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Introduction.

The study of the action of the maximal torus H C GL(n) on the Grassmann variety G(k, n) is connected
with numerous questions of geometry and analysis. Among these let us mention the general theory of
hypergeometric functions [18], K-theory [7], combinatorial constructions of characteristic classes [17,20,40].
It was noted by I.M.Gelfand and R.W.MacPherson [20,40] that this problem is equivalent to the classical
problem of study the projective equivalence classes of configurations of n points in the projective space P¥~1.

In the present paper we propose a geometric approach to this problem which is based on the study
of the behavior of orbit closures. Namely, the closures of generic orbits are compact varieties ”of the same
type”. Now there is a beautiful construction in algebraic geometry — that of Chow varieties [50]. Tt produces
compact varieties whose points parametrize algebraic cycles (= positive integral combinations of irreducible
subvarieties) in a given variety with given dimension and degree. In particular, any one-parameter family of
subvarieties ”of the same type” has a limit in the Chow variety. We define the Chow quotient G(k,n)//H
to be the space of such limits of closures of generic orbits. Any point of G(k,n)//H represents an (n — 1)
-dimensional family of (k — 1) -dimensional projective subspaces in P*~1.

Families of subvarieties in a variety X whose parameter space has the same dimension as X are classically
known as complezes. We call closures of generic orbits in G(k, n) Lie complexes and their limit positions- gen-
eralized Lie complexes. In the simplest case of G(2,4) Lie complexes are the so-called tetrahedral complexes
of lines in P3 which have a long history (see the bibliography in [20]). < Pehibicanin 4 v o

The variety G(k,n)//H can be defined in two more ways:

a) As the space of limits of closures of generic orbits of the group GL(k) in the Cartesian power (P*~1)?
(Theorem 2.2.4).

b) As the space of limits of special Veronese varieties in the Grassmannian G(k—1,n—1) = G(k -1, h),
where h is the Lie algebra of the torus H(Theorem 3.3.14).

According to interpretation a), the space G(k,n)//H is obtained by adding some ”ideal” elements to the
space of projective equivalence classes of configurations of n points (or hyperplanes) in P*~1 in general posi-
tion. These ideal elements are more subtle than just non-general configurations: a limit position of closures
of generic orbits can be the union of several orbit closures, each of which represents some configuration.

In fact, it turns out that these elements behave in many respects as if they actually were configurations
in general position. In particular, there are restriction and projection maps (Theorem 1.6.6)

G(k,n—1)//(C*)*! 2 G(k,n)//(C*)"” LN Gk —1,n—1)//(C*)*!

The map a@; corresponds to the restriction of the generic hyperplane configuration

(Mjy, ..., M) to the hyperplane M;. The map b; corresponds to deleting M;. The maps a;, b; (regarded
on the generic part of Grassmannian) were at the origin of the use of Grassmannians in the problem of
combinatorial calculation of Pontryagin classes [20,40]. These maps were also used in [7] to define the so-
called Grassmannian complexes serving as an approximation to K-theory. Note that @; cannot be, in general,
extended to arbitrary configurations. It is the Chow quotient approach that permits this extension.

Veronese varieties (which make their appearance in the interpretation b) above) are defined classically
as images of a projective space in the projective embedding given by all homogeneous polynomials of given
degree. In particular, Veronese curves are just rational normal curves and posess a lot of remarkable geometric
properties,see {46]. In our situation Veronese varieties in fact lie on a Grassmannian (in Pliicker embedding):
a (k—1) - dimensional variety lies in G(k — 1, h) so that for k = 2 we obtain the curve in a projective space.

The Veronese variety associated to a Lie complex Z is obtained as its wisible contour i.e. the locus of
subspaces from Z which contain a given generic point p, say p = (1 : ... : 1) € P"~1. The consideration of

visible contours is a classical method of analyzing complexes of subspaces [24,27] which, to our knowledge,
has yet never been applied to Lie complexes.



Along with the visible contour of Z lying in G(k — 1,h) we consider the so-called visible sweep Sw(Z).
This is a subvariety in the projective space P(h) which is the union of all subspaces from the visible contour.
This variety can be found very explicitly. Thus, if our Lie complex has the form Z = H.L where L € G(k,n)
is the graph of a linear operator A = ||a;;|| : C¥* — C™=¥, k < n— k (this assumption does not restrict the
generality) then the sweep is the projectivization of the following determinantal cone:

{(t1,..,tn) € h:  rank ||a;;(t; — tj)|li=1,.. k,j=1,...n—k < k}.

The linear forms ¢; — t; entering the matrix above are roots of h, the Cartan subalgebra of pgl(n). More
precisely, we encounter those roots which enter into the weight decomposition of the parabolic subalgebra
defining the Grassmannian.

Veronese varieties in Grassmannian which arise naturally in our constructions, seem th be ”right”
generalizations of Veronese curves in projective spaces. We show in §3.5 that these varieties admit a Steiner-
type construction, which is well known for curves [24].

The homology class in the Grassmannian of such a variety is given by an extremely beautiful formula
(Theorem 3.9.8). To state it, recall that the homology of Grassmannian is freely generated by Schubert cycle
0, which correspond to Young diagrams. It turns out that the multiplicity of the cycle ¢, in the class of
Veronese variety equals the dimension of the space E""(C“‘k), the irreducible representation of the group
GL(n — k) corresponding to the Young diagram dual to a.

In the particular case k& = 2 the construction b) realizes points of our variety as limit positions of rational
normal curves (Veronese curves, for short) in P*~? through a fixed set of n points in general position. We
deduce from that that G(2,n)//H is isomorphic to the Grothendieck-Knudsen moduli space Mg ,, of stable n
-pointed curves of genus 0 (Theorem 4.1.8). This is certainly the most natural compactification of the space
Mo, of projective equivalence classes of n -tuples of distinct points on P!. It is smooth and the complement
to Moy n is a divisor with normal crossings.

In general, Veronese varieties in Grassmannians arising in construction b) are Grassmannian embeddings
of P¥~1 corresponding to vector bundles on of the form ' (log M), where M = (M, ..., M,,) is a configuration
of hyperplanes in general position. They become Veronese varieties after the Pliicker embedding of the
Grassmannian. The configuration of hyperplanes on P¥~! can be read off the corresponding Veronese
variety by intersecting it with natural sub-Grassmannians. This is explained in §3.

The Chow quotients of toric varieties by the action of a subtorus of the defining torus were studied in
[30,31]. It was found that this provides a natural setting for the theory of secondary polytopes introduced in
[22,23] and their generalizations - fiber polytopes [8]. By considering the Pliicker embedding of Grassmannian
we can apply the results of [30,31]. This gives a description of possible degenerations of orbit closures in
G(k,n) (i.e. of generalized Lie complexes) in terms of polyhedral decomposition of a certain polytope A(k, n)
called the hypersimplex [17,19,20]. For the case of G(2,n) these decompositions are in bijection with trees
which describe combinatorics of stable curves.

It is now well-known [19,21,40] that various types of closures of torus orbits in G(k,n) correspond to
matroids i.e. types of combinatorial behavior of a configurations of n hyperplanes in projective space. To
each matroid the corresponding stratum in G(k,n) is associated. It is formed by orbits of the given type
(18,19,21]. Matroids are in one-to-one correspondence with certain polytopes in the hypersimpex [19,21].
From our point of view, however, a natural object is not an individual matroid but a collection of matroids

such that the corresponding polytopes form a polyhedral d ecomposition of hypersimplex. We call such
collection matroid decompositions.

It should be said that our approach differs considerably from that of geometric invariant theory developed
by D.Mumford [42]. In particular, Mumford’s quotients of G(2,n) by H and of (P')" by GL(2) though
1somorphic to each other, do not coincide with the space My ,, which provides a finer compactification. Note
that Mumford’s quotient depends upon a choice of a projective embedding (and this is felt for varieties like
(P*=1)" with Jarge Picard group) and upon the choice of linearization i.e. the extension of the action to the
graded coordinate ring of the embedding (and this is felt for groups like the torus). We prove in §0 that the
Chow quotient always maps to any Mumford quotient by a regular birational map.

Instead of Chow variety one can use Hilbert schemes and obtain a different compactification. Such a
construction was considered in 1985 by A.Bialynicki-Birula and A.J.Sommese [10] and later by Y.Hu [26].
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The advantage of Hilbert schemes is that they represent an easily described functor so it is easy to construct
morphisms into them. In our particular example of the torus action on G(k,n) both constructions lead to
the same answer.

