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This implies the previous strengthening of (1.2) by taking w(e) = H_mﬁpll— (We
have proved (3.3) when H is a graph, using Edmonds’ matching polytope theorem.)

One final remark. C. Berge [1] suggested trying at least to prove (3.2) for
intersecting hypergraphs, that is,

(3.4) If H is intersecting and nearly-disjoint then |E(H)| < A(H).

This was proved by Fiiredi [5] and independently by L. Lovész and the present
authors (unpublished). We mention the problem here to point out that it too is a
consequence of Motzkin's lemma. .
Proof of (3.4). For v € V(H) we denote by d(v) the number of edges o.». H containing
v. Choose v € V(H) with d(v) maximum, and let G be the ng:m;m m_.m”vr with
bipartition (N(v), E(H)), in which u € N(v) and e € E(H) are adjacent if u € e.
Since it is easy to see that except in trivial cases G satisfies the hypotheses of
Motzkin's lemma, we only need to show that if u € N(v), e € E(H) and u ¢ e then
d(u) € |eNN(v)]. But this is straightforward: if v ¢ e then d(u) < d(v) = |eNN(v)],
while if v € e then d(u) < |e| = |eN N(v)|. (]
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This paper considers the “Frobenius problem”: Given n natural numbers a1,43,...0n such
that their greatest common divisor is 1, find the largest natural number that is not expressible as
a nonnegative integer combination of them. This problem can be seen to be NP-hard. For the
cases n = 2,3 polynomial time algorithms are known to solve it. Here a polynomial time algorithm
ia given for every fixed n. This is done by first proving an exact relation between the Frobenius
problem and a geometric concept called the “covering radius”. Then a polynomial time algorithm
is developéd for finding the covering radius of any polytope in a fixed number of dimensions. The
last algorithm relies on a structural theorem proved here that describes for any polytope K, the set
K+Z'={(2:2€R";z2=y+z2; ye K ; umNJérmn_u._uarmvogmouo:vgoooﬁ_.&gnc
lattice translates of K. The proof of the structural theorem relies on some recent developments in
the Geometry of Numbers. In particular, it uses a theorem of Kannan and Lovész {11), bounding
the width of lattice-point-feee convex bodies and the techniques of Kannan, Lovész and Scarf [12] to
study the shapes of a polyhedron obtained by translating each facet parallel to itself. The concepts
involved are defined from first principles. In a companion paper [10], I extend the structural result
and use that to solve a general problem of which the Frobenius problem is a special case.

Notation

R"™ is Euclidean n space. The lattice of all integer vectors in R™ is denoted Z™.
For any two sets S, T C R™, we denote by § + T the'set {s+t:se€S;te T}. For
any positive real, A, we denote by AS, the set {)s : s € S}. For any set W in R?*
and any set V in R!, we denote by W/V the set

{z : z € R™ such that there exists a y € V with (z,y) € w}.

W/V is the set obtained by “projecting out” V from W,

A copolyhedron is the intersection of a finite number of half spaces — some of
them closed and the others open. (“co” for closed / open.) If a copolyhedron is
bounded, I will call it a copolytope.

Some statements in the paper will assert “the algorithm finds copolytope P;
...”. The precise meaning of this statement is as follows: suppose P, is in R". The
algorithm will find a rational m x (n + [) matrix C and a rational m x 1 vector b
where [ is at most some polynomial function of n and for each row of C, either the
< or the < sign such that P; equals

<
{z : € R™ such that there exists a y € R with QAHV AMV&
v
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The result of section 3 will be used in the main structural theorem proved in
section 4 which describes the set K + Z" where K is a polyhedron. The proof of
this theorem is by induction; the inductive proof will need a “uniform” description
of K + Z™ as each facet of K is moved parallel to itself in some restricted fashion.
In this context, the theorem of section 3 comes in useful.

Section 5 gives a polynomial time algorithm for finding the covering radius of
a polytope in a fixed number of dimensions using the theorem of section 4. Thus
also, the Frobenius problem is solved for fixed n in the sense of a polynomial time
algorithm.

In both sections'3 and 4, the “right hand side” b is allowed to vary only over
a bounded set. The companion paper [10] proves the theorem of section 4 without
such a restriction and uses it to produce a “test set” for Integer Programming and
to design a decision procedure that decides in polynomial time (for fixed n,p), the
truth/falsity of a sentence of the form

Vye€ZP 3zxeZ" :Az+By<h.

This is a generalization of Lenstra’s result which gives a polynomial time algorithm
for deciding sentences of the form

JzeZ" : Az <b.
It remains an interesting open problem to devise such algorithms for sentences with
a higher number of alternations, in particular for sentences of the form
3:€2Z” WyeZl 3r€Z" :Az+By+Cz<h.

2. Frobenius problem to Covering Radius

For ay,a3..., 6, positive integers with GCD(ay...,an) = 1,let Frob(ay ... ,Gn)
be the largest natural number ¢ such that ¢ is not a nonnegative integer combination
of a1...,an. The aim of this section is to relate Frob(ey,as,...an) to the covering
radius of a certain n — 1 dimensional simplex. This is done in Theorem (2.5).

(2.1) Theorem. [2]
2.2 Frob(ay ..., = max t -
(2.2) (a1...,an) e 2,y i~ o
where t; = the smallest positive integer congruent to ! modulo ay,, that is expressible
a3 nonnegative integer combination of ay ..., 6,_1.

Proof. The proof is rather simple. Let N be any positive integer. If N = 0( mod ap),
then N is a nonnegative integer combination of a, alone. Otherwise, if N =
{(mod ay,), then N is a nonnegative integer combination of ay ...,a, if N > LTI |

n-1
(23) Let L={(z1...,z,-1) : z; integers and M a;z; = 0(mod ay)}

1=1 :

n-1
(2.4) andlet S={(z1,22...,20_1): 2; > O reals and MUP.H.. <1}

=1
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(3.5) Theorem. u(S,L) = Frob(ay,ay. .. von) +ay +ay+... +ay where u(S, L) is
the covering radius of § with respect to L.

Proof. Abbreviate Frob(aj,as,... 16n) by F and u(S,L) by u. First, I show
#sF+ai+a3,..+aq Suppose y € Z" !, and MUH.._ aiy; = l(mod ay). By
definition of ¢;,3zy,..., 2, 1,20 > 0 integers such that MM..IH._H 6T =t =+ anxn;
thus with 2’ = (z;...,2,_1), we have (y — z') € L and (y ~ 2') + S contains
y—2' + 2’ = y. Since this is true of any y € 2", and #; < F + ay, we have:

(2.6) 2V C(F+an)S+L

Further it is clear that R*~1 C Z" 1 4(q; +.. -+an-1)S. To see this, note that for z €

R™1, we have lz] = (la1)s.. . l2n-1)) € 27! and (z-|z]) € (61 +a2...+an-1)S.
Hence I have shown

27 R™! CZ" '+ (a1+. ..+ n))SC(Ftay+...4+an)S+1L

Now for the converse: Consider (F+an)S+L. Iclaim that F +ay, is the smallest
positive real ¢ such that ¢S + L contains Z"!. Suppose, for some t' < F + ay,
¢S+ L contains Z*!. Then for any ! € {1,...,a, — 1}, pick a y € Z""!, such that
Y1 ey = i(mod an). yis in 'S+ z for some z in L, so (y ~ ) is in ¢'S. But
MHL ai(yi — i) = l(mod an) and y; — z; > 0V, implies that ¢; < ¢’. Since this is
true of any [, we have F < t/ — 4, < F a contradiction (using Theorem (2.1)). Thus
I have shown:

(2.8) F +ap =min{t:¢ >0, real and tS+ L 2 2"~}

‘By (2.8), we see that 3y € Z"1 guch that for any z € L, with y; - z; > OVi, we
have MUN.MLP.AS — ;) 2 F + an. Now let ¢ be any real number with 0 < e-< 1
and consider the point p = (py,py,...pp—1) defined by pi = y; + (1 — €)Vi. Suppose
q is any point of L such that p; > ¢;¥i. Then g; are all integers, 30 we must have
% S uiVi

n-1 n-1 n-1 n-1
S0, 2 aipi-a) = (L a)1-9+ 3 ailti—a) 2 (1= 3 a4+ (F+an)
1 1 1 1

by the above.
Since this argument holds for any € € (0 1), we have u > F + ¥ T a;.
Together with (2.7) now, Theorem (2.5) is proved. ]

Remark. By applying a suitable linear transformation, we can “send” L to Z"~1

This sends the simplex S to some simplex whose constraint matrix is still rational.
It is easy to see that applying the same linear transformation to S and L leaves the
covering radius unchanged. I assume this has been done; in the coming sections,
I'will deal only with covering radii of sets with respect to the standard lattice of
integer points. It is assumed that the reader is familiar with computational aspects
of linear algebra; I omit the details of how the linear transformation above is applied
etc. For a thorough introduction to such matters, the reader is referred to [22].
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(3.2) Claim. Esach P(T;, T;,vy) defined above is a copolytope. The copolytopes form
a partition of P. For each b € P(T;,Tj,v), we have that K, bas small width (at
most 1 or at most twice the minimum in any integer direction) along vy and further
T;b maximizes vy, - = over K, and T;b minimizes vy - = over K,

Proof. To prove the first statement, I will show that each of the above conditions
in the definition of P(T;,T;, v) can be expressed by linear constraints possibly with
the introduction of new variables. Only the second and third condition need any
explanation at all. The second condition is expressed by complementary slackness of
linear programming — namely, we say that the complementary solution is feasible to
the dual, i.e., that v B 1 > 0 where B, is the n x n basis matrix corresponding to T;.
Note that in fact, this statement does not involve b, so it need not be included as a
constraint, if it is not satisfied, then the P(T}, *,v;) is empty for all » = T}, 80 these
pieces need not be included in the partition of P. Condition 3 is treated similarly.
The statement in the claim that the copolytopes form a partition of P is easy to
see: if b belongs to P(T;, T;,v), then the width of K along vy, is less than its width
along vy,vy,...v;—1 and at most its width along vg.1,..., 80 g is uniquely deter-
mined by b. Then clearly, by the perturbation, T; and T} are uniquely determined.
The rest of the claim is easy to see. [ ]

Now for the lemma: we may return the partition {P(T;,Tj,v;)} of P, and
associated with P(T;, T}, vg), the vector v, and the matrices T;,T; to satisfy the
lemma. The upper bound on r, the number of elements in the partition is easily
obtained. |

(3.3) Lemma. Let R C R™ be the rectangle {y: a < y; < fVi} where 0 < a < 8
are arbitrary rationals. Let Q be any affine subspace of R™ with dimension say t.

t
Then there exist a finite set V' in R™ with |{V'| < (2m(logy £ + 1)) such that for
o

eachye RNQ, thereisay € V' withy <y < 2.
Further, given R,Q, the set V' can be found in polynomial time provided n,t
are fixed.

Proof. Divide R into sub-rectangles each of the form

{z:a2P < z; < a2Pit! fori=1,2...,m}

where p1,p2...,Pm are natural numbers between 0 and ! = logy(8/a). I will show
by induction on the pair ¢, m that Q N R is contained in the union of some

2mt(l + 1)t

subrectangles of R which clearly proves the lemma.

The case t = 0 is clear for all m. The case m = 0 is trivial. For higher ¢, note that
if Q intersects a subrectangle, it intersects the boundary of the subrectangle. For
any 7,1 <1 < m and any p;,0 < p; <!, consider the (m — 1)-dimensional rectangle
R = Rn{z:z = 2Pia} and the division of it into subrectangles “induced” by the
division of R. Also, let QN {2z : z; = 2%a} be Q’. If for any i and any p;, such a
Q' equals Q, we have the lemma by induction on m. So assume this is not the case.
Then, Q' is a (t — 1)-dimensional affine space. Applying the inductive assumption,
we know that there are (2(m — 1)(I + 1))*~! subrectangles whose union contains
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@ NR. Each such subrectangle is a facet of 2 subrectangles of R. Thus there are
22@m-1)(+1))"tm(+1) subrectangles of R whose union contains Q N R.
To get the required algorithm, note that in the case where some Q' equals Q, we
get one “problem of size " ¢t,m — 1 and in the other case, we get m(l + 1) problems
each of “size” t —1,m — 1. ] [}
(3.4) Lemma. Suppose K is a rational polyhedron in R™ and v € Z"™ \ {0} satisfies

