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24 M. Bern & D. Eppstein

to some criterion that measures the size, shape, or number of simplices.

An example illustrates the complementary relationship of mesh generation
and optimal triangulation. Numerical-analysis folklore had long held that finite
element meshes should avoid elements with sharp angles. Remarkably, Lawson
found that the Delaunay triangulation, a geometric construction with a long his-
tory, maximizes the minimum angle in a two-dimensional mesh [102]. At about
the same time, work by other numerical analysts implicated the flattest—not the
sharpest—angle as the critical factor in convergence [3, 90]. This problem did not
have a solution waiting for it, and in developing an algorithm to minimize the max-
imum angle [64], computational geometers discovered a very interesting algorithmic
paradigm (discussed in Section 2.2.2).

1.1. Background

The differential cquations arising in physical simulation require numerical solution.
Most numerical methods—there are exceptions—assume that the domain of inter-
est is divided into a mesh of small, simple elements. There are two major types
of meshes: structured and unstructured. This chapter studies only unstructured
meshes, but here we briefly sketch the larger context.

A structured mesk in two dimensions is most often simply a square grid
deformed by some coordinate transformation. Each vertex of the mesh, except
at the boundaries, has an isomorphic local neighborhood. In three dimensions, a
structured mesh is usually a deformed cubical grid. An unstructured mesh is most
often a triangulation with arbitrarily varying local neighborhoods.

Structured meshes offer certain advantages over unstructured. They are
simpler, and also more convenient for use in the simpler finite difference methods.
They require less computer memory, as their coordinates can be calculated, rather
than explicitly stored. Finally, structured meshes offer more direct control over the
sizes and shapes of elements.

The big disadvantage of a structured mesh is its lack of flexibility in fit-
ting a domain with a complicated shape. A number of techniques have been de-
veloped to find appropriate coordinate transformations: conformal mapping, al-
gebraic methods, and numerical methnds that themselves solve differential equa-
tions [32, 167, 168]. Even armed with these techniques, it may be impossible to find
a transformation that fits a complicated domain acceptably well. Faced with this
problem, some practitioners cut out a region of the grid, without any transforma-
tion, to give a “stair-case approximation” to the domain. But then the computed
solution will be cigh.:pnn:;po near the boundary of the domain, an area that
is often of special interest. Other practitioners break up the domain into simpler
regions, perhaps overlapping, each of which can be more nearly matched by a de-
formed grid. This method and its associated numecrical analysis make up “domain
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decomposition”, a large area of study in its own right.

Because of the need to fit complicated domains, such as aircraft and ma-
chine parts, the trend in simulation has been towards unstructured meshes [6, 117,
166], although both types of meshes will continue to be important for some time to
come. Indeed, there are methods that combine many small structured meshes into
an overall unstructured mesh [173].

As we shall see in this chapter, unstructured meshes can fit arbitrarily
complicated domains. Simply fitting the domain, however, is not enough. A finite
element mesh must also use elements of appropriate size and shape, and these quan-
tities may vary over the domain. Multiple requirements lead to many interesting
and difficult triangulation problems; these computational geometry problems define
the subject of this chapter.

1.2, Formulating the problems

In the formulation of triangulation problems, we sce the tension between applica-
bility and elegance. This tension pervades the major choices in the formulation:
the type of input assumed, the type of triangulation desired, and the optimality
criteria.

The most theoretically attractive inputs are polygonal regions in two dimen-
sions and polyhedral regions in three, without any auxiliary information. Curved
domains occur in practice, but usually the assumption of a flat-sided domain is not
too limiting. The more severe restriction is the assumpiion of no auxiliary infor-
mation. In practical mesh generation, some foreknowledge of the solution to the
finite element computation usually guides the choice of element size, shape, and
orientation.

A major binary choice arises in determining the type of triangulation. The
vertices of the triangulation may be exactly the vertices of the input, or extra
vertices—called Sleiner poinis—may be allowed. In practice, mesh generation in-
variably allows Steiner points, although the placement of Steiner points is often
separate from the subsequent triangulation process. Computational geometers have
traditionally disallowed Steiner points, and thus their theorems have relevance only
for the second stage of practical mesh generation, but recently a small number of
geometers (especially ourselves) have considered problems allowing Steiner points.
Stciner points change the character of optimal triangulation problems. Where pre-
viously the goal was an exact algorithm, it now must be an approximation algorithm
that uses a modest number of Steiner points.

For practitioners, the ultimate optimality critcria are speed and accuracy
of the finite element computation. These in turn impose a number of somewhat
conflicting criteria on the mesh: element shape (such as bounds on angles), reason-
able complexity (not too many elements), and element orientation (such as aligned
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28 M. Bern € D. Eppstein

Figure 1. Triangulations with (below) and without Steiner points (above) of a polygon,
a polygon with holes, a point set, and a PSLG. Solid lines show input; dotted show

triangulation.

2.1. Triangulalion without Opiimization

In this section we review triangulation without Steiner points and without optimal-
ity criteria. The most basic question about polygon triangulation asks whether a
triangulation always exists. A diagonal of a simple polygon is a line segment be-
tween two vertices, that lies inside the polygon and does not intersect the polygon’s
boundary except at its endpoints.

Lemma 1. Every polygon with more than three sides has a diagonal.

Proof: Let b be the vertex with minimum z-coordinate and ab and bc be its two
incident edges. If ac is not cut by the polygon, then ac is a diagonal. Otherwise
there must be at least one polygon vertex inside triangle abe, as in Figure 2. Let
d be the vertex inside abe furthest from the line through a and ¢. Now segment bd
cannot be cut by the polygon, since any edge intersecting bd must have one endpoint
further from line ac. w

Once we have found a single diagonal, we can split the polygon in two,
ind recursively triangulate each part. The proof of the lemma implies a linear-time
algorithm for finding a diagonal, so a triangulation can be found in time O(n?).

Now the following question arises: how quickly can we compute a triangu-
lation? This problem attracted more than a decade of intensive research. It is not
lifficult to improve the running time to O(nlogn) [77, 138]. For many geometric
problems there are matchigg 2(n logn) lower bounds, but none was known in this
:ase. There were also many faster special case algorithms {38, 77, 86]. After Tarjan
wnd Van Wyk [165] broke through to O(nloglogn), Chazelle [36] ended the quest
by announcing a linear-time triangulation algorithm for simple polygons.
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\ﬂ
Figure 2. Finding a single diagonal.

We now discuss the other types of input domains. It turns out that any
point set can be triangulated in time O(n logn), and conversely a point set triangu-
lation algorithm can sort real numbers, so there is a matching lower bound in the
algebraic decision tree model of computation (see [138]).

Lemma 1 applies to any polygon with holes, and hence to each face in a
PSLG. (A face is a connected component of the plane minus the PSLG.) Hence every
PSLG can be triangulated. It is easy to show by induction that every triangulation
of a given PSLG has the same (linear) number of triangles, n — 2 in the case of
a simple polygon. Triangulating a PSLG can be accomplished in time O(nlogn).
Using Chazelle’s algorithm, the time for polygons with holes can be improved to
O(nlogh), where h is the number of holes.

In contrast to these positive results, determining whether a straight line
graph (with crossing edges) contains a triangulation is NP-complete [113]. Also
NP-complete is the problem of determining whether a given collection of triangles
includes a triangulation of the triangles’ vertex set. (These results tend to rule out
greedy algorithms for optimal triangulation.)

2.2. Optimal Triangulation

We have seen that quite efficient algorithms exist for constructing a triangular
mesh that covers a given domain. There may, however, be exponentially many
triangulations with widely varying appearance. We now turn to the harder task of

ancrima ~AF coaaalid,
icasuic O1 (Juainivy.

finding a triangulation that optimizes some m

Since all non-Steiner triangulations of a two-dimensional input have the
same number of triangles, reasonable quality measures depend upon the shape of
triangles. Typical measures examine the angles, edge lengths, height, and area of
a triangle. The measure of a triangulation is then taken to be the sum, maximum,
or minimum of the measure over all triangles.

A number of quality measures find motivation in finite element methods.
The numerical condition of matrices in a finite element computation is related to the

minimum angle in the triangulation. The error of a finite element approximation is
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Figure 4. The CDT of a planar straight line graph.