In the forthcoming second part of this paper we shall study the degenerations of Veronese varieties
which provide a higher-dimensional analog of stable curves of
Grothendieck and Knudsen. The main idea of stable pointed curves is that points are never allowed to
coincide. When they try to do so, the topology of the curve changes in such a way that the points remain
distinct. In higher dimensions instead of a collection of points we have a divisor on a variety. The analog
of the condition that points are distinct is that the divisor has normal crossings. In particular, a generic
configuration of hyperplanes defines a divisor with normal crossings. When the hyperplanes ”try” to intersect
non-normally, the corresponding Veronese variety degenerates in such a way as to preserve the normal
crossing.

I am grateful to W.Fulton who suggested that the space Mg, might be related to Chow quotients and
informed me on his joint work with R.MacPherson [15] on a related subject. I am also grateful to Y.Hu for
informing me about his work [26] and about earlier work of A.Bialynicki-Birula and A.J.Sommese [10].

I am happy to be able to dedicate this paper to Izrail Moiseevich Gelfand.



Chapter 0. CHOW QUOTIENTS.

(0.1) Chow varieties and Chow quotients.

Let H be an algebraic group acting on a complex projective variety X. We shall describe in this section
an approach to constructing of the algebraic ”coset space” of X by H which was introduced in [31]. (A
sirnilar approach was introduced earlier in [10], see §0.5 below).

(0.1.1)Setup of the approach. For any point € X we consider the orbit closure H.x which is a compact
subvariety in X. For some sufficiently small Zariski open subset U C X of ”generic” points all these varieties
have the same dimension, say, r and represent the same homology class é§ € Hs,(X,Z). The set U may be
supposed H- invariant. Moreover, since we are free to delete bad orbits from U, the construction of the
quotient U/H presents no difficulty and the problem is to construct a ”right” compactification of U/H. A
natural approach to this is to study the limit positions of the varieties H.z when z tends to the infinity of
U (i.e. ceases to be generic). One of the precise ways to speak about such ”limits” is provided by Chow
varieties of algebraic cycles. Before proceeding further we recall the main definitions (cf. [30,50]).

(0.1.2) By a (positive) r- dimensional algebraic cycle on X we shall understand a finite formal non-negative
integral combination Z = )" ¢;Z; where ¢; € Z; and Z; are irreducible r-dimensional closed algebraic
subvarieties in X. Denote by C,(X, &) the set of all r- dimensional algebraic cycles in X which have the
homology class 6. It is known that C.(X,6) is canonically equipped with a structure of a projective (in
particular, compact) algebraic variety (called the Chow variety). In this form this result is due to D.Barlet

[3].

(0.1.3) A more classical approach to Chow varieties is that of Chow forms [50]. This approach first gives the
projective embedding of C,(P(V'),d), the Chow variety of r-dimensional cycles of degree d in the projective
space P(V). The Chow form of any cycle Z,dim(Z) = r,deg(Z) = d, is a polynomial Rz(ly, ...,1,) in the
coefficients of r 4+ 1 indeterminate linear forms l; € V* which is defined, up to a constant factor, by the
following properties,see [30,50}:
(0.1.3.1) Rzyw = Rz.Rw.
(0.1.3.2) If Z is an irreducible subvariety then Rz is an irreducible polynomial which vanishes for given ly, ..., [,
if and only if the projective subspace I(ly, ...,I,) = {lo = ... = I, = 0} of codimension =+ 1 intersects Z.

(0.1.4) Tt is now classical [50] that the correspondence Z ~ Ryz identifies C.(P(V), d) with a Zariski closed
subset of the projective space of polynomials F(ly, ..., 1) homogeneous of degree d in each I;.

(0.1.5) If X C P(V) is any projective subvariety and § € Ho.(X,Z), then C,.(X,8) becomes a subset of
Cr(P(V),d) where d € Ha,(P(V),Z) = Z is the image of 5. The result of Barlet mentioned in (0.1.2) shows,
in particular, that (over a field of complex numbers) this subset is Zariski closed and the resulting structure
of algebraic variety on C,(X,8) does not depend on the projective embedding. (The fact that for a given
projective subvariety X the set of Z € C,.(P(V),d) lying on X is Zariski closed, is classical).

In the case of base field of characteristic p, which we do not consider here, the situation is more subitle,
see [43,44].

(0.1.6) Let us return to the situation (0.1.1) of the group H acting on X. We see that for z € U as in (0.1.1)

the subvariety H.x is a point of the variety C,(X,6). The correspondence & — H.z defines therefore an
embedding of the quotient variety U/H into C,.(X, §).

(0.1.7) Definition. [31] The Chow quotient X//H is the closure of U/H in C,.(X, §).

Thus X//H is a projective algebraic variety compactifying U/H. ”Infinite” points of X//H are some
algebraic cycles in X which are limits (or ” degenerations”) of generic orbit closures.
(0.1.8) Remarks. a) Definition (0.1.7) does not depend on the freedom in the choice of U since deletion
from U of orbits which are already ”generic” results in their reappearance as points in the closure.
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b) The notion of ” genericity” used in Definition (0.1.7) is usually much more restrictive than Mumford’s
notion of stability [42]. In fact (0.1.7) makes no appeal to stability and is defined entirely in terms of X and
the action of H.

(0.2) Torus action on a projective space: secondary polytopes.

If # is an algebraic torus acting on a projective variety X, then X may be equivariantly embedded into
a projective space with H -action. The case of torus action on a projective space recalled in this subsection
will be basic for our study of more general torus actions in this paper.

(0.2.1) Let H be an algebraic torus (C*)¥. A character of H is the same as a Laurent monomial t* = ZERE T
where w = (wV), .., w*)) € ZF is an integer vector. A collection A = {w1,...,wn} of vectors from Z* defines
therefore a diagonal homomorphism from H to GL(N). It is well-known that any representation of the torus
can be brought into a diagonal form.

(0.2.2) The homomorphism H — GL(N) constructed from the set A above defines an H- action on the
projective space PN~1. The homogeneous coordinates in PV~! are naturally labelled by elements of A. So
we shall denote this space by P(A) and the coordinates by (%w)we 4 thus dropping the (unnatural) numeration
of w’s.

The Chow quotient P(A)//H was described in [30,31]. We shall use this description so we recall it here.

(0.2.3) First of all, P(A)//H is a projective toric variety.
To see this, we note that the big” torus (C*)# acts on P(A) (by dilation of homogeneous coordinates)
commuting with H (which is just a subtorus of (C*)4). Therefore P(A)//H is the closure, in the Chow

variety, of the (C*)4 - orbit of the variety X4 = H.z, where z € P(A) is the point with all coordinates equal
to 1.

(0.2.5) Tt is known that projective toric varieties are classified by lattice polytopes, see [49]. In what follows
we shall describe the polytope corresponding to the toric variety P(A)//H.

(0.2.6) Let @ C R* be the convex hull of the set 4. A triangulation of the pair (@, A) is a collection of
simplices in @ whose vertices lie in A intersecting only along common faces and covering Q. To any such
triangulation T" we associate its characteristic function ¢ : A — Z as follows. By definition, the value of ¢,
on w € A 1s the sum of volumes of all simplices of @ for which w is a vertex. The volume form is normalized
by the condition that the smallest possible volume of a lattice simplex equals 1.

(0.2.7) The secondary polytope £(A) is, by definition, the convex hull of all characteristic functions é7 in the
space R4,

Secondary polytopes were introduced in [22,23] in connection with Newton polytopes of multi-dimensional}
discriminants. It was shown in [22] that the vertices of £(A) are precisely functions ¢ where the triangu-
lation T' is regulari.e. posesses a strictly convex piecewise- linear function.

(0.2.8) Theorem. [30] The toric variety P(A)//H corresponds to the convex lattice polytope $(A).

(0.2.9) Complements. All the faces of the secondary polytope X(A) posess a complete description. We shall
use in this paper only the case when elements of A are exactly vertices of @) so we shall restrict ourselves
to this case, see [22] for general case. Let us call a polyhedral decomposition of @ a collection of convex
polytopes in ) whose vertices lie in A, which intersect only along common faces and cover Q. A polyhedral
decomposition D is called regular, if it posesses a strictly convex pieciwise- linear function. It was shown in
[22] that vertices of £(A) are in bijection with regular polyhedral decompositions of Q. Vertices of the face

of ¥(A) corresponding to such a decomposition D are precisely functions ¢p for all regular triangulations 7'
refining D.

(0.2.10) It was shown in [31] that any cycle from P(A)//H is a sum of toric subvarieties (closures of H
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-orbits), see {31], Proposition 1.1. In particular, a regular triangulation T represents a (-dimensional torus
orbit in P(A)//H i.e. some algebraic cycle. This cycle has the form }_ . Vol(c).L(o) where L(c) is the
coordinate k -dimensional projective subspace in P(A) spanned by basis vectors corresponding to vertices
of o.

