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In a number of questions of geometry and algebra. m:n recently in E.n theory of
generalized hypergeometric functions (see {1] and AEV an important role is played by
the concept of a hyperplane configuration in {-dimensional real or complex space.
The concept of matroid (or oriented matroid in the R.m: ommﬁ. aomo:cnm the noEcEw-
torial structure of a configuration. For the concept of matroid. its geometric aspect.

lizations, see [3]-{7]. .
m:ﬂ:mwmmawoa we QS:M wo Wa_c:z:.% oriented matroids a number of important con-
structions and theorems contained in [8] and [9] on real hyperplane nonmm:nwcoﬂm.
We hope to return to other essential concepts CEmm:.EQ cones, double S.oum and the
like [2], [10]) and analyze them from the general point of view of matroids.

1. Matroids and Orlik-Solomon rings. . . . .

DEFINITION. A pair My = (Ej. €y), where £, is a finite mﬁ and €, isaseto
nonempty subsets of £, is called a matroid if the following axioms hold:

(hIf R,.R,€¢, and R, CR,.then R, =R,. . :

(N1 R .R.€ mo, R, #R,. and a € R, N R.. then there exists T € €; suc
that T C (R, URy\{a}. .

[n this context the elements in &, are called cveles. . )

EXAMPLE. Let I be a finite-dimensional linear space Over an arbitrary field. A
configuration S is a finite family (s;) o, of EBmBEH.Sm in v\. going through 0. Let
& A,mv be the set of all subsets R C [/ such that the intersection of 50.36085:8
9@ s },eg 1S ROL normal (i.e. codim (1o < |R|) . but such that an arbitrary proper
m:me:m:\ intersects normally. It is not hard to check that M,(S) = (I.¢,(5) 1sa
matroid. _ .

Let My =1E,. ¢, bean arbitrary matroid. A set 4 C E, 18 nm:na independent
if it does not contain cvcles. It is not hard to show that for an arbitrary B C m.o
all maximal independent subsets of B have the same number oﬁimamsa. This
aumber is called the rank of B and is denoted r,, (B). The rank of the matroid M,

is 1M, = 3;:@:. | |
DEFINITION. Let M, = tE;, €} be a matroid. &/ () the Z-algebra given by
the generators e, . a € E,. and the relations

¢ =60, T e, = 0. a.bek,.

4;A1S\QL e, e e, =0, {a,.....a,} ¢,
=1 '
We call . M) the Orlik-Solomon ring of M,. . , .
ReEMARK. Our definition is equivalent to the one proposed in [9]. with the proviso
that we consider an algebra not over C. tut over Z
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EXAMPLE. Let } = C' .andlet = £5,) s be a hyperpiane configuration in | .
Weset s = {Js,. We select for each hyperplane s, in S a linear function /, defining
1t. Brieskorn [12] proved that the cohomology ring H*(V'\s, Z) is isomorphic to the
subring of the ring of regular differential forms on F\s generated by the forms
df/2rv=T/ and 1. It follows from results in [11] that this subring is isomorphic to
< {M(S)). where df,/2n/=1/, corresponds to e,. Thus H*(V\s, Z) ~ s/ (M(S)).

2. Oriented matroids and Varchenko-Gel fand rings.

DEFINITION. A triple M = (E. &, %), where E is a finite set *:a — a" is a
fixed-point-free involution on £ .and & is a set of nonempty subsets of E . is called
an oriented matroid if the following axioms hold:

(0)If Re¢.then R"={a’'lacR}e¢ and RNR =9

(DIf R, . R, € €and R, C R URJ, then either R, =R, or R, =R].

(INIf R, R,€ €. ae RNRI.and R, # R;. then there exists T € ¢ such that
TC(RIURN{a,a}.

In this context the elements of & are called oriented cycles [7].

ExaMPLE. Let V' be a finite-dimensional space over an ordered field. and S =
(8,);; @ hyperplane configuration in V. We denote by E(S) the set of all pairs
(i, h), where i € I and h is one of the two closed half-spaces with boundary s, .
An involution + on E(S) isgiven by (i, h)" = (i, —h). We denote by €(S) the set
of all subsets R C E(S) such that Ui merh =V, RNR =2, and R is minimal
with these properties. Then M(S) = (E(S), €(S). *) is an oriented matroid [7].