For point sets, this definition reduces to the direct characterization of the
DT given above. Definition 1 also implies that the circumcircle of a triangle abc in
the CDT cannot contain an input point—other than a, b, or c—that is visible from
the interior of abc. We now justify Definition 1 by showing that—Ilike the DT—the
CDT actually gives a triangulation for inputs in general position. We call the new
edges, defined by the empty circle condition above, Delaunay edges.

Lemma 2. If no four input vertices lie on a common circle, the CDT of a PSLG
will be a triangulation.

Proof: By assumption input edges intersect only at endpoints, and since end-
points of a Delaunay edge must be mutually visible, no Delaunay edge can cross
an input edge. Suppose two Delaunay edges cross. But then all four endpoints are
visible from the crossing point, and it is easy to show that two circles satisfying the
definition cannot exist. Therefore the CDT is a PSLG.

We now show that the CDT contains no face with more than three sides.
Suppose that ab and ac are edges in the CDT, but that bec is not. Then the circum-
circle of triangle abc must contain some other input point visible to be.

Suppose there is an input point inside triangle abc. Such a point is visible
to a unless blocked from view by an edge with an endpoint “closer” to a, meaning
closer when projected onto a line perpendicular to be. Thus the closest input point
d to a (again measuring distance from bc) must be visible to a. Pass a circle through
a and d, parallel to bc at d. Any input points contained in this circle cannot be
visible to segment ad because they are blocked by ab and ac; hence ad is a Delaunay

adge.

Suppose instead that there is an input point on the other side of be from a,
visible to bc and lying inside circle abe. Imagine a shrinking circle, that starts
as circle abe, and then shrjnks in a way that keeps it tangent to circle abe al a.
Ultimately, only a single input point d visible to bc will lic in the shrunken circle,
and so d must be visible to a. There can be no other input points in the circle that
are visible to ad, so ad is a Delaunay edge.
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Figure 5. The CDT (dashed) is not the exact dual of the bounded Voronoi diagram.

By these two cases, we have shown that bac cannot be an untriangulated
corner. This proves that every connected component is a triangulation. We now
show by contradiction that the CDT is connected. Let a and b be nearest-neighbor
input points from two different connected components. The diameter circle of ab
cannot contain any other input points, so ab must be a Delaunay edge, giving a
contradiction. B

If the input is not in general position, some faces of the CDT may have more
than three vertices, all on a common circle. To avoid this situation, the input can
be slightly perturbed before computing the triangulation [60]. Alternatively, the
triangulation may be completed after the computation. Mount and Saalfeld [131]
showed how to complete a special-position DT or CDT, maintaining some of the
triangulation’s optimality properties. Dillencourt et al. [50] tie these two approaches
together: they show that almost all completions of a Delaunay triangulation can be
realized as the DT of a small perturbation of the input.

Just as the DT is dual to the Voronoi diagram, the CDT is related to the
bounded Voronoi diagram [111, 154, 170], a division of the plane into cells, one for
each input vertex, so that the cell for vertex a consists of the region of the plane
for which @ is the nearest visible input point. Contrary to several claims in the
literature, the relation is not exact duality: the CDT may have an edge between a
pair of vertices with bounded Voronoi cells that do not meet, but would meet if not
cut off by an input edge (Figure 5).

The CDT can be computed directly from Definition 1 by directly testing
each candidate edge, but such an algorithm is very inefficient. We now describe the
ftip algorithm, which computes the CDT of a PSLG using a simple local optimization
technique; it is derived from a similar algorithm for the DT [102]. The worst-case
running time of this algorithm, O(n2), is not optimal, but its ease of programming
makes it quite practical for medium-sized input. Morcover, the algorithm is useful
for proving a number of optimality properties.

The flip algorithm starts with any triangulation. For an edge e, not an
input edge and not on the convex hull, we denote by Q. the quadrilateral formed
by the two triangles on each side of e. We say that Q, is reversed if ¢ is not in the
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Figure 6. A local optimum for total edge length may be Q(n) times the global optimum.

Both of the CDT algorithms just described work for an arbitrary PSLG.
There is an Q(nlogn) lower bound for constructing any triangulation of a point set
or a PSLG, based on a reduction from sorting, but this bound does not apply to
polygon triangulation. So the following question arises.

Open Problem 1. Can the CDT of an arbitrary simple polygon be constructed
in time o(nlogn), or is there a lower bound of §}(nlog n) for this problem?

For some special cases, the answer is known. Aggarwal et al. [1] showed
that, if the input is a convex polygon, the DT (which is also the CDT) can be
found in linear time. The algorithm is based on the lifting transformation, and
it also solves the problem for certain other types of point sets. In particular, it
can update the DT after the removal of a vertex or edge. Djidjev and Lingas [51]
extended the linear-time algorithm to compute the DT (which is also the CDT) of a
monotone histogram. A monotone histogram is a polygon in which the vertex order
around the polygon simultaneously sorts all but one of the vertices by both z- and
y-coordinates. A convex polygon is thus the union of four monotone histograms.

2.2.2. Edge Insertion

The flip algorithm described above provides our first example of a local improvement
algorithm. As we showed, the flip algorithm in fact produces a global optimum: the
resulting triangulation maximizes the minimum angle, and optimizes several other
criteria as well. The success of the flip algorithm for Delaunay triangulation has led
to the use of edge flipping (with the appropriate definitions of _.m<o_.mom quadrilateral)

at nrenssieaatale Amdiontios other criter ria, suchasv

! 3 ?i!!: -) o
for finding triangulations that approximately optimize ot

degree [74], maximum angle [83], total edge length [172], or the ratio of the areas
of incircle and triangle {13]. Edge flipping to improve these criteria, however, will
not usually compute a global optimum.

The problem is that the algorithm can get stuck in a local optimum, in
which no flip improves te triangulation. A local optimum can be very far from
a global optimum; for example, it may have total edge length Q(n) times the true
optimal length; see Figure 6.
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One way to escape local optima is to allow local moves that do not improve
the triangulation, as in simulated annealing [100, 169]. A different approach is to
generalize the local improvement procedure. This reduces the number of local op-
tima, as a triangulation without an edge to flip may still admit the generalized move.
This section describes one such generalization, called edge insertion, introduced by
Edelsbrunner, Tan, and Waupotitsch [64] for the minmax angle problem.

Consider adding a new edge e to some existing triangulation 7 of a PSLG.
Edge e crosses other edges in 7, causing them to be removed. At this point there
will be two simple polygons without diagonals, one on each side of e. Optimal
triangulation problems on simple polygons tend to be tractable; for now we may
assume that these polygons are triangulated optimally using dynamic programming,
as in Section 2.2.3. Edge insertion is the process of adding a candidate edge,
incident to a vertex of a worst triangle (and cutting across that triangle); removing
the crossed edges; and retriangulating the remaining regions. The added edge is
rejected and the triangulation is returned to its previous state if the triangulation
gets worse. Below we explain how to eliminate a possible edge on each insertion, so
that the process terminates.

Notice that an edge insertion is more general than an edge flip, as a flip
inserts a diagonal of a convex quadrilateral and removes the single edge it crosses.
In fact, edge insertion is a significant generalization, as there may be Q(n) edges
that can be inserted to break a worst triangle, but only one flip. Because of the
increased number of possibilities, intuitively edge insertion should reach better local
optima than edge flipping, but take longer to do so.

Edelsbrunner et al. [64] showed that edge insertion can in fact compute a
global optimum that edge flipping cannot: the triangulation minimizing the max-
imum angle. The correctness of edge insertion for this problem follows from an
abstract property of the maximum angle measure, that also holds for several other
natural quality measures, as shown in a subsequent paper by Bern, Edelsbrunner,
Eppstein, Mitchell, and Tan [18]. Let f be a function measuring the badness of
triangles, and assume that the quality of a triangulation 7 is defined to be the
maximum (that is, worst) value of f over all triangles in 7, denoted f(T).

Definition 2. Let a, b, and ¢ be vertices in some PSLG G. We say that a is an
anchor vertex of triangle abe, if in any triangulation T of G, with f(T) < f(abe),
there is an edge ad crossing bc. In other words, one cannot improve a irianguiation
containing triangle abc without cutting abc by an edge incident to the anchor a.

For example, let f(abc) be the measure of the largest angle in triangle abc. Then
if the largest angle is Zbac, a is an anchor vertex, because in any triangulation of
quality better than f(abc), there must be an edge subdividing Zbac and crossing be.
A triangle may have more than one anchor vertex, and all vertices in an optimal
triangulation are anchors,
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40 M. Bern & D. Eppstein

Confirming this lemma is straightforward. For example, if f(7) measures
the minimum angle, then g (fy, f2,a,b) is simply min{f,, f2}. For the sum of edge
lengths, g(f1, f2,a,b) = fi + fo —|ab|. This last criterion is especially important, as
minimizing it for point sets (the well-known minimum weight triangulation problem)
seems to be very difficult.

An example of a nondecomposable measure is the maximum degree of a
vertex, as the maximum degree in 7 does not depend only on the maximum de-
grees in 7; and 75, but also on the degrees at @ and b. A measure that fails the
monotonicity requirement is the difference in areas between the largest and smallest
triangles. (Incidentally, both of these measures can be optimized by slightly more
complicated dynamic programming.)

Theorem 4 (Klincsek [101]). A triangulation of a simple polygon optimizing
any decomposable function can be computed in time O(n3).

Proof: Assume we are trying to minimize F(T). Number the verlices of polygon
P by v, v, ..., v, in order around the perimeter. If viv; is a diagonal of P, we
denote by P(i, j) the polygon formed by points v;, vy, ..., v;. Let F(i, j) be the
minimum value of f on a triangulation of P(i, ). If v;v; is not a diagonal, define
F(1,7) = +oo. We would like to compute F(1,n).

Note that in any triangulation of P(i, j), v;v; must be a side of a triangle,
say vvjvg, with { < k < j. Using the assumption that f is decomposable, we can
compute the measure of the optimal triangulation of P(i,j) by trying all choices
for k.

Nﬂ?..wv = -MS&_M.Q 9 AQA.\AQ-.Q&.Q*V_%JT._ \nv. Vi, ekv_ %.A»“..u.v_cn_ c.w.v.

We compute these values in increasing order of i, and for each i in increasing order
of j; then each value of F will be computed before it is needed. This computes the
measure of the triangulation; to compute the triangulation itself we maintain back
pointers for each pair (4, j) to the k that supplied the minimum.

Each computation of the recurrence takes constant time per possible value
of k, or O(n) total. Testing whether a pair (%, j) forms a diagonal also takes O(n)
time. There are O(n?) such computations, for a time bound of O(nd). n

In general this is the best time bound known. But the bulk of the work

e Lo N 1 PR P |
U PC quiCKkiy ruica
n

the number of

3

is done for pairs (4, 7} that form s diagonal the other pairs

aii
out. A sharper time bound is “input-sensitive”, depending only o
diagonals in the polygon.

Definition 5. The visibility graph of a polygon P has vertex set consisting of
the vertices of P, and ag edge between vertices a and b if a is visible to b in P.

Let E be the number of edges in the visibility graph. The visibility graph
can be computed in time O(n?) by traversing the boundary of the polygon once per
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vertex, performing a simple stack algorithm in each traversal [65, 93, 97, 104). A
more complicated algorithm reduces the time to O(nlogn + E) [85).

We can easily improve the dynamic programming algorithm from O(n3) to
O(En), but we can even do a little better. The time bound depends on the number
of triangles in the polygon; below we show that few edges imply few triangles.

Lemma 7. A graph with E edges has at most O(E3/2) triangles.

Proof: Divide the vertices into two classes: heavy vertices with degree at least
VE, and light vertices with smaller degree. If b is light we enumerate the triangles
containing b by examining each pair of edges ab, bc, and testing if ac is also an edge.
Each edge belongs to O(vE) pairs at its two endpoints, so this produces O(E3/?)
triangles overall. If b is heavy we enumerate triangles containing b by examining all
edges ac, and testing if ab and bc are edges. There are O(v'E) heavy vertices, so
again the total is O(E®/2) triangles.

Theorem 5. A triangulation of a simple polygon optimizing any decomposable
function can be computed in time O(n? + E3/2), where E is the number of edges

in the visibility graph.

Proof: Recall that the dynamic programming algorithm tests diagonals (i,j) in
order by i, and then for each i in order by j. When we start a new value of i, we
enumerate the triangles containing v as in Lemma 7, and store for each j the list
of k’s that form triangles v;v;v;. When we compute F(i, j), we minimize only over
the k’s stored on this list. &

It is curious that the worst case of this algorithm occurs when the polygon is
convex (so that the visibility graph contains all possible edges). Typically, convexity
makes optimization problems easier. Examples include geometric matching [120]
and greedy triangulation (see below) [107, 108].

In the matching problem, one must connect the vertices in pairs by diago-
nals, minimizing the total edge length. The resulting graph has no crossings, and in
this sense resembles the minimum weight triangulation. Matching can be solved by
the same dynamic programming techniques as above; however, for convex polygons
this can be improved to O(nlog n) [120). Another problem, construction of optimal
binary trees, is also closcly related to triangulation of convex polygons [160], and
again the O(n?%) dynamic program solves this problem. Yao [175) improved this to
O(n?) using the quadrangle inequality, a relation that also holds for diagonal lengths
in a convex polygon. In some cases this can be further improved to O(nlogn) [88].
These results suggest that, at least for minimum weight triangulation of convex

polygons, O(n3) is too slow.

Open Problem 2. Can the minimum weight triangulation of a convex polygon
be constructed in time o(n3®)?
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44 M. Bern € D. Eppstein

benefit that we can sometimes simultaneously guarantee bounds on several different
measures in the same triangulation.

2.8.1. No Small Angles

The first problem we consider is maximizing the minimum angle, solved in the non-
Steiner case by Delaunay triangulation. In the Steiner version of this problem, we
demand no small angles: every angle must be greater than some fixed bound.

The smallest angle of a triangle is related to two other quality measures:
aspect ratio and height. If the smallest angle in a triangle is 6, the aspect ratio is
between 1/sin @ and 2/sin 0.

Definition 6. The height of a triangle is the minimum distance from a vertex to
a side. The aspect ratio is the ratio of the length of the longest side to the height.

If there is any lower bound on the angles, the complexity of a triangulation
of a polygonal domain may be nonpolynomial; indeed, inputs of constant complexity
may need an unbounded number of triangles. Consider a rectangle with short
side length one and long side length A. Then any bounded-aspect-ratio triangle
contained in the rectangle has area O(1); hence Q(A) triangles are necessary to
triangulate the rectangle with no small angles.

This lower bound holds in a different form for point set input. Consider
a bounded-aspect-ratio Steiner triangulation of the vertices of the same rectangle.
There must be an edge incident to the upper left corner of the rectangle that has
length at most one. Now imagine walking from this vertex to the upper right
corner along edges of the triangulation. Each successive edge can be only a constant
multiple longer than the previous edge, and the first edge must have length O(1).
Therefore there must be Q(log A) edges in the walk.

Baker, Grosse, and Rafferty [10] first solved the problem of computing
no-small-angle triangulations of polygonal regions and PSLGs. Their algorithm
uses triangles with angles between 13° and 90°, thereby also solving the nonobtuse
triangulation problem described in the next section. They place a uniform square
mesh over the input, fine enough that input vertices are several squares apart in
the mesh. Using a number of special cases, they show how input edges may be
incorporated into the mesh, by retriangulating the squares within a small distance of
the edges. They also provide a similar set of special cases to handle the triangulation
near each vertex. Melissaratos and Souvaine [124] extend these techniques and give
an analysis of the number of Steiner points used by the algorithm.

Definition 7. The mlﬂcn feature size of a point set is the minimum distance
between input points. The input feature size of a PSLG is the minimum distance
between a vertex and an edge not incident to that vertex. For a polygon (with

e

i
¥
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Figure 8. A uniform mesh computed by Chew’s algorithm (Chew).

holes), the input feature size is analogous, only distance is measured by a shortest
path interior to the polygon.

Chew [42] found a quite different approach to.no-small-angle triangulation

ISR

of PSLGs. He assumes that all boundary edges have lengths between s and V3s,
where s is the input feature size defined above. This condition can be enforced by
subdividing edges. Chew starts with the constrained Delaunay triangulation of the
input, since it maximizes the minimum angle. Then, while there is a triangle with
circumcircle of radius greater than s, he adds a Steiner point at the center of the
circle, and recomputes the CDT.

Theorem 6 (Chew [42]). The algorithm above computes a Steiner triangulation
in which all angles are between 30° and 120°.

Proof Sketch: No point is ever added closer than s to another point. Hence the
procedure terminates, as only a finite number of points can fit into the polygonal
region. At the end of this procedure, all Delaunay circles have radius at most s,
and all edge lengths are between s and 2s5. No triangle with edge lengths in this
range can be more acute than 30° or more obtuse than 120°, without having a

circumcircle radius larger than s. ®

*Chew also gave a streamlined modification of this algorithm. First place
the input in a square grid with side length 5. Successively add Steiner poinis to grid
squares that have no vertices within distance s alrcady. Each update involves only
points and edges within O(1) adjoining grid squares, and hence can be performed
in time O(1). Assuming that not too much time is wasted on exterior grid squares,
the entire construction takes time O(n+ k), where k is the number of Steiner points.
Now k may be quite large, but it is within a constant factor of the complexity of
any triangulation in which all triangles have side length O(s). In other words, if
we require uniform triangle size, the output complexity approximates the optimuin.

See Figure 8 for an example.
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48 M. Bern & D. Eppstein

Figure 11. (a) Tiles for all acute triangulation.  (b) Example triangulation.

By strengthening the balance condition in the quadtrees, and replacing quadtree
squares by tiles with projections and indentations (Figure 11), Bern et al. can guar-
antee that all angles measure between 36° and 80°. Perhaps one can achieve 51°
and 72°, but any further improvement would force the triangulation to be topolog-
ically equivalent to a mesh of equilateral triangles, which seems to require a much
larger number of Steiner points.

A similar theorem holds for the quadtree algorithm for polygon input. The
analog of Lemma 8 guarantees O(nA) quadtree squares, where A is now the max-
imum aspect ratio of the CDT. Melissaratos and Souvaine {124} combine the algo-
rithms of Baker et al. and Bern et al. to guarantee no obtuse angles as well.

2.3.2. No Large Angles

Many practitioners have suggested largest angle as an important quality measure
for both mesh generation [3, 14, 83, 90] and surface interpolation [80, 81]. A bound
on the smallest angle implies a bound on the largest angle, but as we have seen, the
elimination of small angles requires a triangulation with complexity dependent not
only on the number of input vertices n, but also on the geometry of the input. In
this section, we allow small angles and achieve polynomial bounds on the number
of triangles in a no-large-angle triangulation.

If the largest angle in a triangle is 90° —¢, then the smallest must be at least
€/2. Thus the strongest bound on the largest angle, that does not imply a bound
on the smallest angle, is 90°; in other words, the triangulation must be nonobtuse.
Nonobtuse triangulation claims a number of motivations. A nonobtuse mesh guar-
antecs some desirable numerical properties related to diagonal dominance [10]. A
second motivation invOlves planar duality. Each (closed) triangle in a triangula-
tion contains its circumcenter exactly when all angles measure at most 90°. The
planar dual of such a triangulation can be formed by simply adding perpendicular
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bisectors of edges (sce [22] for more on constructing planar duals). Practitioners
use dual meshes in the “finite volume” method in which each mesh vertex has an
associated control volume; a perpendicular planar dual defines especially convenient
control volumes, simplifying the calculation of flow or forces across element bound-
aries. Third, nonobtuse triangulation has application to computational learning
theory [145). Fourth, a nonobtuse triangulation simultaneously guarantees some
optimality properties, as shown by the following lemma.

Lemma 9. Any triangulation in which no triangle is obtuse must be the Delaunay
triangulation of its vertices. A nonobtuse triangulation also minimizes the maximum
angle, and maximizes the minimum height.

Proof Sketch: By Lemma 3, if a triangulation is not the DT then some two
adjacent triangles form a reversed quadrilateral. But no quadrilateral in which
both triangles are nonobtuse can be reversed. Nonobtuse triangulations are unique,
up to the choice of diagonal for points forming a rectangle. Any other triangulation
would have to have an obtuse angle, and so could not minimize the maximum
angle. The maxmin height triangulation is discussed below. An examination of
cases shows that, if the triangle with minimum height is nonobtuse, then in any
other triangulation there is an equal or smaller height triangle involving one of the
same three vertices. B

As noted above, Baker et al. [10] give an algorithm for nonobtuse triangu-
lation of polygons. Their algorithm also avoids small angles, and hence must have
complexity that depends on geometry, as well as on n. Is it possible to eliminate
dependence on geometry? For point sels, a nonobtuse triangulation with O(n?) tri-
angles is trivial to construct, by simply passing horizontal and vertical lines through
each point. The following theorem improves this bound.

Theorem 8 (Bern et al. [20]). For any set of n points, there is a nonobtuse
Steiner triangulation of complexity O(n).

Proof Sketch: The algorithm takes as its starting point the quadtree algorithm
of Bern et al. [20] described above. The only nonlinear behavior of this algorithm
occurs when a square is split without separating any input points. If this happens
repeatedly, some tightly spaced cluster of points must be escaping separation by
ihe quadiree sides.

In this algorithm, such a cluster is triangulated recursively inside a small
square. A rather complicated construction, using only nonobtuse triangles, then
attaches this square to a large quadtree square containing it. Thus we shortcut
many levels of the quadtree. ®

For polygons, the problem requires some new ideas. Bern and Eppstein (19
devised an algorithm for nonobtuse triangulation of polygons, with complexity
bounded by O(n?). We now describe the algorithm.
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52 M. Bern & D. Eppstein

It seems likely that a combination of the techniques used in these two
theorems will yield triangulations with maximum angle 90° + ¢ (for any ¢), using
O(n'-85) triangles. We close this section with the following questions.

Open Problem 5. How many nonobtuse triangles does it take to triangulate an
arbitrary n-vertex polygon? What is the best angle bound (that is, closest to 90°)
achievable with O(n), or O(nlogn), triangles?

2.3.83. Mazxmin Height

We now consider maximizing the minimum height of a triangle. This problem arises
in Mitchell and Vavasis’s three-dimensional mesh generation algorithm [129)].

As we saw above, a minimum-height triangulation without Steiner points
can be computed using the edge-insertion paradigm [18). It is not immediately
obvious that Steiner points can improve the height. Consider a regular n-gon,
however, with sides of unit length. Any triangulation without Steiner points must
contain an ear, which has height sin(r/n), but a Steiner point at the center allows
all triangles to have nearly unit height. This example is due to Scott Mitchell
(personal communication).

For point set input, the linear-complexity nonobtuse triangulation algo-
rithm described above already solves the maxmin height problem. Notice that the
minimum distance s between two points, that is, the input feature size defined in
Section 2.3.1, gives an upper bound on the minimum height achievable. The nonob-
tuse triangulation algorithm defines quadtree squares of side length Q(s), and each
triangle has height proportional to the smallest quadtree square it touches.

For polygons, the input feature size s again gives an upper bound on the
minimum height achicvable. The no-small-angle quadtrec algorithm produces a
triangulation with minimum height Q(s), but with nonpolynomial complexity. The
nonobtuse triangulation algorithm described above does not help, as it can produce
triangles with small height.

Theorem 12 (Bern et al. [17]). A polygon with holes can be triangulated into
O(n) triangles of height Q(s).

Proof Sketch: We give a very rough sketch. The first step starts by cutting off
acute corners of the polygon with isosceles triangles; these triangles are triangulated
at the very end without adding any new Steiner points. Then the remaining polygon
P is cut with vertical and horizontal lines. Imagine the plane divided into an infinite
square grid with spacing s/3. Now erase all of the grid, except portions of lines
bounding squares that either contain—or are adjacent to a square that contains—

an input vertex. See Figure 14.
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Figure 14. A polygon cut for maxmin-height triangulation.

The second step carefully warps some segments of the horizontal and ver-
tical cutting lines to conform to the boundary of P. A case analysis shows that all
resulting faces can be triangulated with height €(s). At this point, there are O(n)
triangles of height (s) along the boundary of P, and O(n?) rectangles of height
)(s) interior to P.

The third step merges interior rectangles into rectilinear polygons to reduce
the complexity. Each rectilinear polygon @ will have input feature size Q(s) and
satisfy a certain matching condition: a horizontal or vertical line extended from a
vertex of the polygon across the interior first intersects @ at another vertex.

A sweep algorithm now triangulates such a rectilinear polygon with linear
complexity. First draw in all interior vertical line segments between vertices of Q.
Then sweep from left to right, adding Steiner points to vertical segments. The idea
is to project only every other vertex from the current vertical line onto the next
vertical line. Horizontal edges are added between corresponding points. When the
left-to-right sweep has ended, perform a similar sweep from right to left. After both
sweeps, each newly-created face interior to @ has at most one subdivision point on
each vertical side; hence, it can be triangulated into O(1) triangles of height Q(s).
The total number of Steiner points added in the sweeps is O(n), as it is the sum of
a geometric series. 8

This result can be combined with the no-large-angle triangulation of The-
orem 11 to produce a triangulation with O(nlog n) Steiner points, in which there
are nq.large angles and each triangle has height (s).

2.8.4. Minimum Weight

As in maxmin height triangulation, it is not obvious that adding Steiner points can
reduce the total edge length of a triangulation of a point set. But it is not hard to
make examples (say, n — 1 points on an arc that bows towards one distant point) to
show that the minimum weight Steiner triangulation (MWST) can have total edge
length (n) times smaller than the minimum weight triangulation (MWT).
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Figure 15. Example of Saalfeld’s conforming DT algorithm.

touching any other edge, as in Figure 16. After placing Steiner points at the inter-
sections of circles and edges, every piece of an edge will support a circle containing
no other points. The assumption that the input is a polygon implies the existence
of a finite set of suitable circles.

Nackman and Srinivasan in fact use the minimum possible number of suit-
able circles. But there is no guarantee that the algorithm uses a number of Steiner
points that is as small as possible—indeed, Nackman and Srinivasan give an exam-
ple of constant complexity for which their method requires a nonconstant number
of Steiner points.

Figure 16. Covering each edge by circles not pozn_.:_m any other edges.

Edelsbrunner [59] described the first algorithm with a bound dependent
only on n. His technique processes one line segment of an input PSLG at a time.
A segment is processed by covering it with a set of circles, none of which contains
any of the current vertices (PSLG vertices or previously added Steiner points). New
Steiner points are then added at each intersection of an edge and a circle. No Steiner
points will be added within any circle, so each portion of an edge contained in a
circle (shown dashed in Figure 17) is now discarded. After the last input edge is
processed, each portion of an edge is contained in an empty circle, and hence can be
part of the DT if we break ties formed by sets of cocircular points in an appropriate
way. At each covering step, the number of circles needed is at most proportional
to the number of Steiner points already present, and each circle adds at most two
new Steiner points per jpput edge. Hence the total number of Steiner points added
is n(), which—if not a small number—is at least a function of n.

Mchlhorn, Sharir, and Welzl improved this bound to n®Uogn) by inter-
leaving the circle-covering step with a step that recursively splits the set of PSLG

i
i
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Figure 17. A step in Edelsbrunner’s conforming DT algorithm.

endpoints into smaller subsets (Edelsbrunner, personal communication). In a recent
breakthrough, Edelsbrunner and Tan [62] found a construction with O(n?) Steiner
points, the first polynomial-size solution to the conforming Delaunay triangulation

problem.

2.4. Heuristically Generated Meshes

In this section we describe two-dimensional mesh generation in practice. We do
not attempt a thorough literature survey, rather we give informal descriptions of
a few mesh generation approaches, chosen to illustrate some of the main ideas in
the field. There are already a number of articles that survey and classify the liter-
ature on automatic mesh generation [87, 148, 157, 163, 166, 173], although we are
not aware of a recent survey of two-dimensional mesh generation with an extensive
bibliography. Overall, two-dimensional mesh generation seems fairly mature, and
a number of different approaches give good results. As we mentioned in the intro-
duction, we restrict our discussion to generation of unstructured triangular meshes;
for structured meshes, such as quadrilateral meshes given by conformal mapping

techniques, see [32, 167, 168].

2.4.1. Mesh Improvement Techniques

Before describing heuristic mesh generation methods, we mention some mesh im-
provement techniques, which can be used as post-processing steps after any of the
heuristics.

The first technique, dating to the 1960s [174], is called Laplacian smoothing
because its repositioning formula can be derived from a finite difference approxima-
tion of Laplace’s equation [84]. In Laplacian smoothing, a vertex v in the interior
of the mesh is moved to the centroid (center of mass) of the polygon formed by its
neighbors. The vertex should not be moved if the centroid lies outside the polygon.
This repositioning usually improves the size and shape of the triangles around v,
but it is not guaranteed to do so. A variation weights neighbor vertices by the areas
of their surrounding elements. Laplacian smoothing is typically applied successively
to each interior node of the mesh, for several (four or five) rounds. See Figure 18.

A second method, due to Frey and Field {74], flips edges to regularize



7e 3215 a[Fuell) 105199 ® s0A1F 1Ry} | UOL)OUN] UOINGIIISIP Ysoul,, © P[oIL O} 9218 Iun}
-paf |p20} uo juspuadap JuryiswIos Y)m paulquiod are sipwered osoy], ‘suofLjod
Suuoqudou om) uvsamyaq 9215 Ul UOLIRIIRA J[qeMO[[e Y} S[0jU0D ey}  Iojowrered Ful
-yjoouss, ® pue ‘(junoure [jews v £q papaadxs A[[edidAy) ssjfusiyy jo soquinu jo81ey)
' lysoul o) [o1juod svjewrered ndut om) ‘poyreowt s uosdwig pue sor ujf
‘ojdwrexa
ue 10j (g 21ndig 998 “seur] Furna ayy e sjutod BUWIG yYojew 0) ored Fuife) ‘ezis
[enba Apreunixoadde jo sojduruy Jutsn pojenuer) st uofAjod xoauod yowo A[reury
‘so[3ue [[ews ploae o} Funduweyje ‘Affestisunoy ussoyd ale ssulf Junn),. “Youw
009 A1eA jou op reyy sy)dus| a8pe Arepunoq yjm suofLjod xoAuod ojul paplAlpqus
o17any are suoFAjod xeauod Surynses ay], (,081 ueY) s10uI saInseIW S[FUe JoLISYUIL
9Y) YOIYM B $901319A ‘ST JeY)) §901930A Xo[jal wroly Buipusyxe ssul| Suofe Furpnd
Aq suo34jod xaAu0d oqul uigwop ayy apiAlp 181y [16 ‘g6) uosdung pue sop
'pus
Ieaui[13991 © WOy saul] SUIpIALp uBy) I9yyel ‘seul| Suipiarp asuinjul puy oy sydurayye
‘1oaomoy] ‘yoroidde siyy, ‘suoifos sjdwis oyl (9I§J © A[[eusd jsow) urewop
a9 sopialp A[jeritut ospe uoljelsuad ysour o Yorvoidde uorpisodworap uofLjod ayyg,

uonisodwodd(q uobhjog g%z

“Ayeuonoalip oy dn jeaaq Apusrdyyns
Aew ‘Suiyjoows uenede] yjm pajdnod ‘eanpedoid uorjeziuiopuel jo 1108 dUWIOS 10
‘log1 ‘0g] utr pasn se ‘sojty as1penb srenbs-uou ySnoyjje ‘puaraqut srowl aq Aew
wis[qoad puodss ay], ‘[0z] ‘[ 10 uieg jo spoyjew Juidiem oYy Aq paajos oq ued
syusws[e padeys-A[iood Jo wolqoid oy, ‘[g91) (sexe-A 10 -z ay) 09 [o[jesed Apweu)
SUOLORIIp palivfald [RIDYIYIE JUdNpOIIUL 10 pUe ‘sjuswa]e Arepunoq padeys-A[10od

(1PYPN ') @219penb v woiy peautap ysow y G 2andig

N> < A7

6HC :0.-=-—b.:~u.~k.ﬁ ::.::QQ pup uonDIAUIL) YsIN

1
!

Supnpord A[jeuoiseddo 10§ pazILID UIIQ 3ABY 10AOMOY ‘SPOYJOUIL aaupend)

‘Krepunoq
urewop sy jo syed ajdwis Juturejuod sotenbs [jeuis uiim A[uo jno psiies are
suotyesado quiod-Fuiyeoy jey) os ‘orjewayjLre 0Foyur ut Apanus pajndwos aq few
Jiesyt sempenb oyy jeyy st ofejueape mYjouy "IOYMIS[P sjuswd[e 1eSre| 0y dn
apead jey) Arepunoq sy Jo syred pajedrjduwiod Ieou s)UILIS[ [[RULS M saysowt ‘st
12y} ‘soysowr papoub vonpoid o} Aem JUBIUOAUOD jJsOw oY) oIw s091)pend)

" (S9[0Y Jsoufe, pue so[OY punote sazis drenbs
sa11penb Jo uONAEs |njored sojeijsuowsp ajdwexa siyy, ‘[og] ur wyjuode ayy jo
uotjeoyipow & Futsn ‘[gz1] [[PY21N Aq porndwod ysow sjdwrexs ue SMOYs g 9In
B ysew sy wl sojFueln) jo qunu ay) Jo sisk[eue ue se [[om se ‘sajdue [[ews
onpoid 0} jou pavjurtend sofus Jurdrem paynquiuod og] ‘(e 1o useg £q 1aded [ea
-1210943 3y, “[g] 1ndur aypy jo adeys ayy 93ued jou ssop jey) ysowr € sonpoid o) spo
-yyow Juturuin pue Suidiesm sosn w0 [e 9y} JO UOISIOA peoueApe sjowr y

‘utewiop ay) sejewrixoidde yeyy ysow
® 8p[a14 udy) 90e) yors JunpenSuens], ‘suseped jo jes poxy e uwroyy ussoyd adeys
© [3m pode[daa st L1epunoq ayj jo uotpiod © Suiutejuod aaenbs yoes ‘pajonljsuod
st saxpenb oy 139)y ‘azIs 531 901M) UBY} SI0W 2UO 09 Judoe(pe 81 orenbs J919penb
OU :UOMIPUOd FdUL[Rq € W] IO (UTRWOP Y} 1940 A1ea Aews jey)) 9zl UO punoq
12ddn ue woiy ynsa1 osfe Aew sydg 'PUNOq 9IS WIILIUIW IUIOS yoesl1 serenbs
[1Jun ‘urewop 2yj jJo Lrepunoq a1y Aq pajoesiajur sarenbs Fuiyds A[aatsinoss £q
urewop paaind 1o [euofLjod € jo uorejussorder 9s1jpenb e jonijsuoy [921] prey
-doyg pue A5  ‘spoyjowr o1jsUNSY Ul pesn uoaq pey soorppenb ‘log] uoryoes
18%] 3Y) ul paqlIasep spoyjow uoljerouald ysaur pood Aj[earyeioayy ayy alojeq Suor

saaapondy  gbg

"anbiuyoay Juswrosordwt ysow e se (17 uoro9g) uorre[nfueiry Leu

-ne[3( pauterjsuod e Junnpoid 10) wyjuoie diy oy mora Lewr am ‘A[jeury
"dos  uotyexefa1 ysou, s1y)
smol[oj Suryjoows uee[de] ‘om) ury) s1ow £q wns s, [euodeip Suisoddo ayy spesoxs
so018ap sjutodpud syl Jo wins ayy 1 paddiy st [euoferp [eisjeupenb y ‘sa01dop

"SSEUI JO 191u0 810qUT1au S 01 X91194 ® FUIAOl ‘g1 2Ty

utasddsy (7 @ uwidg W 89



60 M. Bern & D. Eppslein

Figure 20. Lake Superior (Joe) (a) input, (b) decomposition, (c) refinement, {d) mesh.

each point within the domain.

The concept of local feature size recurs in most mesh generation approaches.
We may define the local feature size at point a to be the size of the quadtree box
that contains a, as produced by the polygon version of the algorithm of Bern et
al. [20], described in Section 2.3.2. This sets the local feature size at a vertex v
of the polygonal boundary P to be proportional to the minimum distance (within
the domain) to an edge of P not incident to v. Local feature size then varies
fairly smoothly between vertices. Most of the mesh generators described in this
section define their own versions of local feature size, but the definition Jjust given
is sufficient for understanding. Many of the mesh generators also allow the user to
control the local feature size in some way, perhaps through input parameters. This
extra control is important in applications in which the solution to the finite element
computation is expected to show features smaller than the features of the domain.

Srinivasan et al. [163] recently developed an interesting polygon decompo-
sition mesh generator, using the symmetric azis transform. The symmelric axis is
the set of all centers of disks contained in P that contact P at two or more points;
it consists of straight lincs and parabolic arcs.

Figure 21 shows the operation of this mesh generator on a multiple domain.
The input is shown in (a), with different materials shown by different shades. The
first step computes the Voronoi diagram of the edges and vertices of the domain;
this contains each face’s w«.—:BmEn axis. Parabolic arcs in each symmetric axis are
then replaced by one or two straight edges (chords of the arc), as shown in (b).
Each vertex on a symmetric axis is then joined to two or more points on the do-
main boundary by the touching radii of the disk centered at the vertex, resulting

T A iy i e e G S S TRV
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Figure 21. The steps in meshing a multiple domain (Srinivasan et al.).

in a PSLG in which each face is a triangle or trapezoid, as shown in (c). A “sliver
processing” gtep then removes or breaks up faces with bad aspect ratio (see (d)).
Boundary edges and touching radii are then used to extract local feature size values.
These values induce a node spacing at each vertex in the PSLG, and interpolation
then gives a node spacing function over the entire domain. The node spacing func-
tion guides an iterative process that adds and deletes more Steiner points. Final
triangulation is accomplished by the constrained Delaunay triangulation (shown in
(¢) and in a zoom in (f)).

The advancing front approach to mesh generation {109, 114] is especially well-suited
to fluid dynamics problems. In this approach, the domain’s boundary P is first
subdivided appropriately, and then Steiner points are placed in successive layers
around each connected component of P. This yields triangles oriented with the flow
field. Figure 22 shows a mesh computed by Barth and Jespersen [16]; this mesh is
the Delaunay triangulation of vertices placed by the advancing front method.
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64 M. Bern € D. Eppstein

S. For each point d, fr(d) is the weighted average of the elevations at the vertices,
a, b, and ¢, of the triangle abe in 7 that contains d. Writing d as cya + ¢3b + cac,
with ¢; +¢2 4+ ca = 1 and ¢1,¢z,¢3 > 0, we have Jr(d) = ¢, f(a) + e2f(b) + caf(c).
We say that fr inlerpolates S.

The question arises: which triangulations are good for interpolation? This
question has been discussed in the literature [13, 46, 53, 102, 152]. Rippa [140]
recently proved a surprising result. Regardless of the input elevations, the Delaunay
triangulation gives an interpolating surface, or elevated triangulation, optimal in a
certain least energy sense.

Theorem 13 (Rippa [140]). Let fr be a piecewise-linear function interpolating
S induced by a triangulation T. The piecewise-linear function Sfor induced by the
Delaunay triangulation satisfies

\\~.~ (Vfor)? < \..\w (Vfr)

We now explain the integrals above in terms more familiar to computational
geometers. Let abc be a triangle of triangulation 7. Let the plane passing through
f(a), f(b), and f(c) have the equation z = Az + By + C in Cartesian coordinates.
Then over abe, the gradient squared (V fr)? is simply the constant A2 + B2, and
the contribution of abc is its area times this constant. Rippa’s theorem states
that the sum of these contributions over all triangles is minimized by the Delaunay
triangulation. The proof of Rippa’s theorem is an intricate calculation showing that
the flip procedure cannot increase the integral. Hence the CDT is also an optimal
interpolating surface. (De Floriani et al. [46] had previously proposed the use of
the CDT for this purpose.)

Rippa and Schiff [141] show that the minimization above corresponds to
the energy functional associated with the nonhomogeneous Laplace equation. We
may think of the DT as giving the stretched membrane (a “drumhead”) with least
potential energy, among all elevated-triangulation membranes. Rippa and Schiff also
discuss other energy functionals, and use the flip algorithm as a heuristic for their
minimization. See [13, 56] for heuristic solutions to other interpolation problems.

Bern et al. [18] recently considered the problem of finding the minimum

slope interpolating surface for input points with elevations (an optimization criterion

p. - PR S S
in the direction of

mentioned in [172]). The slope of an elevated triangle is the slope
steepest descent, and the slope of an elevated triangulation is the maximum slope
of any of its elevated triangles. Bern et al. showed that this problem can be solved
in time O(n?®) using the edge-insertion paradigm, discussed in Section 2.2.2. The
following lemma shows that the “weak anchor property” holds, thus establishing

the applicability of edgesinsertion.