(0.3) Structure of cycles from Chow quotient.

(0.3.1) Theorem. Let H be a reductive group acting on a smooth projective variety X. Suppose that the
stationary subgroups H.,x € X are trivial for generic  and are never unipotent. Then any component Z;
of any cycle Z = 3" ¢;Z; € X//H is a closure of a single H- orbit.

Proof: For the case when H is a torus, this statement follows from results of {30,31]. Indeed, we can take
an equivariant embedding of X into a projective space PV with H -action in such a way that the dimension
of a generic H -orbit on X is the same as the dimension of a generic H -orbit on PY. The degeneration
of torus orbits on a projective space (and, more generally, on toric varieties) was studied in [30,31] where it
was found that any orbit degenerates in a union of finitely many orbits ([31], Proposition 1.1).

Consider now the general case. Let C(t),t # 0, be a l-parameter family of closures of generic orbits,
C(0) = lim;_.o C(t) is their limit in the Chow variety. Let C' be any component of C(0). Suppose, contrary
to our statement, that C is not a closure of a single orbit. Then, for all points of C the stabilizer H,, has
positive dimension. By our assumption, these stabilizers all non-unipotent. Let z be some fixed generic
point of C'. Then H, contains some torus 7. Include z in a 1-parameter family of points z(t) € C(t) such
that for ¢ # 0 the point z(¢) lies in the orbit open in C(t). Consider the closures of orbits T.z(t) C C(t).
When ¢t — 0 these closure should degenerate into some cycle Z whose support contains . But we know that
each component of Z is a closure of one T- orbit and so z should lie on the intersection of components of
Z. This means that each generic point z € C lies in the closure of some orbit H.y not coinciding with H.z.
This is impossible.

(0.3.2) Example. The assumption that the stabilizers of points are never unipotent in the formulation of
Theorem 0.3.1 can not be dropped. To construct an example, consider the group H = SL(2,C). It has a
standard action on C2. Let X be the product C2 x C? on which H acts diagonally. Let X = P2 x P2 be
the natural compactification of Xy with the obviously extended action of H = SL(2). Generic H - orbits on
X are 3-dimensional : two pairs of independent vectors (ey, e2) and (fy, f) can be brought to each other by
a unique transformations from SL(2) if and only if det(ey, e2) = det(f1, f2). Thus a generic orbit depends on
one parameter namely det(e;,e;). However, when this parameter approaches 0, the orbit degenerates into
the 3-dimensional variety of proportional pairs (eq,e3). This variety is a union of a 1-parametric family of

2-dimensional orbits Oy = {(e1,e2) : €1 = Aez}. The stabilizer of each of this orbit is a unipotent subgroup
in H = SL(2).

(0.4) Relation to Mumford quotients.

It is useful to have a comparison of the Chow quotient with the more standard constructions, namely
Mumford’s geometric invariant theory quotients [42].

(0.4.1) To define the Mumford’s quotient, we should choose an H -equivariant projective embedding of X
and extend the H -action to the homogeneous coordinate ring C[X] of X with respect to this embedding.
This 1s equivalent to extending the action to the ample line bundle £ defining the embedding. Such an
extension is called linearization. Denote the chosen linearization by . The Mumford’s quotient (X/H ), or
(X/H)¢,a corresponding to £, « is defined as ProjC[X]H, the projective spectrum of the invariant subring
[42]. Thus there are two choices in the definition of Mumford quotient: that of an ample line bundle and
that of extension of the action to the chosen line bundle.

(0.4.2) By general theory of [42], points of (X/H)c, . are equivalence classes of « -semistable orbits in X.
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More precisely, two semistable orbits O, 0’ are equivalent if any invariant homogeneous function vanishing
on O does so on O’ and conversely. A Zariski open set in (X/H )c,o is formed by « -stable orbits [42].
The have the property that no two « -stable orbits are equivalent. We shall say that the linearization « is
non-degenerate if there are o -stable orbits.

The following result was proven in [31] for the case of a torus acting on a toric variety and, (independently
and simultaneously) in [26] for torus action on an arbitrary variety.

(0.4.3) Theorem. Let H be a reductive group acting on a projective variety X, £ - an ample line bundle on
X and « be a linearization i.e. an extension of the H -action on X to L. Suppose that o is non-degenerate.
Then there is a regular birational morphism po : X//H — (X/H)¢ «.

For any algebraic cycle Z = 3" n;Z; in X we shall call its support and denote supp(Z) the union UZ;.
The proof of Theorem 0.4.3 consists of three steps:

(0.4.4) For any cycle Z € X//H as above there is at least one orbit in supp(Z) which is « - semistable.

(0.4.5) All the « - semistable orbits in supp(Z) are equivalent i.e. represent the same point of the Mumford
quotient (X/H)¢ . :

(0.4.6) The map p, : X//H — (X/H), o which takes Z € X//H to the point of (X/H)c,a represented by
any of the semistable orbit in supp(Z), is a morphism of algebraic varieties.

(0.4.7) Proof of (0.4.4): We use the interpretation of semistability via the moment map [1,35]. Let H, be
the compact real form of H with Lie algebra % and p : X — H* be the moment map associated to an H, -
invariant Kahler form on X. Then an orbit O is semistable if and only if #(O) contains zero element of H*.
Let O(t),¢ # 0, be a 1-parameter family of generic orbits and Z(t) be the closure of O(t). Let Z(0) be the
limit of Z(¢) is the Chow variety. Since p(Z(t)) is, for ¢ # 0, a closed set containing 0, the set ©(Z(0)) also
contains 0 thus proving that at least one orbit constituting Z(0), is semistable.

(0.4.8) _Proof of (0.4.5): Denote by £ the equivariant ample invertible sheaf given by the linearization o.
By definition, two semistable orbits O and O’ are equivalent in (X/H) o if any section of £8* vanishing at

O, does so at O’. But the cycle Z is a limit position of closures of single orbits. So our assertion follows by
continuity.

(0.4.9) _Proof of (0.4.6): Let X C P(V) be the equivariant projective embedding given by the linearization.
We shall use the approach to Chow variety via Chow forms, see (0.1.3). Let d be the degree of a generic
orbit closure H.z,z € X. Recall that the Chow form of any cycle Z,dim(Z) = r,deg(Z) = d, is a polynomial
Rz(ly, ..., 1) in the coefficients of » + 1 indeterminate linear forms LeV*.

(0.4.9.1) Since the property of being a morphism is local, it suffices to prove it in a suitable open covering
of X//H. More precisely, we are reduced to the following situation.

(0.4.9.2) Let f be an invariant rational function on V' homogeneous of degree 0 (so it represents a regular
function on some open set of (X/H)c o). We must express the (constant) value of f on a generic orbit O as
a rational function of the coefficients of the Chow form Rz, where Z = O.

(0.4.9.3) We can write (for characteristic 0 only!)
1
le = E Z f(x)’

x€ZnL

where L is a generic projective subspace in P(V) of codimension . On the other hand, let Iy,...,1, be
equations of L. Then we have the equality of polynomials in I € V*:

(0.4.9.4) Rz(Ll, by =c. [] ix)
x€EZNL

where ¢ is a non-zero number depending on Iy, ..., I,.



(0.4.9.4) Let V = CN*! with coordinates Zo, ...,z N and let & be dual coordinates in V*, so an indeterminate
linear form on V is (€,x) = Y & a; for some &, ..., En. The Chow form of any O-cycle W = x(1) 4 .+ x(@
is the polynomial H(x(i),f). Let us restrict the considerations to the affine chart, say, C¥ = {zo # 0} in
P(V) = PN. The coordinate zo can then set to be 1 and we can set & = 1 as well thus obtaining the Chow
form of a O-cycle W C AN as before in the form

O (€) = [J(1 + 2% + ...+ «Wew).

The coefficients of this polynomial at various monomials in &’s are known an elementary symmetric functions
in d v ector variables x(1), 0 XD gee [28,39]. By formula (0.1) elementary symmetric functions of the d
points of intersection Z N L, for any generic L of codimension r, can be polynomially expressed through the
coefficients of R;. . Therefore we are reduced to the following lemma.

(0.4.9.5) Lemma. Let f(x),x = (21,..,zn) be a rational function in N variables and d > 0. Then
there Is a rational function Uy = U;(®) in the coeflicients of an indeterminate homogeneous polynomial
@(£1,...,€n), deg(®) = d satisfying the following property. If x(1)| ... x@ are points not lying on the polar
locus of f then

2Dy =Us(2w)
where ®w = [(1 + (x,¢)).

