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Let p be a positive number less than 1/8. Letting
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sup D(u)~ 1327 . Abstract. Let C? be the set of vertices of a d-dimensional cube, .C? =
C ,.lnhl.mﬁ,,:. .

.+ 343n " =A%, ..., %4): , =1}. Let us choose a random n-clement subset A(n) of C*, Here.

) 4 Wwe prove that Prob(the origin belongs to the conv A(2d +xv32d)) =0(x)+o(1) if .
x is fixed and d -»co, That is, for an arbitrary &> 0 the convex hull of more than
(2+&)d vertices almost always contains 0 while the convex hull of less than (2=e)d
.. points almost always avoids it.” . e
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* Convex Hull of Subséts s of Vertice§

Let C* denote the set of vertioos of a d-dimensional cube, C*cRY, C¥ =
E {(x, ..., x4): x, HH:..P% >?:8u m»:.aoa n-clement subset of ni We'have

4 Aw.v possibilities for A(n), hence Prob(A(n) has property )= (# of -taples
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*_of C* with property ) \ ( NJ. The threshold function of the property
i for every ¢>0 we hav . o

. 502\—2_ + mva._v. has property 7)->1 whenever d-»co
and :
Prob(A((1-¢)n,) has property w) -0  whenever “d-oo.

J. Mycielski posed the following problem: How large should we choose n so that
conv A(n), the convex hull of A(n), contains almost surely the origin 0 [2]? P.
Erdds conjectured that the threshold function of this property is O(d) [2]. This
was proved by Komlés [5] in 1980.
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Theorem 1.1 [S]. 1.3d <n;<44d, ie., . ..,., Lemma 2.2. For every P<R* |P|=n we have .
. 4 n—-1
lim Prob(0 € conv A(1.3d)) =0 hdn)~ I  alkP)<h(P)<h(dn)=3 A k v @
m 3 2sk=d+1 . k=d
and : : : . This lower bound is not the best possible, but it is sufficient for our purposes.
lim Prob(0€ conv A(44d))=1. ¢ .
deo . S = 3. Proof of Theorem 1.2

Here we improve this result. Denote 1/v37 m»uw 2 dx by ®(c), as usual. L The first observation is that we can nn«—mﬁ those A(n)’s which oo.nﬁm: a pair of
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. The main idea in our E.m:BoE is that we obtain a random n-set A m.ﬂm«é n.novm
' First we choose n pairs from the 24~ pairs of the form {x, ~x}, x€ ._0 X . Then we
i choose an clement from each pair. Let H be a hyperplane of R in general
k- position with nomvoa to C*, em : m,o_. xeC? we no._os the point H (0, x) by
- (x).

Lemma 3.1. Letx,. :x..mn._ N ={n(x): _A.A.a e&
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L - Proof. :. Eo convex !E of {¥1s-22sVu} w<o=_u 0 93 Ena exists a
. hyperplane H, through 0 such that it separates {;, . .., ya} from {~y, ..., =ya}.
4 mouoo H,n H induces ‘a partition of IL. Morcover, ‘the converse is Emc true,

Theorem 1.2. Let ¢ be a real number. Then

._.E_ Prob(0€ conv A(2d + cv2d)) = c).

:&",N&.« . . -

Our results are strongly related to an old theorem of Wendel [7] (see Theorem
4.1). cho results and an extensive literature about random polytopes can cn
found in a _.ooonn _uwnx“n of wuo_zu and Miiller [1]. moo n_uo ZV.Qo_mE 6l

2. Lemmas

P. Erdos ooEoQE.& that a random 1 matrix is almost Eﬂnﬁ nonEwn.
v3<om by Komiés [4] in 1967:

n.oEBn N.~ T“_ hnn gvn adxd E:&ei +1 matrix (ie., QKQ entry ay
chosen S&%m:&ma«?&:&%.&\%&i& Prob(ay=1)= w_.o_...?c.lulc b.

~ Prob(M is regular)>1— OC\;\NY

’ - F-_every induced partition yields two members of Y. 1
. Komlés conjectures that one can replace O(1/vd) by O(1/(1+ £)?) for so! - Using Lemma 2.2 for n =2d + cv2d we get o v .
vOmEﬁ &. The following lemma is a simple generalization of a result due'td] E .

Harding [3]. Let P={p,, p,, ..., p.} <R* be a point-set ( p, = p, is possible). The]
partition P = Uy V is induced by a hyperplane if there exists a hyperplane H =RY
such that Pn H=( and H splits every segment {u, v] for ue U, ve V. Deno
by h(P) the number of such partitions of P, h(d, n) = max{h(P): PR [P|=n

Harding proved that
h(d, =VuA=M~v+. ..+A=m_v.

Prob(0 ¢ conv A(n)) = AN._ .v — o L 2h(D) =< Ew.nu.v
2"

n
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i (Actually we have calculated Prob(0 conv A(n)|An(—~A) =) and used (3).)
.. Moreover, (3) implies

Denote by a(k, P) the number of affine dependent k-tuples of P. The low Prob(0 ¢ conv >?:Viw&& 1 —cy L a(kIl). 4
bound in the following lemma is an easy consequence of a theorem of Wi 2 NT_AN v T 1<ck<d
[8] (see also Zaslavsky [9]). n
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Here Komiés’ theorem (i.e., Lemma 2.1) implies
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Similarly

FEgateI).

HA “v !.o_uQn random *1 sequences of length d are linearly dependent)

v e\ i1
= A»v 0 A,\|uv

In.noo. ‘A‘e gives

z(5)
T.ocsm conv: \»?5 V = —_—

h(4, =v i<d
N:I~

If Komiés’ oo:._ao:_no is true, then So Bonroa n_<o= above So_% ».on a= QA&

a?. 5

| m.vn.oiom cony A(n))= N..... ,

+ Oan\ﬁ + mv.J.
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Of course, this method can be used in all cases when the ==aan<5m set of the -

points T is symmetric, and 132&: .» X4, T are linearly dependent) =1~ o(1),
for example,

Theorem 4.1 (Wendel [7]). Let B? denote the d-dimensional ball. Let us choose
an n-element set P randomly. Then

Prob(0¢# conv P) = h(d, n)/2"".

Actually, Wendel used a similar inductional method (but he did not need our
lemmas except the equality h(P) = h(d, n) for affine independent n-sets P R?).
Finally, it is easy to see that in our case (n~2d, d - ) we have

Prob(0 ¢ int conv P) — Prob(0 € conv P)- 0.



