —det{ mp, ez 1 £(i, 2)
s 1
Ty T3 1 ]
3 3.3 (1, 4, 4, 4; 4] +detf mez My 1 e, 1)
ms L
me 1
4 3.3 (3,3, 4, 4; 4] |a2 Ty ez 1 e(j, 3)
w2 1
5 2.2 (23,444  +de A Wv (0, 3), G, 2)
6 2.2 (L3444  —de Aa: Wv c((G, 3), G, 1)
Tia 1
7 3.3 (2,2, 4, 4; 4] +det{ mer maz 1 e(j,2)
s 1
8 2.2 {1, 2, 4, 4; 4} +detf A Wv e((J, 2), (i, 1)
ms 1
9 3.3 [1,1,4,4 4] —det] w1y mrs L elf, 1)
T2 Ta L
mia 1
10 3.3 (3,3,3, 4, 4] ma 1 e(k, 3)
ma 1
1 2.2 (23344  —det A Wv e((k, 3), (7, 2)
: : me 1 £ 3), (i 1)
12 2.2 [1,3,3, 44} +%RA§ Hv e({k, 3), (L
13 2.2 (22,8, 4 4] ésAa._ Wv c((k,3), (. 2))
LIS
14 1.1 [L.2.3.4, 4] +det(1) = +1 c((k, wv (2, 2), i, 11 .
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Table VI. The 50 Relevant Terms of det A,(e)
¢ k. R v det E»D. &
0 44 {5, 5, 5, 5; 6} iz Wiz Wid
+de niome ma T ()
a1l Th2 Tra Tae
Tz W3 Mg
1 3.3 [455,55] T Wz Ta
—det} mu1 maz W3 e(i, 4)
®r2 T3
2 3-3 [3,555%9] T W2 Wi
+det{ mhy maz Tas e(i, 3)
T2 Mg
3 3-3 [2, 5, 5, 5; 5] Ty Tz Tja
—det] ma1 Tua Tas e(i, 2)
Tl T3 Fia
4 3.3 (1, 5,5, 5; 5) T2 W3 Wi
+det{ iy Taaz Tas e(t, 1)
T2 T3 Mg
5 3-3 {4, 4, 5, 5; 5} Tl Wiz Tig
+de 3.; Th2 Tr3 e(), 4)
T2 T3
[ 2.2 3,4,5,55 a L . .
{ _ +% " azv o, 4), G, 3)
L2
7 2.2 2,4,5,5,5 . .
[ ! —det Af 1 HZ e{(j, 4), G, 2)
1.3
8 2-2 1,4,5,55 . .
l I +det A H..uv e((j, 4), (i, 1))
13
9 3-3 {3, 3, 5, 5; 5} Ti2  Ti4
Ty Th2 Tra £(j, 3)
Tz Tia
10 2.2 2,3,555 . .
{ D e A? T (G, 3), G, 2)
1.4
11 2-2 1,383,555 . .
2OESSS g AS 4v (7, 3), G, 1)
T4
12 33 [2,2,5,5; 5} Tia  Wis
Fel Th3 Tha e(j, 2)
T3 Tia
13 2.2 12,555 j ]
L2555 g Af av e, D), (G, 1)
T4
14 33 {1, 1,5, 5:5} Wiy Wiz Wia
Th2 Thd T e(j, 1)
Tz Tia i
133 3 [44,4.55] T T2 T
Ty T2 elk, 4)
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Table VI—Continued
t k- k vl det M} &
1 2.2 [B4459 I%Aa: i ek, 4), (i, 30)
1 T,
1722 (24453 +§A§ i cl(k, 4), G, 2)
Ty T3,
18 2-2 (L4455 n%Aa,N i e((h, 4), (i, 1)
T2 T3
19 2.2 B3455] e 2 cl(k, 4), (G, 3)
T Wiz,
20 1-1 [2, 3, 4, 5; 5] —det(wr,;) = =7, ok, 4), (J, 3), (1, 2))
21 1.1 (1,3,4,5,5] +det(mz) = +m, ek, 4), (J, 3), (i, 1))
22 2.2 (2, 2, 4,5 5} der| T i (4, G, 2)
Ty Mg,
23 1-1 (1,2,4,5;5] —det{m;) = —mi3 e((k, 4), (j,2), {4, 1D
24 2.2 (LL45SE] g fme Ta ek, 43, (1)
Tz T3
25 3.3 (3, 3,3,5,5] wa Wiz Wid
+det{ M Wz T elk, 3)
T T2 Tra
26 2-2 (2, 3,3, 5; 5] _det| ™ i (R 3, 4, 2)
T Tia,
27 2.2 [1,3,3,5;5] det| ™2 T (3, G, 1)
Tz Mg
28 2-2 2,2, 3,5;5] +det| ™ i ek, 3), U, 2)
Tl T4
29 1-1 {1,2,3,5; 5] +det(m, ) = +74 e((k,3), (7, 2), (5, 1))
30 2.2 (1,1, 3, 5; 5] _det| ™2 ™ ek, 3, G 1))
T2 Mia
31 3-3 {2,2,2,5; 5] T Wiz Wik
—det{ m;, W Wi «(k, 2)
Ty Tia Mrs
32 2.2 (1,2,2,55) &345 a&..v R 20 1)
T3 Tis
33 2.2 (11,255 +%»Af T (kD). G,
73 Tia
34 3 [1,1,1,5 5] T2 Wia Wis
+de{ 10 T Wi e(k, 1)
i, Tin
35 3-3 {4, 4, 4, 4; 5] T e
+det] w,, x, cil 40
Tt LES
G 2.2 (544 45] EaAﬂ_ fv i
Tey  Tuz o
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Table VI—Continued

