LATTICE POINTS IN A TETRAHEDRON AND
GENERALIZED DEDEKIND SUMS
By L. J. MorpELL

Let p, q be two positive integers prime to each other.,
One form of the reciprocity formula for the so-called
Dedekind sums is given by the :

THEOREM

4 q .
x qx x Px\\_ 1/p q 1
;; ((£)) +§15((7) )‘72(;+,;+ﬁ,—3)- (1)
Here ((X)) = X—[X]-3%, X not an integer,
, =: 0 X an integer.
Various proofs have been given by Rademacher, Rade-
macher and Whiteman, Re’dei and myself. For references
see[1]. I have shown that the theorem is the particular
case f(x) = x in the evaluation of ~

.

XI5, (2)
where f'is a polynomial and ‘the summation is extended
over those integer sets (x, J), i.e. lattice points, lying in
the triangle '

*4J
0<x<A0<y<mZ+§<L- (3)
This method suggests the extension of the formula (1) to
a set of 7 positive integers g, ¢,7, $,...n0 two of which
have a common factor. The results, however, now take
a different form. Take n = 3 and write

00 =35 ((F))+ T3((2))

r—1 .
x bax
DHICHM! @
r=1
Denote by V,(p, ¢, r) the number of lattice points in_ the

tetrahedron
o<x<m0<y<m0<z<n0<§+§+§<n (5)
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Write for shortness S;, ;. Then we have the
THEOREM.

SetNo= 3o+ pp+ o Y T o~ (6)

the summation referring to p, q,r.

A formula will also be found for n = 4.

1. The method of proof shows that for n> 4, the
formula for §, will depend upon the number of lattice
points in sections of an n-dimensional tetrahedron defined
by

A<3x[p<rt1
for a number of values of A <n—1.

The function ((X)) has some well-known properties.
It is an odd periodic function of X, and so

((=4)) = = ((X)), (X+1)) = ((X)).
Also

((ENH(X+1p)) A+ A+ (X (p=1)[p)) = (6 X)).  (7)

2.. Werequire a formula for ¥,. One is given by

2N, = Z ([G+2+5]- :)([p+g+r] 2), (8

where the summatlon is taken over

0<x<p,0<Y<q 0Lz, (9)
and the accent denotes the omission of the term-
x=y=2z=o.

For from (9), 0 < ;—l-)é-{—f <3, and those lattice points

for which

2
o< ZI+2+% oy,
p g r

contribute each 2 to the sum, and each of those for whlch

J
1<++<
prg =3

contribute zero. There are no lattice points with
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1248 =1 ora
p qr
We write (8) as

2N= ¥ (E-3/2—((E))) (E-s5/2—((E)), (x0)

where F = f—}—%—}—é. Hence

! 2/N; = A+B+C,
say, where
A= 3 (E-3j2) (E-5/2), B=—2 ¥ (E—2)((E)),
= (B) (1)
¢ summed over (9). o
B Hence
E At15/4= 3 (E-3[2) (E=s5/2).

Multiplying out and summing s¥° 3xy, sx, we have, 3

now denoting s ,
gt

15 _ <(p=1)(p)(2p—1) .\ < 2

a+2=7 677 9+ 5P (e=1)(0)(9-1)7
—4/23(p) (p—1)q/p+15 par/a=13% pgr—s3 qr+5 qrfp
+33pgr—33(p+q)r+33(r) —2s pgrt2sgr+15/4 pgr,

and so

A=1pgr+izsgr+isptisgrfp—15/4.  (12)
Clearly we can include x = y = z=o01in the summations
for B and Cin (11).

.' Next for B. From (7) on summing for y, zin turn,
i we have

25 (Grae))=25(GH)=25((F))

Xy, z
since 7y runs through a complete set of re51dues mod gq.
par—1
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since grx+-1p y+pgz runs through a complete set of residues
mod pgr. The sum is

bqr—1
*_1)=o
2 ()
Hence B=—2 §,. (13)
Finally
rar—1 trq

=3 ()3 (2

=& qz 2 (par—1) (par) (Qﬁqr—r)—— (pgr—1) (par) .
+i(pgr—1)

5 ST s
SRS 535 et Sl

_ (pgr—1) (2pgr—1) (Mr
6pgr

= ﬁq i+6pqr

Hence we have the required formula

Par—1) 14 ¢ (par—1)

2N3——Mf+%zqr+%‘*ﬁ+~z;' 6; —4-28, o

3. For the four dimensional rcsult let ]V denotc E
the number of lattice points in ‘

x<A0<J<m z<n w<%

2
0<++~+<
b q

where no two of D g1, s have a common factor. Wnté :

-3 3 H(F))-

tiairys, =1 : o
We consider now

, w
e ([P q ;+ ] )( P _9+’+—] >, .
where the summation is taken over the lattlce points L

given by , ,
0Lx< P, 0<J<q, 0<z<r,0<w<s
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with the exclusion of ¥ = y=z7=w=o0.
x

Here o<
er ﬁ

The points L with

+2+81 8y
g r s

Xy z w
| IR SR B R R
<A<
contribute zero to S, while each of the points L with
L

X
“r

j4

say N, in number, and each of those with

Xy 2z w

| 3 <P+ 7 + r+ p <4

say, ;' in number, contribute 2 to §S. Hence
S=2 (N+N).

Let N be the number of the points L satisfying

w
o<i4+ L2 Y
q $

X
)
Then excluding these, we have a 1-1 correspondence
between the remaining ones in N, and those in N given by
sta'=p y+y=9q, 247 =1, wtw =s.
Hence VN, = N+ N” and § = 4N, —2/N",
Now N7 = N+ NN+ N
where ¥”, denotes the number of the lattice points L
when exactly 7 of the variables equal zero. Clearly

N'= 3 (p—1), N/ =0,

t-g,7,s
Ny = , qzr : (p-1) (g—1)/2,
since there are (p—1)(g—1) solutions of

0<X<P,0<Y< G, x[pty/g< 2
and there is a 1-1 correspondence between those in

%/p+y/g <1 and those in x/p+y/q >1 given by x4-»’ =p,p+
Y'=gq. Finally /,"= s WN,(p, ¢, ), and 50 = 4 N,

» 4, Ty

-2 3 (/J—I)——ME :(P—I)(q—l)—2m>ir jvs(p,q,r)- (14)

£Ha.rs » 4, 7, v, T

VY w
0< +§+§+; < I, 1w = 0.

also
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Next we split § into three sums, say A’, B’, C, correspond-
ing to 4, B, C but now a fourth variable w/s also occurs.
We find 4’ +15/4 h

S ==L A () (p- D@1

- g-zi_&ﬁp;ﬂﬂ_€+1@ pars =5 L=1) ézpp— 1)grs

! +s3(p-1)(g—1)r5— 25(p—1)grs
+15 pgrs/4 = pqrs/12+21}rs+2qrs/(6p)
Next B = —-28.,.

Finally

pars—1

Y (x—3)7 =" pgrs—d+ 67‘%.

This gives

4 S= =pqr qrs -
N P’J s+335pg— 4+z +6pqrs 2S,.
Hence on substituting for N; from (6) in (14),

NoraSire 2 S(h 07)= 23(p-1) 4 3(2—1)(g—=1)

+12qu+%2(qr+rp+pq)+%2(p+q+r)

gr b J4 I
62( r +i 5 ];15;'"16

—pqrs+%21)q . 62 5 4+6 s

o o mr———— .+ B2 R o

= —pqrs+ 2} spg+isp—22 +‘2ﬁqr

P P9
_62 ‘Z’+’ T >+ 2‘1’5 prqr qurs
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