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I. Let K, be a Lie algebra of all matrices of order n, ie. the set of all nx n
matrices e, f,... for which the operations of addition and multiplication by scalars
are defined in the usual way and the commutator is defined by the formula
|.fogl=fg—9gf

We say that a finite-dimensional representation of the Lie algebra K, is given
if for each feK, there is a matrix F of order N defined in such a way that f—> F
and g— G implies that Af + ug— AF + G and [f,g]—[F,G]. The aim of this
paper is to find all irreducible representations of K,,. A system of invariants which
uniquely define a representation has been given by Cartan, He has also shown
that it is feasible to construct for each such system of invariants (so-called highest
weight of the representation) the representation which corresponds to that system
(1e., to the given highest weight). However, one could not say that the problem of
describing each representation effectively had been solved?.

In this paper we give explicit formulas which effectively define the representation.

Denote by e, the matrix of order n which has | at the intersection of the i-th
‘ow and k-th column and zeros in all other places. Denote by E;; the matrix of
order N which, under our representation, corresponds to the element e, e K,. Since
zach matrix in K, is a linear combination of e, the set of E;, uniquely defines the
epresentation. Thus the task of finding all irreducible representations of K, can
se reformulated in a very simple way: find n*> matrices E;, (i, k= 1,...n) of order N
satisfying the following conditions:

[Eik» Ekl] = Eil (i# l)~ [Eik’ Eki] = Eii - Ekk:
(Eiv - Eii,]=0 fork, #i, and i; #k,.

izk2

The system of matrices E,, is required to be irreducible (which means that there
18 no subspace invariant for all E;,).

The effective enumeration of all representations is now achieved by actual
xplicit description of linear transformations (matrices) E,.

2. Let us now proceed to the enumeration of all representations. For the sake
of clarity we first consider the formulas for n=2 and n=3.

To see that the existing construction of irreducible representations is far from perfect, it is sufficient
to say that the dimensions of irreducible representations have not been computed from their
constructions but have been obtained much later from completely different considerations.
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The case n =2 is trivial and has been well known for a long time. The answer
here is: each representation is defined by two integers m; and m, (m, = m,). The
operators E; (i,k=1,2) act in the space R and one can choose such a basis
consisting of vectors £, (where g is an integer such that m; 2 ¢ 2 m,) in R in which
the representation is given by the formulas

Ei =49, Ex,=(my+my—q),
Epé=/(m —q)g—my + 1)¢,. (1)
Epéy=/(m —q+)lg—my)¢, .

Let us now write the formulas for n = 3. It turns out that in that case one can
also write formulas similar to formulas (1) in the case n=2. Each irreducible
representation for n =3 is defined by three integers m,,m,,my (m; = m, = m;).
Vectors of the basis in the representation space R (where the operators E;, act)
are now conveniently numbered by triples p,, p,,q (and not by the sole integer ¢

asin (1)). We shall denote vectors of that basis in the following way: (p1 pz). Here
P1,P2,q are any integers which satisfy the inequalities g

SpEmy=p, =my
and

P2=q=<py.

The representation is now defined by the following formulas:
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P2+ 2(p,—p,+1) q

\/(m1 P2+ 1)(my — py)(m3 — p, — D(p2, — q) <P1 P2+ 1>
(p1—p2+ D(py — p2) q ’

E <P1 Pz) _ \/(ml =py+ 1)(m, —p)my—p, — )(p; — q) <P1 —1 P2>
AN (p1 — P2 + D(py — p2) q
+\/(m1_P2+2)(m2_P2+1)(m3_P2)(P2—‘1) (Pl P2_1>
(P1— P2+ —p,+ 1) q ’

P P p
E33< lq 2>=(m1+m2+m3—p1—p2)< lqu)-
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We see that the formulas for E,, E,,, E,1, E;, coincide with the formulas (1)
for n=2. Due to lack of space. we do not write formulas for E,; and E,,. They
can be obtained from the relations E,3 =[E,, E,3], E3; =[E33,Ep ]

3. Now we write explicit formulas for irreducible representations for arbitrary
n. We have, therefore, to define linear transformations E;, (i, k = 1,...,n) which act
m some linear space R. Each representation is defined by n integers m;,m,,...,m,
(my 2 m, = ..2m,). These numbers coincide with the highest weight as defined
by Cartan.

Each vector of the basis in R is defined by the set « of numbers m,,, p <4,
g=1,...,n— 1 arranged in the following pattern:

s n—1,n—1
A= Myz My3 My, . 3)
My, My,
My,

The numbers m,,, are arbitrary integers which satisfy the inequalities m, , ., 2
My, Z M, .1 44, The numbers m,,...,m;,...,m, which define the representation are
denoted here by m,,. The vector of the basis defined by the pattern « shall be
written simply as ().

Let m,,—p=1,, and

k - 1/2
I—[(li,k—‘lj,k*l I—[ k=27 jk_l—l)

@i = (_1)}(7“:1 )
Ty = L= Dlig— s = La- 0 — 1)
iFj

Denote now by 2 _,, the pattern obtained from the pattern o by replacing
M- with m;,_, + 1. Then the operator E,_,, acts on the vector (2} in the
following way

E,_ixla)= Zakq k(ak—l K

J

Eyle) = < :i My — kzll mi,k—1>(a)’ %

Ekk—l(“ Z —1(&i,k—1)'

i

Here %, _, denotes the pattern obtained from « by replacing m;,_, withm;,_, — 1
and bj, _, is defined by the formula

X 1/2
H (li,k jk—1+1)1—[(lxk 2 ,k 1)
bla-y=| (— 17152 : 4)

[Tk~ L1+ D1 — Lia—0)
1=j
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Then

where

The action of E,,
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Y e,

{iprrig— 1)

q-1

Lic
” Ak +1
k=p

+

Formulas (5) completely define the representation since any operator E,,
be obtained by commuting operators of the form (5).

4. We shall, nevertheless, write out the formulas for E,,. Let p <gq. Denote by
ajg 7't the pattern obtained from o by i increasing each of the indices m;
m, _.,-1 by 1 while leaving all other indices unchanged.

ipDd> "

T3 .
kH [(likk - lik+1k+1)(likk - lik+,k+l - 1)]1/2
=p

The sign is determined by the number of inversions in the sequence i,

ead

E,p-
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q—1-
for p>gq is defined in a similar way. In apphcatlons of

representation theory it is usually required only to know those («) which can be
obtained from that given under the action of E,. The coefficients al: are needed
much more rarely.

Note that if the basis («) is assumed to be orthonormal, then (Epp)* =