either Width,(K) <1
or Yu # 0,u € Z*, Width,(K) < 2 Widthy(K).

Suppose also that y is in K and v-y = a. For 8 € R, denote by H(B) the set
{z€R":v-z =0} Lets=2con?+1 (where c, is the constant from the Flatness
theorem of section 1). Then for all v € (a a + 1], we have

(K+Z"NH(Y) = |K + G @ nHE) || nHEA).

k=—s

Proof. It is easy to see that we may assume that y = 0 and a = 0 since both sides in
the above equation are unchanged by translations of K (provided of course, H(y) is
also suitably translated). Now suppose z belongs to H () for some v € (0 1) and =
belongs to K +Z™. So z — K intersects Z", hence there exists a real number ¢ € [o1]
such that z — tK intersects Z", but the interior of z — tX does not. (This uses the
fact that K is closed and 0 € K.) Then the width of tK along some nonzero integer

vector must be at most con? by the Flatness Theorem from which it follows that the

. width of tK along v must be at most 2c,n?. Then if z is in (z —tK)NZ", we have

[v-{z = z)] < 2¢,n?, thus we have jv- 2| < s which implies that = belongs to

K+ G (Z" N H(k))

k=—s

proving the lemma. [}

4. The structure of K, + Z" as b varies over a bounded set

In this section, the main structural theorem is stated and proved. The idea of
the theorem is to describe the set X + 2" where K is a polyhedron. We assume K is
described by m linear inequalities Az < b where A is an m x i matrix and b an m X 1
vector. If it happens that K is contained in the fundamental parallelopiped F(B)
corresponding to some basis B of L = Z", then cleatly, K + L = (K N F(B))+ L.
This of course is not true in general.

In spirit, the theorem below states that in general, it is enough to look at the
portion of K+ L (where L = Z™), contained in some parallelopipeds which are lattice
translates of the fundamental parallelopiped corresponding to some bases (note the
plural) of L. Further, we need to consider only a “small” number of lattice translates.

[
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2. Ri(b,0) + Z*7! = R;(b,B). (Reminder on notation: R;(b,B) = {z € R"1:
(5,8,z) € R;}.)

For technical convenience, we let Ry = {(0,8,2): Tb< < at+s+lbe P} and
Rey1 = {(b,8,2) : a — 8 < f < Th;b € P}. Now Ry, Ry,...Rey form a partition of
Px(a-sa+s+1].

We also get corresponding to each subset R;, for 1 < i < ¢t a collection B; of
bases of Z"~! containing at most (3co(n—~ va?ua bases, and corresponding to each
basis B, an affine transformation T'(B) and a set Z (B) of points in Z"~1 8o that for
alli=1,2,... and all (5,8) € Py, we have

(@) +2*1) 1 (Ri(b, ) =

@ (U | Tg_ 5+ 2B F (B1(B) @V_ +2 YRy, 8)

We let 8o = By41 = 0. Since, Q(b,8) = 0 for 8 ¢ [Tb T'b], (4.4) is now valid
forall (b,8)in Px(a—sa+s+1].