Lemma 11. Assume abc is a maximum-slope triangle in elevated triangulation T .
Assume the line of steepest descent on abe passes through a (either ascending or

:
i
$
H
&
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PP e

Figure 24. The weak anchor property holds for minmax slope.

descending from a). Assume elevated triangulation T' has smaller slope than T.
Then there is an edge of T' incident to a that crosses be (in the projection onto the
plane).

Proof:  Assume without loss of generality that the line of steepest descent ¢
descends from a to be. If the lemma is false, then 7' must contain an elevated
triangle ade, with de intersecting both ab and ac in the projection onto the plane
containing the input. (Edge de does not necessarily cross both ab and ae, so e could
be identical to ¢.) A vertical plane V; through £ must cut de above ¢, since T' has
smaller slope than 7. So at least one of d and e, say d, must lie strictly above the
plane containing abe. See Figure 24.

Now consider the elevated triangle adb (which is not necessarily a triangle
of 7 or T'). Because d lies above the plane containing abc, the slope of adb must be
greater than the slope of abe. (Here notice that V, intersects the plane containing
adb in a line with steeper slope than £.) Let & be the line of steepest descent on adb.
If & connects d with ab, we consider the triangles of 7 that intersect Ve, a vertical
plane through #. These triangles intersect V: in a polygonal path from d down to
ab; at least one edge of this path must have slope at least that of ¢, a contradiction
to the assumption that abc is a maximum-slope triangle in 7. Contradictions also
follow in the other two cases: when # connects b with ad or a with bd.

This lemma also holds for constrained triangulations, giving an O(n3) algo-
rithm mo,_. finding a least-slope interpolating surface for polygonal inputs with holes
and elevations. There are a host of open questions on optimal interpolation; we
list three. Many interpolation problems, including the second one listed below, also
make sense when Steiner points are allowed.

Open Problem 7. For point set data with elevations, can a triangulation max-
imizing the minimum angle on an elevated triangle be computed in polynomial

time?

Open Problem 8. For point set data with elevations, can a triangulation mini-
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Figure 27. Surface triangulation of a wing (Chew).

3. Three-dimensional Triangulations

Triangulation in three dimensions is called tetrahedralization (or sometimes teira-
hedrization). A tetrahedralization is a partition of the input domain, point set or
polyhedron, into a collection of tetrahedra, that meet only at shared faces (ver-
tices, edges, or triangles). Tetrahedralization turns out to be significantly more
complicated than triangulation.

As in two dimensions, n represents the number of vertices of the input
domain, and we distinguish several different types of domains.

¢ Simple polyhedron. A simple polyhedron is topologically equivalent to a
sphere; it does not meet itself in a handle, or touch itself at a point or an
edge. The boundary of such a polyhedron forms a connected planar graph.
In triangulations without Steiner points, each tetrahedron’s vertices must be

vertices of the polyhedron.

o Nonsimple polyhedron. A nonsimple polyhedron may be multiply con-
nected, topologically equivalent to a torus or a higher-genus surface. It may
also have holes, meaning that its boundary is not connected.

¢ Point set. Asin two dimensions, a triangulation of a point set fills the convex
hull. If Steiner points are allowed, then the boundary of the triangulation may
be a larger convex polytope.

3.1.  Tetrahedralization without Optimization

In this section, we concentrate on existence and construction of tetrahedralizations,
without concern for optimality. Existence and construction are already interesting,
since many two-dimensional triangulation properties break down in three dimen-
sions.

The first surprise is that different triangulations of the very same input may
contain different numbers of tetrahedra. For example, choose n points v; = (3, 12, i3)

e T
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Figure 28. An untetrahedralizable polyhedron.

on the moment curve. It is not hard to show that their convex hull can be trian-
gulated with the (";?) tetrahedra of the form v;v;41vjvj41. (In fact this is the
Delaunay triangulation of these points.) A generalization of Euler’s formula shows
that any tetrahedralization of an n-vertex polyhedron has at most this many tetra-
hedra [59]. If we choose the tetrahedralization carefully, however, we can achieve
linear, rather than quadratic, complexity for this same input. In fact, any strictly
convex polyhedron can be tetrahedralized with at most 2n — 7 tetrahedra: choose
a vertex v, triangulate each face of the polyhedron that is not adjacent to v, and
then connect v to each triangle. This bound is within a factor of two of optimal, as
any tetrahedralization of a simple polyhedron has at least n — 3 tetrahedra.
Edelsbrunner, Preparata, and West [63] show how to construct a linear-
complexity tetrahedralization of point sets. After tetrahedralizing the convex hull
with only linear complexity as above, interior points are added one at a time. When
a point is added, the tetrahedron containing it is replaced by four smaller tetrahedra.

When we try to extend these results to nonconvex polyhedra, we meet a
second surprise: not all polyhedra are tetrahedralizable. The following counterex-
ample is due to Schonhardt [150]. Start with a triangular prism, and twist one
triangle relative to the other so that each rectangular face of the prism folds into
two triangles with a reflex edge between them (Figure 28). Any set of four vertices
must include a pair that face each other across such a reflex edge. So the polyhedron
contains no tetrahedron, and tetrahedralization is impossible.

Schénhardt’s polyhedron can be tetrahedralized if we add one Steiner point.
This leads to the question of how many Steiner points may be required for tetrahe-
dralization. Chazelle [35] found a simple polyhedron in which Q(n?) Steiner points
are needed even to partition the polyhedron into convex regions. Clearly, this is
also a lower bound for tetrahedralization.

Chazelle’s polyhedron (Figure 29) can be viewed as a cube, from which
numerous thin wedges have been removed. Wedges parallel to the y-axis are removed
from the top face of the cube, and wedges parallel to the z-axis are removed from
the bottom face. The reflex edges at the tips of the wedges form two sets of lines,
that almost meet at the center of the polyhedron, near a ruled surface in the form
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Theorem 15 (Chazelle and Palios [39]). Any simple polyhedron with n ver-
tices and r reflex edges can be partitioned into O(n+r?) tetrahedra using O(n+r?)
Steiner points.

Proof: Start by triangulating the faces of the polyhedron. As in any planar graph,
we can find 2(n) nonadjacent vertices, all with degree at most six. By Lemma 12,
unless n is O(r), one of these vertices has a low-degree cap that is not penetrated.
Remove this cap, leaving a smaller polyhedron. The cap itself can be split into O(1)
tetrahedra. After we remove all but O(r) vertices, the remaining polyhedron can
be triangulated by the vertical wall method. m

The resulting partition is not yet a triangulation, because the vertical walls
subdivide the faces of the reduced polyhedron, without matching the caps removed
from those faces. If m wall edges occur on the faces of the cap of vertex v, then
v’s cap can be triangulated with O(m) tetrahedra with apex v, and this subdivi-
sion does not propagate into other caps. The complexity of the triangulation may
grow if an edge of the reduced polyhedron is shared by many removed caps. This
complication can be handled by surrounding each such edge with a narrow prism-
shaped polyhedron before doing the vertical wall construction. Now vertical walls
subdivide the faces of the prism, rather than the edge itself; the prism can be trian-
gulated with a single Steiner point. We omit the details of handling the tips of the
prisms where they meet at vertices of the reduced polyhedron. The final product
is a triangulation with O(n + r2) tetrahedra, that with careful implementation can
be constructed in time O(nr + r2logr) [39).

This result reveals that nearly convex polyhedra require few Steiner points.
The question arises: can we find an efficient algorithm that uses the minimum
number of Steiner points? Ruppert and Seidel [143] gave a negative answer to this
question. They showed that testing whether Steiner points are necessary to triangu-
late a given polyhedron is NP-complete (see [76]), even for star-shaped polyhedra
(which can trivially be triangulated with a single Steiner point). They similarly
prove that, for any k, it is NP-hard to test whether k Steiner points suffice. The
following open question asks for an approximation algorithm.

Open Problem 11. Is there an efficient algorithm for triangulating any n-vertex
polyhedron into O(m) tetrahedra, where m is the minimum possible number?

3.2.  Optimal Tetrahedralization

' In this section, we consider three-dimensional optimal triangulation without Steiner
points. Since Steiner peints are required simply to tetrahedralize nonconvex poly-
hedra, this section treats only point sets (and as a special case, convex polyhedra).
Even here very little is known, and this section has more open problems than results.
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Since a single input has tetrahedralizations of different complexity, a natural
optimization question is the following. A more general open question asks for a
minimum-complexity tetrahedralization of a point set.

Open Problem 12. Is there a polynomial-time algorithm for triangulating an
arbitrary convex polyhedron with the minimum number of tetrahedra?

The Delaunay triangulation (DT) in three dimensions contains each tetra-
hedron with vertices from the input point set, whose circumsphere contains no
other input points on its surface or in its interior. Assuming general position, no
five points lie on a single sphere, so this defines a triangulation. The complexity
of the DT may be as high as Q(n?), as shown by the moment curve example (Sec-
tion 3.1). There does not seem to be a reasonable definition of constrained DT in
three dimensions.

The lifting transformation defined in Section 2.2.1 generalizes to three (and
higher) dimensions. We map an input point with Cartesian coordinates (z,y,2) to
the point (z,y, z,z% + 3% + 22). The image points all lie on a paraboloid in four
dimensions; the projection of the lower convex hull back onto the zyz-hyperplane
gives the DT. Coupled with an algorithm for computing four-dimensional convex
hulls [153], this gives a worst-case optimal, quadratic-time algorithm to compute
the DT.

There are also direct algorithms. Bowyer [26] and Watson [171, 68] gave
incremental algorithms that are quite popular in practice. Watson’s algorithm in-
serts points in sorted order by one coordinate, testing all old circumspheres that
intersect the current sweep plane. Bowyer includes evidence that his algorithm runs
in time O(n*/?) for a random point set. Dwyer [55] gives a linear-expected-time
algorithm for random points in the unit ball.

Joe [92] and Rajan [139] generalize the flip algorithm for DT construction.
In three dimensions, flips involve sets of five points, forming a tetrahedral bipyramid.
Such a figure can be tetrahedralized in two ways: either as a pair of tetrahedra
separated by a face, or as three tetrahedra surrounding an interior diagonal. Thus
flips trade two tetrahedra for three, or vice versa. See Figure 32. Starting from
an arbitrary tetrahedralization, however, the flip algorithm can get stuck in a local
optimum and fail to produce the DT (92].

Joe {94] showed thai, if we start with the DT of some point set, and add
a single point (dividing the tetrahedron containing it into four, or if the new point
is outside the convex hull, adding tetrahedra connecting it to the triangles it can
see), then flipping from the resulting triangulation never gets stuck. All tetrahe-
dra involved in flips are neighbors of the new vertex, so in some sense this flipping
procedure becomes two- rather than three-dimensional. This result gives another
O(n?)-time algorithm for computing the DT: add points one by one (say, in sorted
order by z-coordinale) and, after each addition, flip until the DT is reached. Ra-
jan [139] described a similar procedure for incrementally adding points and flipping
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method repeatedly finds a point that lies inside a large number of Delaunay circum-
spheres; the addition of such a point removes all the corresponding tetrahedra and
replaces them by O(n) new tetrahedra.

The success of this method follows from a combinatorial lemma of indepen-
dent interest that holds in arbitrary fixed dimension d. If there are m spheres, each
passing through a pair of points, then some point of space (not necessarily one of
the n input points) is interior to Q(m?/(n? log?(n?/m))) spheres. Results stronger
by log factors hold for diameter spheres and rectangular boxes.

Bern, Eppstein, and Gilbert [20] showed how to use more Steiner points,
and reduce the complexity of a Delaunay triangulation to O(n). Their technique
is completely different, and it works for any fixed dimension. The algorithm first
computes a balanced octree (in general, a 29-ary tree) such that each point is alone
in a cube surrounded by empty cubes the same size. The closest cube vertex to
each input point is then replaced by that input point.

To reduce the size of the tree, the algorithm identifies long chains of cubes,
say more than 29 levels, in which each cube has only one nonempty child cube. Next
it removes the middle-sized cubes of these chains, leaving small cubes floating inside
large cubes; then the algorithm surrounds each small cube with a constant number
of layers of cubes its own size. This guarantees that every d-sphere that contains
input points from both inside and outside a small floating cube, also contains at least
one vertex from these layers. Now every point is incident on O(1) maximal empty
spheres, so using the vertices of cubes as Steiner points gives a linear-size Delaunay
triangulation. As just explained, the running time of this algorithm depends on the
size of the initial tree, but long chains can be identified without actually computing
them to give a time bound of O(nlogn).

3.3.2.  Provably Good Mesh Generation

The most commonly used definition of the aspect ratio of a simplex is the ratio of the
radii of the circumscribed sphere to the inscribed sphere (68]. In three dimensions,
there are a number of different types of simplices with poor aspect ratios [8, 49].

* Needle. A needle is a tetrahedron in which the longest edge to shortest edge
ratio is very large.

¢ Cap. A cap is a tetrahedron in which the circumsphere’s radius is much larger
than the longest edge.

o Sliver. A sliver is a tetrahedron formed by four nearly coplanar points, fairly
evenly spaced areund a great circle of the circumsphere.

It is possible to distinguish subtypes, for example, a cap may or may not also be a
needle, but the types defined above are sufficient for discussion.

SN Vo
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Bern et al. [20] use octrees (or in general 29-ary trees) to triangulate point
set input, using only a constant times the minimum number of bounded-aspect-
ratio tetrahedra. Dey, Bajaj, and Sugihara [49] generalize Chew’s mesh generation
algorithm to three dimensions. For point sets or convex polyhedra with point holes,
this method avoids all bad tetrahedra except slivers.

Mitchell and Vavasis [129] have recently generalized the “provably good”
polygon mesh generation of Bern et al. [20] to three dimensions, avoiding all types
of bad tetrahedra. The generalization is not straightforward, primarily because
vertices of polyhedra may have arbitrary degree.

Their algorithm first computes a balanced octree that safely separates—
that is, by some constant number of cubes—faces of the input polyhedron D. The
octree is refined in three phases: first, vertices are separated from nonincident edges
and faces; second, boxes away from vertices are split to separate edges from other
edges and facets; and finally, boxes away from both vertices and edges are split to
separate facets from other facets. Cubes are duplicated in Riemann sheets for faces
close together in space, but far apart by geodesic distance.

Next the boxes around vertices are merged in order to approximately center
each vertex in its box. The intersection of the boundary of D and the surface of a box
must be triangulated with triangles of height a constant fraction of the maximum
possible (as in Section 2.3.3). A complicated set of warping rules conforms the octree
to the edges and facets of D. Finally, warped boxes are triangulated by adding
Steiner points near their centers, with tetrahedra radiating from these points.

Let A be the minimum aspect ratio of a Steiner triangulation of domain
D. (Here the aspect ratio of a triangulation is the maximum aspect ratio of its
tetrahedra.) The algorithm just sketched gives a triangulation with aspect ratio
at most cA (where c is a constant), that uses at most a constant factor times the
minimum number of tetrahedra needed to achieve cA. The proof of this theorem
also requires a new idea beyond [20]. Because no analog of the CDT is known in
three dimensions, Mitchell and Vavasis must compare their tetrahedralization to an
optimal tetrahedralization, showing that at each point in D the tetrahedron chosen
by their algorithm is no more than a constant times smaller than the largest possible

tetrahedron at that point.

Theorem 17 (Mitchell and Vavasis [129]). There is an algorithm, based on
octrees, that computes an approximate optimal-aspect-ratio tetrahedralization of
an arbitrary polyhedral domain, using no more than a constant times the optimal

number of tetrahedra.

The theorem has special importance because the edge skeleton of a bounded-
aspect-ratio tetrahedralization has a “separator” of complexity O(n?/3) [126, 127].
(A separator is a set of vertices whose removal disconnects the graph into two pieces
of roughly equal size.) Nested dissection then saves a factor of O(n) in the asymp-
totic time to solve the lincar equations that arise in the finile element method [112].
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4. Conclusions

We have described work in computational geometry motivated by finite element
mesh generation. This material spans a spectrum from purely theoretical results (for
example, Chazelle’s linear-time triangulation algorithm), through a middle ground
(our own work on Steiner triangulations), to practical heuristics devised by numer-
ical analysts.

We believe that worthwhile research is spread throughout this spectrum.
We have attempted to gather together these scattered results, and hope this com-
pilation proves useful to both theorists and practitioners.
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