An oriented matroid M = (E. €. ) gives rise to an ordinary matroid. Let E

be the quotient set E/+. We denote by B the image of the set B € E under the
natural projection E — E. Let € be the set of subsets of £ having the form X.
where R € &. Obviously A/(E. € is a matroid.

DEFINITION. Let M = (E. €. =) be an oriented matroid. and P(M) the commu-

tative Z-algebra given by the generators X,, a € E. and the relations

X’ =x X +x.=1. ae L,

—> [x.=0. Ree

JER

The ring P(M) is called the Varchenko-Gel fand ring of the oriented matroid M .

EXAMPLE. Let V¥ = R'. § = {5,);c; @ hyperplane configuration in V. and s =
Us,. It follows from the results in [8] that the ring of integer-valued functions on
I"\s constant on connected components is isomorphic to P(M(S)). where x
corresponds to the characteristic function of A\s.

[

3. Comparison of the rings P{M) and &(M). Let M = (E. €, x) be an ori-
ented matroid. and M = (E. ¢} the corresponding ordinary matroid. The ring
-« = ./ (M} has a natural grading v = @,  where & . consists of linear

combinations of products of r generators ¢,.a € E. Theringf = PiM) is
equipped with the filtration P° - \&/ C - C P.where P’ consists of polynomials
in xX,.a¢€ E. of degree at most r.

We denote by /(E) the set of all finite sequences ta,.....a,). a € E. From
Theorem 1| 1n [13] we get

PROPOSITION. There exists ¢: LyEV — {0, 1. =1} such that
ay ela,.....a)=sgno-¢ela d_,, .1 torany permutation o € S, .

2N gl

breia  a, . La = —ea, . ae. o a,)
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1 : i [ 1/ 2
crefa ... a, are disunct and the set da, . ... d b b independent in M, then
w..mi.:.;,.w:.a:n . , A ,
diy Joranv a,. ... a. = E.RE wnd b e R osuch that eh.oa, .0 ai =1
shere exists 0= R osuch thar aih’ o cap =~
We fix such a function ¢.
. . -7 i o . N
THEOREM 1. There exisis an epimorphism of Abelian groups £ P — such
( ' he kernel of
that F'(x, Ny=lagae, e Jorany a,.....a €. Theke

r—1 LT r r—1
this epimorphism is P " Thus o =P /P

mx>ZE\m Let § = is .., bea hyperplane configuration in the space }" = R,
and _Q s¢ m ¢ = C'. be its complexification: tet 5 = Uar s,
Aﬁ

, C -
[N where s C
and s = _(_,?QV

Cleariy

E(S1/x~ E, . MIS ) = My(S1i = My(S )./ (MS )y = #1750 Z),
Thus for the case of this configuration Theorem | asserts that

H OS2 = PSP T MUS)Y)

This is proved in {8].

4. Big Varcheko-Gel fand ring and faces of an oriented matroid. Let M =E.C, =
be an oriented matroid. and Q(.W) the noBBEm:é Z- Emmcﬂm given by the genera-

ors Vo, u < m and - .a2<E.andthe relations v, =1 . = = -.,; ~v.+I, =
Loy z =1 =0. amm and E:mx,?%-ilﬁmmxc_

taTa - \
Dmm_z_.:oz We call QM) the big Varchenko- Gel'fand ring of Aﬂ,\.
We remark that the ring P(.M) is isomorphic 1o the quotient of QiM) by the

ideal generated by -, . a € E.

DEFINITION. Ring-homomorphisms P{M) — Z are called faces ocrm oriented
matroid .M/ . We say that the face ;, adjoins the face T it forany a s 7.y,
implies ;11 ) = 1.

[t is clear :::. any face carries every generator of Q(.W) \m::aﬁ to lortoO.

EXAMPLE. Let S be a hyperplane configuration in |7 = R’ . We say that two points
of 1" lie in the same face of S if the segment joining them 1s contained a::ﬁm_v\ in
every hyperplane s, meeting it. It follows from the results in [8] that QUM(S)) 1s
isomorphic to the ring of integer-valued functions on ¥ which are constant on mmn:
face of S. By this isomorphism » . corresponds to the characteristic function of

the closed halfspace /i*s . and z—— to the characteristic function of the hyperplane

rwiu:m,@.iUmm:o:m:&aamqoam:aﬂ::mmﬁ o:pomuﬁm Ram%
hat anyv race £ [T, carries exactly one generator trom every set =

N 13 — ) , -
.= E.to 1. For each face  we define a mapping © : £ — U S
“ollowing way . .

l. it

it1s clear that v umiguely determines ;.

-y -

[HEOREM 2. let 7 F
2 Then the «

c= o ogorsome =T

VINg Statements dre :N::Q\m¢i
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~ 0. 1. =1} be a mapping such that a0 = —7.ai for

2y Forany R € € the set ©(R) = {tlajia € R} iy either equal to {0} or else

contains 410 =1},

REmMARK. The properties 1) and 2) are also equivalent to !

the sense ot [7].

DEerINITION. A chamber 1s any face w € I',, such that Wiz,
The set of chambers of 1/ is denoted by b:

It is easy 10 see that chambers are in bijective correspondence with the ring homo-
morphisms P VM) —Z.

(1) being a cell in

) =0 mo,::é ac k.

THEOREM 3. Q(M) is isomorphic to the ring of SNmmm\.E\:m& functions on T\,
PIM) 1s isomorphic 10 the ring of integer-valued functions on Q,,

5. Salvetti 8::._2 of an oriented matroid. Let &, be the set o« functions ¢: £ —
{10 =1, V=1, =/=1} satisfying:

a) wia"y = —pta;. and forevery a € £

bi for any R € ¢. ecither ¢(R) is equal to {V=1.-./=1)} or else it contains
1l =17.

We define mappings 7, and n, from {l. -1, -v=1} to {0, 1.~1} in
the following way: 7 (+1)=+1,,=0.1. aalﬂ\llv = 0. and NLH/\HS ==x].
[t is easy to see thatif ¢ € ®,,.then np =1 and n,¢ =1, forsome y €T s and
w € Q,,. In addition. for any pair (., w). wherey € ﬂ:, 8 €Q, .and w w&o_:m
oIS UOmw_Em to define a unique ¢ € @ yy such that r =m,p and T, =T

REMARK. It is also possible to identify the elements in @,, with 5@ homomor-
phisms of a ring into Z in a way similar 1o the definition of Iy, and Q,,

We introduce a partial order relation in 6: be setung ¢, > ¢, R mOn any a €
£.¢yar =1 implies g,(a) = 1 and ¢,(a) = V-1 implies ¢,(a) = V=1. We
no:maﬁ the nerve of the Onamaa set D, j:m 1s the simplicial oo::u_ax K(®,,)
whose vertices are the elements of ®@,,, m:a whose simplices are its linearly oEmRa
subsets. Let .\'{M) be a geometric realization of K d,,). We denote by X, the
union of the interiors of the simplices having ¢ € ®,, as a maximal vertex, msa by

the closure of X,

Q

THEOREM +. Let p € ®,, and & o V=T =T} There is a home-

d ; 8 v s
morphism <0 BY — X ::\N &, = and (S h e U

. , d
| oice Voo Where B
is the d-dimensional closed sphere, m.k its ::m:.oﬁ and S s boundary. Thus
(XML 2o ) 1S a fAinite regular CW-complex [15).

@ o=@y

DerFiniTioN. The CW-complex (X (M), (3,10 € ®,,) is called the Salverti com-
plex of the oriented matroid V.

THEOREM 3. There is an isomorphism of graded rings =/ 13V = H™( X(AM). 7).

,c; be a hyperpiane configuration in ¥ = R’ . and s€ ts

compiexification. mm?ﬁ: E_ constructed a C'1¥'-compiex Y. imbedded in AT

We will Emmﬁ: a description of Y. communicated to us 9 V. A Vasilev. Let
< /. and let be a linear function on }’ defining the hyperplane s . We set

EXAMPLE. Let S = { 5}

C

. . C, -
Uy =3v el s iRe fu ¢

U=t S Re 0 < 0

. . €, oC .
D= el ™\ ST Refiry=0.Im o> 0}

M

{ = ee Jh,xm fley=0.Im7/7 i< 0L,
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