t -k, Ve det M+ £

3T 202 [R244sdl -%A? mia e(, 4), . 2)
Tkl Th3,

B 2.2 (L4449 t_aAf s (4, G, 1)
Th2 Th3

22 B34ss) &sAE Tz el 4), G, 3)
Tl Taz,

40 1.1 [2,3,4,45] +det(r,,) = +nx, e((,4), (7,3), (i, 20
41 1.1 [1,3,4,4,5)  —det(mey) = —mss e, 4), (4, 3), (i, 1))
. 2 : 1 i .

42 2.2 (2,24, 45) +%Aﬁ Tis (L 4), G, 2)
Te1 T3
43 1.1 {(1,2.4.45]  +det(m) = +mis e, 4), (G, ), (G, 1))
44 2-2 1,1,4,4,5 i3 .
M : e (4, 4), G, 1)
&3,
45 2-2 [3, 3,3, 4;5) ia (. 4), (&, 3))
T2,
% 1.1 [2,3345] =7, (U, 4), (k, 3), (i, 2))

47 1-1 {1, 3,3, 4; 5] +det(n; ) =+, e((L,4), (k, 3), (¢, 1))

48 1-1 [2,2,3, 4 5) +det(r,) = +m, e((l, 4), (R, 3), (J, 2))

49 0-0 (1,2, 3, 4; 5} +det() = +1 e((l, 4), (&, 3), (4, 2), (4, 1))
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The Implementation of an Algorithm
to Find the Convex Hull of a Set
of Three-Dimensional Points

A. M. DAY
University of East Anglia

A detailed description of the implementation of a three-dimensional convex hull algorithm is given.
The problems experienced in the production and testing of a correct and robust implementation of a
geometric algorithm are discussed. Attention is paid to those issues that are often brushed over in
the theoretical descriptions but cause errors in a real computation. These include degeneracies such
as coplanar points, floating-point errors, and other special, but not necessarily degenerate, cases.

Categories and Subject Descriptors: 1.3.5 [Computer Graphics]: Computational Geometry and
Object Modelling—curve, surface, solid and object representations; geometric algorithms, language and
systems

General Terms: Algorithms, Theory

Additional Key Words and Phrases: Convex hull, divide and conquer, edge structure, implementation,
tetrahedron, triangulation

1. INTRODUCTION

This report investigates the implementation in Pascal of a geometric algorithm
that constructs the convex hull of a set of points in three dimensions. A great
deal of work in computational geometry (e.g., [9]) has been directed toward the
design and analysis of algorithms, but fails to explore many of the implementation
details. Our experience demonstrates that implementation is definitely not a
trivial exercise and shows that without it the study of an algorithm is incomplete.
Careful testing always reveals the inadequacies of algorithms that in theory
appear both ingenious and optimal in terms of worst-case complexity. For
example, experiment has revealed that this algorithm would appear to have a
worst-case complexity of O(n?) and not O(n log n) as was previously thought.
The conversion into working programs raises several significant areas of
difficulty. These include the creation and management of suitable data structures.
the handling of special cases or degeneracies, and the inaccuracy and inconsis-
tency of floating-point arithmetic. The algorithm chosen for implemention is
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