Proof: It is known since P.A.MacMahon [28,39] that any symmetric polynomial in x(*) (in characteristic 0)
can be polynomially expressed via elementary symmetric polynomials (in many different ways, if N > ). If
f(x) = P(x)/Q(x), where P,Q are relatively prime polynomials, then

52 769) = framy 2 PEO) [Tee)

i#i

1s a ratio of two symmetric polynomials and the assertion follows.
The proof of Theorem 0.4.3 is finished.

(0.4.10) Remark. In [31] it was shown that for the case of torus action on a toric variety the Chow
quotient X//H is, in some sense, the ”least common multiple” of all Mumford’s quotients corresponding to
different linearizations. From the point of view of general reductive groups a more typical case is when the
group has 0-dimensional center and hence there is only one linearization. However, we shall see that in this
case Chow quotient still differs drastically from the Mumford one. The reason for this, as we would like to
suggest, is that the Chow quotient takes into account not only Mumford quotients corresponding to various
linearizations, but also more general symplectic quotients [1] corresponding to coadjoint orbits of H,. For
a torus, a different choice of a coadjoint orbit amounts to a change of a linearization, see [31] so all the
symplectic quotients are reduced to Mumford’s ones. In general case the symplectic quotients corresponding

to non-zero orbits may not have an immediate algebro-geometric interpretation [1]. Nevertheless, their
presense is somehow felt in X//H.

(0.5) Hilbert quotients (the Bialynicki-Birula-Sommese construction).

A different way of speaking about limit positions of generic orbit closures is that of Hilbert schemes.
Such a construction was considered by A. Bialynicki - Birula and A.J. Sommese [10] and later by Y.Hu [26].

(0.5.1) Recall [25,47] that for any projective variety X there is the Hilbert scheme Hx parametrizing all
subschemes in X. By definition, a morphism S — X x is a flat family of subschemes in X parametrized by
S. The scheme H x is of infinite type since no bound on ” degrees” of subschemes is imposed. The connected
components of H x are, nevertheless, finite-dimensional projective schemes.
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(0.5.2) Any connected component of the scheme Hx is canonically mapped into the Chow variety ”corre-
sponding” to this component. More precisely, if K is any such connected component then dimensions of
subschemes from K are the same and equal, say, r. For any scheme Z € K we define the algebraic cycle

(0.5.3) Cyc(Z) = Z Multe(Z).C
CCsupp(Z) — irred., dim(C)=r

where C' runs over all r -dimensional irreducible components of the algebraic variety supp(Z) and MultcZ
1s the multiplicity given by the scheme structure , see [30,42).

(0.5.4) In the situation of (0.5.2) it follows from results of [42] that the cycles Cye(Z) for all subschemes

Z C K have the same homology class, say §x and the formula (0.5.3) defines a regular morphism K —
C.(X,ék), see [42].

(0.5.5) Hilbert schemes have the advantage over Chow varieties in that they are defined as objects representing
an easily described functor (that of flat families of subschemes, see (0.5.1)). In particular, the Zariski tangent
space to the scheme Hx at a point given by a subscheme Z equals (see [47], Proposition 8.1):

(0.5.6) TzMx = H(Z,Nz), where Nz = Hom(J7/J%, 0Oz).

Here J7 is the sheaf of ideals of the subscheme Z. The sheaf N7z is called the normal sheaf of Z. It is locally
free if Z is a locally complete intersection. If Z is a smooth variety then Az is the sheaf of sections of the
normal bundle of 7.

(0.5.6) Consider the situation of (0.1.1) i.e. an action of an algebraic_group H on a projective variety X.
Then for a small open H -invariant set U C X the orbit closures H.z form a flat family. We obtain an
embedding U/H — Hx.

(0.5.7) Definition. The Hilbert quotient X///H is the closure of U/H in the Hilbert scheme Hx .

Thus X///H is a projective algebraic variety compactifying U/H. ”Infinite” points of X///H corre-
spond to subschemes in X which are ”degenerations” of generic orbit closures.

(0.5.8) The cycle map (0.5.3) provides a canonical regular birational morphism
(0.5.9) ©:X///H— X//H

from the Hilbert quotient to the Chow quotient. This morphism may be very non-trivial even in the case
when the group H is finite. So X///H provides a still finer compactification.

(0.5.10) In general the Hilbert quotient is rather hard to describe. For instance, in the case of torus action
on the projective space considered in section (0.2) the Hilbert quotient is the toric variety corresponding to
the so-called state polytope of the toric subvariety X4 introduced by D.Bayer, I.Morrison and M.Stillman
[5,6]. However, its exact description depends not only on the geometry of the set A (as is the case for the
secondary polytope) but also on the arithmetic nature of relation between elements of A.

We shall see later that for the torus action on the Grassmannian Hilbert and Chow quotients coincide
thus allowing us to use the advantages of both approaches.
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Chapter 1. GENERALIZED LIE COMPLEXES.

(1.1) Lie complexes and the Chow quotient of Grassmannian

(1.1.1) Let C™ be the coordinate n- dimensional complex vector space with coordinates zi,...,z,. By
G(k,n) we shall denote the Grassmannian of k- dimensional linear subspaces in C™. The group (C*)" of
diagonal matrices acts on G(k,n). Since homotheties act trivially we obtain in fact an action of the n — 1-
dimensional algebraic torus H = (C*)?/C*. Our main object of study in this paper will be the Chow
quotient G(k,n)//H. »

(1.1.2) For each subset I C {1,....,n} denote by L; the coordinate subspace in C" defined by equations
z; = 0,i € I and by C’ the coordinate subspace spanned by basis vectors from I. Thus the codimension of
Ly and the dimension of C! equal to |I|, the cardinality of 1.

Call a k-dimensional subspace L € G(k,n) generic if for any I C {1,...,n},|I]= k we have LN L; = 0.
The space G%(k, n) of all generic subspaces is an open H- invariant subset in G(k,n). It is called the generic
stratum. It will serve as the open set U from §0.

(1.1.3) The Grassmannian G(k,n) can be seen as the variety of (k — 1)- dimensional projective subspaces
in the projective space P"~!. Using the terminology going back to Pliicker, one usually calls (n — 1)-
dimensional families of subspaces in P! complezes.

(1.1.4) Definition. By a Lie complex we shall mean an algebraic subvariety in G(k,n) which is the closure
of the H- orbit H.L of some generic subspace L € G°(k,n).

(1.1.5) Proposition. [19] Each Lie complex is a (n — 1)- dimensional variety containing all the H- fixed
points on G(k,n) given by coordinate subspaces C!, |I| = k. These (Z) points are the only singular points
of a Lie complex. Near each of these points a Lie complex looks like the cone over P¥—! x PP—%-1 jh the
Segre embedding.

(1.1.6) Example. Lie complexes in G(2,4) were extensively studied in classical literature under the name of
tetrahedral complezes. see [2], [27] and references in [20]. Let us describe them in more detail. Let 2, ..., 24
be homogeneous coordinates in P and L; be the coordinate plane {z; = 0}. The configuration of four
planes L; can be thought of as a tetrahedron. A line I € P2 lies in generic stratum G°(2,4) if and only if it
does not intersect any of the 6 lines given by the edges of our tetrahedron. For such a line the four points
of intersections {1 L; are distinct and, as any four distinct points on a projective line, posess the cross-ratio
r(lNLy,...,INLy) € C—{0,1}. Let A € C — {0, 1} be a fixed number. The tetrahedral complex K is, by
definition, the closure of the set of those I € G°(2,4) for which the cross-ratio r(IN Ly, ...,IN Ly) equals A,
Its equation in Pliicker coordinates is

P12P34 + /\p13p24 = 0.

This can be commented as follows. The classical Pliicker relation gives that three quadratic polynomials
P12P34, P13P24 and p14p23 on G(2,4) are linearly dependent i.e. generate a 1-dimensional linear system (pencil)
of hypersurfaces. The tetrahedral complexes are just hypersurfaces from this pencil. They are, therefore,
particular cases of quadratic line complexes. As was pointed out in [20], the definition of a tetrahedral
complex as the closure of a torus orbit is due to F.Klein and S.Lie.

(1.1.7) Clearly all Lie complexes represent the same class in (2n — 2)- dimensional homology of the Grass-
mannian. Denote this class §. Let us recall an explicit formula for 6§ found by A.Klyachko [36]. For any
Young diagram o = (a1 > ... > @) with no more than k rows and no more than (n — k) columns we shall
denote by |a| = 3 a; the number of cells in « and by o4 the Schubert class in Hj)4|(G(k, n)) corresponding
to o ( see [24] and §3.9 below for details on Schubert cycles). These classes form an integral basis in the
homology and the formula of Klyachko gives a decomposition of § with respect to this basis.

(1.1.8) Proposition. [36] Let « be a Young diagram with (n — 1) cells. The coefficient at oo in the
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decomposition of the fundamental class § of a Lie complex with respect to Schubert cycles equals

k

S0 ()aimee (e,

1=0

where £%(C*~%) is the irreducible representation of GL(k — ©) with highest weight o.

(1.1.9) Example. For a Lie complex in G(2,n) the above formula gives
(S = (TL - 2)0’,1._2’1 + (TI, - 4)0',3_32 + (T), — 6)0',1_4,3 +

In particular, for a Lie complex in G(2,4) the formula gives 6§ = 2091 and 031 is the class of hyperplane
section of G(2,4) in the Pliicker embedding. This agrees with the fact that Lie complexes in G(2,4) are
quadratic complexes.

(1.1.10) The collection of all Lie complexes is naturally identified with G°(k,n)/H, the quotient of the generic
stratum (1.1.2). We are interested in the Chow quotient G(k,n)//H which is a projective subvariety in the
Chow variety C,,_1(G(k, n), 6), namely the closure of the set of all Lie complexes.

Any algebraic cycle from G(k,n)//H will be called a generalized Lie complez. It is our point of view
that generalized Lie complexes are the “right” generalizations of generic torus orbits in the Grassmannian.
We shall see later that each generalized Lie complex can be seen as a (possibly reducible) algebraic subvariety

in G(k,n).

(1.1.11) Example. The Chow quotient G(2,4)//H is isomorphic to the projective line P!. The isomor-
phism is given by the cross-ratio of four points of intersection !N L; in Example (1.1.6). There are exactly
three generalized Lie complexes in G(2,4) which are not closures of single orbits (i.e. are not genuine Lie
complexes). They are limit positions of tetrahedral complexes corresponding to values 0,1,00 not taken by
the cross ratio. Denote by Z;; C G(2,4) the space of lines intersecting the coordinate line z; = z; =0 (the
edge of the tetrahedron). This is a linear section of G(2,4) given by the equation p;; = 0. The three limit
complexes are

212 + Z34, 213 + Zaay Za + Zos.

(1.2) Chow strata and matroid decompositions of the hypersimplex.

(1.2.1) Call two k- dimensional linear subspaces L, L' C C® equivalent if dim(LN L) = dim(L' N Ly) for any
I ¢ {1,...,n}. Corresponding equivalence classes are called strata. They are H- invariant subsets in G(k, n).
A base of a subspace L € G(k,n) is a k-element subset I C {1, ..., n} such that LN L; = 0. It is well- known
that two subspaces L and L' lie in the same stratum (i.e. are equivalent) if and anly if their sets of bases
coincide. As a particular case we obtain the generic stratum G°(k,n) C G(k,n) defined as follows. A space , -
L lies in G°(k, ») if and only if each k- element subset is a base for L. e UN'Topt  MET ot /J

Pl e 4

This stratification was introduced in [18,19,21]. The set of bases for any subspace L C G(k,n) introduces
on {1,...,n} the structure of a matroid of rank k. Because of this, this stratification is often referred to as
the matroid stratification of the Grassmannian.

(1.2.2) It was remarked in {19], §5.1 that the matroid stratification of the Grassmannian is not a stratification
in the sense of Whitney. In particular, the closure of a stratum may happen not to be a union of other strata.

(1.2.3) Let ey, ..., e, be standard basis vectors in the coordinate space R™. We define the convex polytope
A(k,n) called the (k,n)- hypersimplez to be the convex hull of () points e;, + ...+ e;, where 1 <i; < ... <
ix <n.

All these points are vertices of A(k,n). We shall denote these vertices shortly by e; = Y icr € where
I'C{1,...,n}, |I| = k. For any subspace L € G(k,n) we define its matroid polytope M(L) as the convex hull
of er. where I runs over all bases for L. Thus A(k,n) itself is the matroid polytope for a generic subspace.
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The hypersimplex was introduced in [17] and serves as a combinatorial model both for the Grassmannian
with torus action and for any Lie complex.

(1.2.4) Proposition. [19] Let L € G(k,n). Then:

a) Any edge of M (L) is parallel to a vector of the form e; — ej, i #j.

b) The (complex) dimension of the orbit H.L coincides with the real dimension of the polytope M(L). The
closure H.L is a projective, normal, toric variety and M (L) is the corresponding polytope (i.e. the fan of
H.L is the normal fan of M(L)). In particular: ‘

c) Any Lie complex is a projective toric variety and the corresponding polytope is A(k,n). So p- dimensional
H-orbits on any Lie complex are in bijection with p-dimensional faces of A(k,n).

"The following description of faces of A(k,n) was given in [17].

(1.2.5) Proposition. a) Each face of A(k,n) is itself a hypersimplex.

b) Edges of A(k,n) are segments [er,e;] where J differs from I by replacing one element i € I by another
jé¢l.

¢) For k > 1 there are exactly 2n facets (faces of codimension 1) of A(k,n). They are
I't = Conv{es,i € I} and I} = Conv{er,i ¢ I}

for 1 < i < n. Each polytope T} is linearly isomorphic to the hypersimplex A(k — 1,n — 1) whereas each
I'; is isomorphic to A(k,n — 1).

(1.2.6) By a matroid polytope in A(k,n) we shall mean any subpolytope M C A(k,n) whose vertices are
among vertices of A(k,n) and edges a have the form described in part a) of Proposition 1.2.4 (i.e. are among
edges of A(k,n)). According to Proposition 1.2.5 the polytope M(L) for any subspace I € G(k,n) is a
matroid polytope. Matroid polytopes of such form are called realizable.

The notion of matroid polytope in A(k, n) was introduced in [19,21]. It was shown in these papers that
such polytopes are in bijection with the structures of rank k matroid on a set {1,...,n}.

(1.2.7) Consider the Pliicker embedding of the Grassmannian G(k,n) into the (?) — l-dimensional pro-

Jective space P(/\)c C™). The homogeneous coordinates in this projective spaces will be denoted p;,I C
{l...,n}, [I| = k. The H-action on G(k,n) extends to the whole P(/\k C"). The matroid polytope of a
subspace L € G(k,n) is the image of the orbit closure H.L C G(k,n) C P(AF C") under the momentum
map 4 : P(A\* C") — A(k,n) defined as follows [19,21]: §
Z|I|—-k pr(z).cr

(1.2.8) ) = —=—————.
(=) Zl”:k pi(x)

(1.2.9) Since G(k, n) is embedded equivariantly into P(/\'c C"), we obtain the embedding of Chow quotients

k.
(1.2.10) G(k,n)//H — P(\ C™)//H.

The latter quotient is, according to Example 0.2, a toric variety of dimension (:) —n and the corresponding
polytope is the secondary polytope of the hypersimplex A(k,n). By comparing the two Chow quotients we

deduce from [30,31] the following proposition.

(1.2.11) Proposition. Let Z =3 ¢;Z; be a cycle from G(k,n)//H. Then :

a) Each component Z; is a closure of some (n — 1)- dimensional H- orbit A

b) Let M(Z;) = p(Z;) be the matroid polytope of any subspace L € Z? (or, what is the same , the image of
Z; under the momentum map. Then the polytopes M (Z;) form a polyhedral decomposition of Ak, n).

(1.2.12) Example. Consider the case k = 2,n = 4. The hypersimplex A(2,4) is the 3-dimensional octo-
hedron. Each of the three generalized Lie complexes from ( 1.1’.11) gives a decomposition of this octohedron
into a union of two pyramids with a common quadrangular face.
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We have the embedding (1.2.10) of G(2,4)//H = P! into P(A\?(C*))//H which is a toric variety
of dimension 2. This variety is isomorphic to the projective plane P%2. To see this, let us show that
the secondary polytope (polygon, in our case) ¥ of the octohedron A(2,4) is in fact a triangle. In-
deed, by definition (0.2.7) vertices of ¥ are in bijection with regular triangulations of A(2,4). Each
triangulation of A(2,4) can be obtained as follows. Take any decomposition of A(2,4) into two pyra-
mids as above and then decompose each of these pyramids into two tetrahedra in a compatible way:

(1.2.13)

'Thus there are 3 triangulations which correspond to vertices of T and three pyramidal decompositions
which correspond to edges of ¥ and hence ¥ is a triangle.

Since the symmetry group of the octohedron acts on X, it is a regular triangle. Hence the toric variety
corresponding to X, has P? as its normalization. The fact that this variety is normal can be established by
direct computation of vertices of & as points of the integer lattice Z® (according to (0.2.6)) which we leave
to the reader.

So the toric variety P(A\*(C*))//H is a projective plane. The subvariety G(2,4)//H = P is a conic in
this projective plane inscribed into the coordinate triangle:

(1.2.14)

(1.2.15) Proposition. Let Z =} ¢;Z; be a cycle from G(k,n)//H. Then all the multiplicities ¢; equal 1
(or 0).

Proof. The recipe for calculation of ¢; given in [30,31] is the following. We consider the affine Z- lattice =;
generated by the vertices of the polytope M(Z;) which is imbedded into the affine lattice = generated by
all the vertices of A(k,n). Then ¢; = [E: E;]. Let us show that in fact = = =;. Choose some vertex er of
M(Z;). Subtracting it from points of Z , we identify = with {(a1,...,a,) € Z" : " a; = 0}. Consider now
all edges of M(Z;) containing ey. By Proposition 1.3 b), they all have the form ej —e;, where j€ Il ¢ 1.
Since M(Z;) has full dimension, there are at least n — 1 independent edges. However, any n — 1 independent
vectors of the form e; — e; generate the lattice .  «
By the above proposition, generalized Lie complexes (= ”infinite” points of the Chow quotient G(k,n)//H)}

can be thought of as usual reducible subvarieties (instead of cycles) in the Grassmannian, what further Justi-
fies their name. We will therefore denote these complexes by Z = U Z; to emphasize that they are varieties.

(1.2.16) Definition. Two cycles Z,Z' € G(k,n)//H are called equivalent if the corresponding polyhedral
decompositions of A(k, n) coincide. Equivalence classes under this relation are called Chow strata.

By considering again the Pliicker embedding we see that our stratification of
G(k,n)//H is induced from the stratification of the toric variety P(A\* C*)//H given by the torus orbits.
Each Chow stratum can be specified by a finite list of usual strata corresponding to individual matroid
polytopes from the polyhedral decomposition.
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(1.2.17) Definition. A polyhedral decomposition P of the hypersimplex A(k,n) is called a matroid de-
composition if all the polytopes from P are matroid polytopes (1.2.7). A matroid decomposition is called
realizable If it comes from a generalized Lie complex (1.2.11).

Thus matroid decompositions of A(k, n) are precisely the labels by which Chow strata gre labelled. The
notion of a matroid polytope being equivalent to that of matroid (1.2.1), a matroid decomposition represents
a new kind of combinatorial structure — a collection of usual matroids with certain properties (that the
corresponding polytopes form a decomposition of the hypersimplex).

y

Sl J
ST

In this section we give a complete description of matroid decompositions of the hypersimplex A(2, n).
The structure involved will turn out to be identical to those in the description of stable n -pointed curves of
Grothendieck [12] and Knudsen [37].

Recall that vertices of A(2,n) are of the form e;; :=¢; +ej,¢#7,1<i,j <n, where ¢; are the standard
basis vectors of R".

\})
(1.3) Example: matroid decompositions of A(2,7n). //

(1.3.1) Proposition. a) Matroid polytopes in A(2, n) are in bijection with pairs (J, R) where J C {1,...,n}
is a non-empty subset and R is an equivalence relation on J with at least 2 equivalence classes. The matroid
polytope M(J, R) corresponding to (J, R) above has vertices e;; where i,j € J are such that iRj does not
hold.

b) The dimension of M(J, R) equals |J| — 1 if R has > 3 equivalence classes and equals {J| — 2 if R has

exactly 2 equivalence classes.

Proof: This follows from ([21], Example 1.10 and Proposition 4,§2).

(1.3.2) Corollary. Matroid polytopes in A(2,n) which have full dimension (n — 1), are in bijection with
equivalence relations on {1, ...,n} with > 3 equivalence classes.

Thus matroid decompositions of A(2,n) are certain ”compatible” systems of equivalence relations on
the same set {1,...,n}. We are going to describe them.

(1.3.3) By a graph we mean a finite 1-dimensional simplicial complex. So a graph T is defined by its set of
vertices I'y and the set of edges T'y together with the incidence relation connecting these sets. If v is a vertex
of a graph T, the valency of v is, by definition, the number of edges containing v.

By a tree we mean a connected graph T" without loops such that every vertex of T has the valency either
1 or > 3. The vertices of valency 1 will be called endpoints of T'. For any two vertices v, w of a tree T' there
is a unique edge path without repetitions joining these vertices. This path will be denoted fv, w].

Let Ay, ..., A, be formal symbols. By a tree bounding the endpoints A, ..., A,,, we shall mean a tree T
with exactly n endpoints which are put into bijection (or just identified) with symbols A;. Two such trees
T, T are called isomorphic if there is an isomorphism of graphs T' — T" preserving A;.

(1.3.4) Let T be a tree bounding endpoints A, ..., A,. Any vertex of T' which is not an endpoint will be
called interior. Let v € Ty be an interior vertex. We define an equivalence relation =, on {1, ..., n} be setting
1 2, J if the edge path [A;, A;] does not contain the vertex v.

In other words, the deletion of the vertex v splits the tree into several connected components and 7 &, j
if the endpoints A;, A; are situated in the same component. The equivalence classes under 22, are in bijection
with edges of T containing v.

(1.3.5) Proposition (1.2.5) implies that A(2,7) has n facets (faces of codimension 1) I'f = Conv{e;;,j # i}
which are (n — 2)- dimensional simplices. It is clear that in any polyhedral decomposition of A(2,n) each
F;-" is a facet of exactly one polytope from decomposition.

(1.3.6) Theorem. Matroid decompositions of the hypersimplex A(2,n) are in bijection with isomorphism
classes of trees bounding endpoints Ay, ..., A,.
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e itxplicitly, if T' is such a tree, the corresponding decomposition P(T) consists of matroid polytopes M (=)
(Proposition (1.3.1)) for all interior vertices v of T'.

o Conversely, the tree T can be recovered from the corresponding matroid decomposition P as follows.
Internal vertices of T' are barycenters of polytopes (of maximal dimension) from P. Endpoints of T are
barycenters of facets 'Y . The barycenter of each I‘;-" is joined to the barycenter of the unique polytope from

P containing T';; the barycenters of two polytopes from P are joined if and only if these polytopes have a
common facet.

(1.3.7) Remark. Let v be an interior vertex of the tree T.. The vertices of the polytope M(22,) are those
vertices e;; = e; +e; of A(2,n) for which the edge path [4;, A;] does contain v.

Proof of (1.3.6): Let T be any tree bounding Ay, ..., A,. Let us show that the collection of polytopes M (22,)
forms a polyhedral decomposition of A(2,n). By definition, this means that the two properties hold:

(1.3.8) Intersection of any two polytopes M(=%,), M(%,) is a common face of both of them.

(1.3.9) The union of the polytopes M(%,) is the whole hypersimplex A(2, n).

(1.3.10) Proof of (1.3.8). We shall prove a stronger statement: that M(%,) N M(=,) is the convex hull of
vertices common to M(%,), M(%,) . By (1.3.7), a vertex e;; is common to M(%,), M(=,) if the edge path
[A:, A;] contains [v,w] as a sub- path. Let us subdivide the set {1,..., n} into three parts: X+, X, Xg. We
set ¢+ € X4 if the edge path [A;, v] does not contain points on [v, w] other than v. We set i € X_ if the edge
path [A;, w] does not contain points of [v, w} other than w. We set i € X, in all other cases:

(1.3.11)

Recall that A(2,n) lies in R™ as the convex hull of sums e;; = e; + e; of two distinct basis vectors.
Consider the linear function f on R™ such that flei)=+1,-1or0ifi e Xy, X_ or Xg respectively. Then
f 1s non-negative on all vertices of M(=2,) and non-positive on all vertices of M (=w). The only vertices

of M(=,), M(=,) for which f = 0 are the vertices common to both these polytopes. Assertion (1.3.8) is
proven.

(1.3.12) Proof of (1.8.9). It suffices to show that any face of codimension 1 of any M (2,) lies either on the
boundary of A(2,n) or is a face of another polytope M (22y). The following description of facets (=faces of
codimension 1) of matroid polytopes follows from ([21], §2, Theorem 5)

(1.3.12.1) Proposition. Let J = {1,....,n} and M = M(J, R) be the matroid polytope of full dimension
corresponding to an equivalence relation R on J. Its facets are the following:

(1} Facets [‘f(M ) defined for any j unless {j} is an equivalence class in itself and the total number of classes
is 3. This facet is the matroid polytope M(J', R'), where J' = {1, ...n}—{j} and R’ is the equivalence
relation induced by R. It lies entirely in the boundary of A(2,n).

(2) Facet T'y (M) defined for any equivalence class K € J/R. This is the matroid polytope M(J, R"), where

R" is the equivalence relation with only two classes of which one is K and the other is formed by all elements
not in K.

The notation T'* is compatible with the notation for the facet of the full hypersimplex A(2, n) introduced
in Proposition 1.2.5.

(1.3.12.2) Corollary. Let T be a tree bounding A1, ..., A, and v € T be an interior vertex. The facets of

16



the matroid polytope M(%,) not lying in the boundary of A(2,n) are in bijection with edges of T containing
v whose second end is also an interior vertex. The facet corresponding to such an edge e is of the form I';
where K is the =, -equivalence class corresponding to e.

Now the assertion (1.3.9) follows from Corollary 1.3.12.2 since every edge of the tree T joins two vertices
and the two matroid polytopes corresponding to these vertices have a common facet.

(1.3.15) We have proven that any tree bounding Ay, ..., An gives a matroid decomposition of A(2,n). Con-
versely, let P be any matroid decomposition. By taking barycenters of polytopes from P and joining them
as prescribed in Theorem 1.3.6, we obtain a certain graph 7. Let us show that 7" is a tree which generates
the decomposition P. The fact that T is a tree follows from the next lemma

(1.3.15.1) Lemma. Let M C A(2,n) be a matroid polytope of full dimension and T C M be a facet not
lying on the boundary of A(2,n). Then T is equal to the intersection of the whole A(2,n) with a hyperplane.

Proof: According to Proposition 1.3.12.1, the polytope I has the form M (J,R), where R is an equivalence
relation on J = {1,...,n} with only two equivalence classes, say A and B. Define a linear function g on R
whose value on the basis vector e; equals 1, if i € A and equals (—1), if ¢ € B. Then T is the intersection of
A(2,n) with the kernel of g. Lemma (1.3.15.1) is proven.

(1.3.15.2) To finish the proof of Theorem 1.3.6, it remains to show that the tree obtained from the matroid
decomposition P in (1.3.15), generates P. This checking is left to the reader.

(1.3.16) Example. There are four matroid decomposition of the octohedron A(2,4): one consists of ‘
A(2,4) itself and each of the others decomposes the octohedron into two pyramids (Example 1.2.12). These
decompositions correspond to the following trees bounding endpoints Aj, ..., As:

(1.3.17)

(1.3.18) We shall show in §4 that all matroid decompositions of A(2,n) are realizable.
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(1.4) Relation to the secondary variety for the product of two simplices.

In this section we shall compare the Chow quotient G(k,n)//H with a toric variety of the same di-
mension. This toric variety will correspond to the convex polytope which is the secondary polytope for the
product of two simplices.

(1.4.1) Let P C R™ be any convex polytope and £ € P be any vertex. Denote by NP the union of all
half-lines drawn from z through all the points of P. This is an affine cone which we call the normal cone to
P at 2. The base of this cone i.e. a transversal section of N, P by an affine hyperplane will be called the
vertezr figure of P at z. Thus vertices of the vertex figure correspond to edges of P containing z.

(1.4.2) Let A be any finite set. Denote by A# the simplex (of dimension |A| — 1) whose set of vertices is
A. By definition, A4 is the subset in the space R4 of functions A — R consisting of functions f(a) such

that f(a) > 0,Va and ) f(a) = 1. To any a € A there corresponds a vertex 6, of A4. This is the function
A — R taking @ to 1 and other elements to 0.

(1.4.3) Let eg be a vertex of the hypersimplex A(k,n). The corresponding vertex figure is the product of two
simplices A¥~! x A"~%=1 or in the more invariant notation of (1.4.2), AT x AT, where T is the complement
to I.

[ndeed, edges of A(k, n) containing ey, are [e1, e;+e; —e;] where i € I, j ¢ I. The required isomorphism
takes such an edge to the vertex (6;,6;) of Al x AT

The toric variety associated to the polytope A*~! x A?~%~1 is the product of projective spaces P¥~1 x
P7=%-1 and the structure of A(k,n) near a vertex corresponds to the structure of a Lie complex near its
singular point ( Proposition 1.1.5).

(1.4.4) Proposition-Definition. Let P be a matroid decomposition of A(k,n) and ey € A(k, n)- a vertex.
Let ‘Pr be the induced polyhedral decomposition of the vertex figure AT x AT . Then all the vertices of

polytopes constituting Py lie among the vertices of AT x AT, IfP is a realizable matroid decomposition then
P, is a regular polyhedral subdivision of AT x AL,

Recall [22] that a polyhedral subdivision is called regular if it admits a strictly convex piecewise- linear
function.

Proof: Vertices of polytopes from P; correspond to edges of polytopes from P containing es. Since all these

polytopes are matroid polytopes, the edges in question correspond to vertices of AT x Al. If P is realizable
then it is regular as a polyhedral subdivision of A(k,n)and sois P;. «

(1.45) Let I C {1,...,n} be a k -element subset. The coordinate subspace C! € G(k,n) is a fixed point
under the action of the torus H  (1.1.1). Therefore we have the action of H on the tangent space 17 :=
Tet Gk, n).

The tangent space to G(k,n) at any point L is canonically identified, see [47], with Hom(L,C"/L).
Therefore we have the isomorphism of H -modules

(1.4.6) Ty = Hom(C!, CT)

In other words, 77 is decomposed into k(n — k) one-dimensional weight subspaces Vij,t € 1,5 ¢ I such that
for any t = (t1,...,t,) € H and any v € Vij one has

(tl, ...,tn).v = (ti/tj)v.

(1.1.7) The character lattice of the torus H is the sublattice in Z" consisting of vectors with the sum of
coordinates equal to 0. The character corresponding to the subspace Vj; is the vector e; — e; €Z". The
collection of all vectors e; — ej,1 € I,j ¢ I, forms the set of vertices of the simplex A x AT,

(1.4.8) Call a point v of the tangent space 77 (and the corresponding point of the projectivization P(77))

generic if all the weight components of v are non-zero. By a generic H -orbit in Tr or P(Tr) we shall mean
the orbit of a generic point.
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(1.4.9) For the torus orbits in the Grassmannian G(k,n) we also have a notion of genericity introduced in
(1.1.2). Closures of generic orbits in G(k,n) were called Lie complexes. Let Z = H.L, L€ Gk, n) be any
Lie complex and TCrZ := TCcitZ C Ty - its tangent cone at the point C!. It follows from (1.1.5) that
TCrZ is the closure of a generic H- orbit in 7y. So we obtain the following proposition.

(1.4.10) Proposition. Let us identify the quotient G°(k,n)/H (i.e. the set of generic (1.1.2) H- orbits
on G(k,n)) with the set of Lie complexes. Then the correspondence Z (the projectivization of TC¢:1Z)
defines an open embedding of G°(k,n)/H into the set of generic H- orbits in P(T}).

(1.4.11) We are going to compare the Chow quotient G(k,n)//H with P(Ty)//H. The latter variety is,
according to results recalled in §(0.2), a projective toric variety of the same dimension kln—k)—n+1as
G(k,n)//H. Due to (1.4.7) and Theorem 0.2.8, the toric variety P(T;)//H corresponds to the secondary
polytope of AT x Al. We shall therefore call this variety the secondary variety of AT x Al.

(1.4.12) Proposition. The open embedding from (1.4.10) extends to a regular birational (in particular,
surjective) morphism

(1.4.13) " fr: G(k,n)//H — P(Ty)//H.

This morphism takes any generalized Lie complex L to the projectivization of its tangent cone at C! (which
is regarded as an algebraic cycle with multiplicities 0 or 1 in P(Ty)).

Proof: Let Uy C G(k,n) be the affine chart consisting of k -dimensional subspace L such that L& C! = C».
Each such subspace can be regarded as the graph of a linear operator from C! to C!. This correspondence
identifies Uy with the space of k x (n — k) -matrices thus introducing coordinates zij,t € I,j ¢ Iin Uy.
The tangent vector space Tt becomes identified with U 1, ¢f. (1.4.6). Consider the action of C* on U, 1 by
homotheties (simultaneous multiplication of the coordinates z;; by a scalar). Since this action is a part of
the torus action on G(k, n), we deduce that for any Lie complex Z the intersection ZNU 7 will be a conic (i.e.
C* -invariant) subvariety of U;. The same will hold, by continuity, for any generalized Lie complex. The
map fr, therefore, takes any generalized Lie complex Z (which is a subvariety in G(k,n)) into the subvariety
in P(T7) = P(Uy) represented by the conic subvariety Z N Ur in Ur. We need to show that f; is a regular
morphism of algebraic varieties.

Since both G(k,n)//H and P(U;)//H are projective, it suffices, by Serre’s GAGA theorem [24], to
show that fr is a holomorphic map of complex analytic spaces corresponding to these varieties. However,
this follows from the description of the Chow varieties given by D.Barlet [3]. More specifically, Barlet gave
a condition for a family of p-dimensional cycles Z (s) C X parametrized by a reduced analytic space S, to
be analytic near a point sy € S. This condition is essentially that for any codimension p analytic subvariety
Y C X which intersects Z(sg) properly, the 0-cycle Z(s) NY depends analytically on s near sg. To prove
that f;(Z) depends analytically on Z € G(k,n)//H we note that any analytic subvariety Y of codimension
(n— 1) in P(Ur) can be lifted to Us (by setting one of the coordinates to be 1) to a subvariety Y. If Y
intersected some fr(Z) properly then so does Y with respect to Z due to the conic property. Analytic
dependence of Y N Z on Z implies the analytic dependance of ¥ N f1(Z) which is just the image of Y N Z
in the projectivization. Proposition (1.4.11) is proven.

Later we shall make use of morphisms f; to construct ”coordinate charts” on the Chow quotient. The
following fact is an immediate consequence of (1.4.11).

(1.4.14) Corollary. Each regular polyhedral decomposition (in particular, triangulation ) of the product of
simplices AT x Al has the form P; for some realizable matroid decomposition of A(k,n).

Thus the problem of classification of all realizable
classification problem for triangulations of the product

(1.5) Relation to the Hilbert quotient.
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(1.5.1) The Hilbert quotients were defined in n. (0.5). We want to compare the Chow quotient G(k,n)//H
with the Hilbert quotient G(k,n)///H. Recall that there is a a regular birational morphism = : G(k,n)///H —}}
G(k,n)//H to the Chow quotient, see (0.5.8).

(1.5.2) Theorem. The morphism 7 is an isomorphism.

Proof: By definition, points of G(k,n)///H are subschemes which are limit positions of Lie complexes. By
Proposition 1.11 every such subscheme Z is reduced at a generic point of every its component.

(1.5.3) Lemma. Any subscheme Z from G(k,n)///H is reduced.

Proof: Consider the intersection of Z with some coordinate Schubert chart Ur. It suffices to prove, for every
I, that Z N Uy is reduced. The action of H in Us is a linear one. This is the action corresponding to the
products of simplices and it follows from the result of B.Sturmfels ([48], Theorem 6.1) that any limit position
of generic H -orbits in Uy is reduced.

Lemma (1.5.3) implies that the morphism = is bijective on C -points. To show that it is an 1somorphism
of algebraic varieties, it suffices to show that for any Z € G(k,n)//H and any non-zero Zariski tangent
vector € to G(k,n)///H at Z the vector dr(£), the image of ¢ under the differential of =, is non-zero. The
tangent space TzHg to the whole Hilbert scheme at Z equals H°(Z, N') where Nz = Home (Jz/J%,0z)
1s the normal sheaf of Z (see §0E). Let Zreq be the smooth part of Z. The restriction of Nz to Zreg 18
the sheaf of section of the normal bundle of Zyreg in the usual sense. Hence our vector £ C TzHg gives a

normal vector field on Z,.4. Since Z is reduced, this field is non-zero if £ is non-zero, so the assertion follows.
Thkeorem (1.5.2) is proven.

(1.6) The (hyper-) simplicial structure on the collection of G(k,n)//H.

(1.6.1) Recall (1.1.2) that G°(k,n) denotes the generic stratum in the Grassmannian G(k,n). For any
i € {1,...,n} there are the intersection and projection maps

(1.6.2) GOk, n — 1) & GOk, n) 25 GOk — 1,0 — 1)

defined as follows. Let J; : C?~1 < C" be the embedding taking (z1,...,z,_1) to (z1,...,2;_1,0,%;, ..., Z5).
The intersection map A; sends a k -dimensional subspace L C C” to J,;"IL. The projection map B; is
induced by the projection C® — C”~! forgetting the 7 -th coordinate.

The formal structure of these maps is analogous to that of faces of the hypersimplex A(k, n) (Proposition
1.2.4). The existence of such a system of ”face” maps was the original reason for introducing hypersimplexes
and then Grassmannians into the problem of combinatorial calculation of characteristic classes [17]. More

recently, these maps were used by A.A.Beilinson, R.D. MacPherson and V.V.Schectman in {7] to give a
”constructuble” approximation to K-theory.

(1.6.3) As was noted in [7], the maps (1.6.2) descend to maps of the quotients

(1.6.4) GOk, n — 1)/(C*)"~1 2% GOk, n)/(C*)® 25 GOk — 1,n — 1)/(C*)*~!
of the generic strata by their respective tori.
(1.6.5) Clearly there is no way to extend maps (1.6.2) to whole Grassmannians: if the subspace L is contained

in the hyperplane {2; = 0} then A;(L) will have wrong dimension and similarly for B;. However, it turns
ous that for Chow quotients the situation is different.

(1.6.6) Theorem. The maps a;,b; in (1.6.4) can be extended to regular morphisms of projective algebraic
varieties ‘

(1.6.7) Gk, n—1)//(C*)*~* 2 Gk, n)//(C*) 25 G(k - 1,n — 1)/ /(C*Y*-1
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Proof of Theorem (1.6.6) will occupy the rest of this section.

(1.5.8) Let e, ..., e, € C™ be the standard basis vectors and C:‘_l be the coordinate hyperplane spanned by
ej,j # 1. For any i C {1,...,n} we consider the varieties

(1.5.9) Gf ={L€G(k,n):e; € L}, G; ={LeG(k,n):LCC;™'}.
They are the analogs of the family of coordinate hyperplanes in P™~1. The next proposition is immediate.

(1.6.10) Proposition. a) As abstract varieties, G} are isomorphic to G(k—1,n—1) and G; - to G(k, n—1).
b) Both G} and G} are linear sections of G(k,n) in the Pliicker embedding. More precisely, let l’[;-+ and II;”
be projective subspaces in P( /\k C") given by vanishing of the Pliicker coordinates pr,i ¢ I or, respectively,
pr,i € I. Then Gii = G(k,n) ﬂIIii.

c) The image of the subvarieties Gz-i under the moment map p from (1.1) is the facet T of A(k,n) introduced
in (1.2.5). Moreover, we have G = u~1(I'F).

(1.6.11) The isomorphisms in part a) of (1.6.10) are as follows. the isomorphism u; : G(k — 1,n — 1) — G}
takes a (k — 1) -dimensional A C C"~1 to J;(A) ® Ce;, where the embedding J; : C*~! < C"® was defined
in (1.6.1). The isomorphism v; : G(k,n — 1) — G takes a k -dimensional M C C"~! into Ji(M).

(1.6.12) Let us turn to the construction of @, b;. Note that the maps a;, b; of the quotients of generic strata
have the following transparent description in terms of Lie complexes (closures of generic orbits).

(1.6.13) Lemma. Let Z = H.L be a Lie complex in G(k,n). Then the Lie complex ai(Z)inG(k—1,n-1)
representing the orbit of A;(L), is equal to u7 (Z N G}) = u7'(Z N1I}). Similarly, the Lie complex b;(Z)
in G(k,n — 1), representing the orbit of B;(L), is equal to v; }(ZNG]) = v (Z N ;).

Proof: Denote by g;(t) the diagonal matrix (1,...,1,¢,1,...,1) € (C*)® (where ¢ is on the i - th place). Let
pri : C™ — CI! be the coordinate projection. Let L € G°(k,n) be a generic subspace. Then we have

(1.6.14) (LNC! 1)@ Ce; = Jlim g;(t).L,  pri(L) = lim g;(t).L.

This shows that Z N G (resp. ZNG;) contains the orbit of A;i(L) (resp. B;(L)).
On the other hand, the vanishing of Pliicker coordinates p;, for which e; ¢ I‘f, forms a system of
equations for Z N G;’, as follows from the general theory of toric varieties [49]. Lemma (1.6.13) is proven.
The lemma just proven shows that a; and b; are given by intersecting Lie complexes with projective
subspaces II¥. However, dim(Z N %) = dim(Z) — 1 whereas ¥ have high codimension. Thus to prove
that the intersection gives a regular morphism of Chow quotients, extra work is needed.

(1.6.15) Proof that @;,b; are regular morphisms. For any face I' C A(k,n) and any Lie complex Z we shall
denote by Z(T') the closure of the H -orbit in Z corresponding to I'. In particular, the codimension 1 faces
of A(k,n) are I from Proposition 1.8 and the corresponding orbit closures Z (I‘,il =ZNnGE=2n i

are the varieties we are studying . Our aim is to show that the Chow form of Z (T) can be polynomially
expressed via that of Z.

(1.6.15.1) Lemma. