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IfA[X,,..., X,, Y,..., Y,)is a polynomial ring over the commutative unitary ring A, let
% be the ideal which vanishes on the points (x, o(x)) in A®™ for any elementary symmetric
polynomial a. It is shown that this ideal is generated by the differences of the elementary
symmetric polynomials in X and Y which in consequences gives another proof of the classical
result concerning symmetric polynomials. Furthermore, by associating to a complete bipartite
graph on n vertices a polynomial in 2, a purely algebraic proof of the Phillip Hall matching
theorem is given.

1. Introduction

Let A be a commutative ring with 1 and let A[X, Y] be the polynomial ring in
2. n variables where X:=X,,..., X, and Y:=Y,, ..., Y,. Consider the idea] &
in A[X, Y] generated by those polynomials P(X, Y) which vanish for any
substitution of the ¥’s by some permutation of the X’s. That is, those P(X, Y) for
which P(X, s(X))=0forallsesS,.

In particular, let 0,(Z,, ..., Z,) be the kth elementary symmetric polynomial
in n variables defined by ‘
b
o2y, ..., Z)= 2, Z,---Z, fork=1,...,n. to

Iy<<ere<iy

Then for each such k, 0,(X)— 0,(Y) is a polynomial with the above described
property.
Let % be the ideal in A[X, Y] generated by these differences of the elementary
symmetric polynomials. Hence .

9= {(0u(X) = 0u(Y): k=1,2,..., n). Wh !

In Section 2 it is shown that the ideal @ = P. An easy consequence is the *
well-known theorem that any symmetric polynomial in n variables is a polynomial
in the elementary symmetric polynomials.

Section 3 considers a combinatorial property of this ideal #. Given a biparitite
graph G on two disjoint sets of n vertices, associate with it a polynomial P(X, Y)
defined by :

P, )= [] (x,-1).
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