The subsets of P x R™ with which I prove the theorem are obtained as follows:
Let J = (i_g,i—g41,...90,...%s) be any (2s + 1)-tuple of integers each in the range
[0 t+1]. There will be one subset S in the partition of P x R™ for each such J. It
is defined as the set of (b,5,z): b€ P,f € R,z € R*"! such that

(48) 3z€Z:f+z€(aa+l), (b,8+2z~-k,z)€ER;, fork=~s,-3+1,...3

Note here that b “comes from” P and (8,z) “come from” R™. It is obvious that
the sets S; are of the form S';/Z' where the S’ is a copolyhedron and ! is not- too
high. (In fact, ! < 1+ (2s + 1)(3¢,(n — 1))30*-1 < (3con)®.) To show for any b,
the intersection of S;(b) and S;/(b) is empty for J # J', we proceed as follows: J
and J’ must differ in one of their “coordinates”, say, in the k th coordinate J has j
and J’ has j' with j # j'. Foranybe P, and 8 € (a — 8 a+ s+ 1), we bave that
(b, B) and R;/(b,5) do not intersect, from this it follows that S;(b) and S y(b) do
not intersect.

The other two properties required of the collection {§;} — that their union is
P x R" for any fixed b and they are invariant under Z" also follow easily.

The bound on the number of S; given by item 1 is argued by induction on n
as follows: It is obvious for n = 1. For other/n, by lemma (3.1), the partition of P
incurs us a factor of at most (mn log M¢)<("+Jo) for some constant . Then we may
apply the inductive assumption for ¢, the number of pieces into which P’ x R*~! is
partitioned. The ¢ and log M passed on to this problem are easily checked to be at
most n® times the original ¢ and log M and of course the n + 5, passed on is the
same as before, since n js decreased by 1 and j, increased by 1. Further, the number
of J is at most (¢t + 2)2*+1. So we get, by induction, the number of J is at most

(mnlogM 3?:? for a suitable choice of d.
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We must now associate a certain set of bases of Z" with each S 7. 1 do this after
giving an idea of what the set must be. For each J, say J = (3 iegt1y-.-10,- .- 1g),
and for v € (& a + 1], we get using (4.2),

(Ko + L)NH(7))N Sy(b) =
. .
(46) x| J (Q01-0+271) | nss)

k=—s
s

¢ U vx{(@tr-0+z=1) Ry by - b}
k=—s
where the last containment comes from the fact that for v in the range (@ a + 1}, if
(b,7,%) belongs to Sy, then (b, - k, £) belongs to R;,. Now, by (4.4), we get,

(47) (@67 -0 +271) N Ry By =) =

1y CToe.fsiavv:wAm“ﬁsﬁﬁvz MRy, (b,7~K).

mm.&..k

We can write T(B) @v as Tyb+ w'f where T is an affine transformation and w'
is an (n — 1) x 1 vector. Let Ty be the n x m matrix with O ’s in the first row and
ﬁ“ in the other rows; let w be the n vector A.m‘v. Let z € Z*! be such that

w' € F(B) + 2.

+ We “complete " B to a basis B’ of L as follows: if B = {b],bq, .. .bpn—1}, then we let

B = Aﬁoq S.v‘ AP gv. vee AO< v:luy :, va.

To define T(B'), we proceed as follows: let B € B, Lety = ﬁmv?wt =
Tob+w'(y — k). Let ¢ = (0,y) and let y, = (y — k)e; + . Then as ~ varies over
(@ a +1], yo varies on the straight line segment p from Tob + (a — k)(ey + w) = 2o,
8ay, to zo + e; + w. We can express z, as Ub where U is an affine transformation.
Then it is easy to see that p C F(B';Ub) + C, for a set C of at most n corners of
F(B'). So we get, for v in (& a + 1],

(4.8) T x F(B;T(B) Aq w av L + Q —k)e; CC+ F(B';Ub)

We will let U = T(B') be the affine transformation corresponding to B'. We let
Z(B') = (0 x Z(B)) - C. So, we have |Z(B')| < n|Z(B)| < n™ using the inductive
assumption. The collection 8 ; of bases of L corresponding to S is defined as the
set of B’ defined as above — one for each B in each R, fork=~s,—s+1,...0,...s.

Now, for ~ belonging to (a a + 1}, we have

(v - k) x ?@@L ~k)+2(B))NF AmHEA b vz

vy—k
(4.9) C [(Ky+2(B))nF(B'Ub)] +C
By substituting this into (4.7), we get
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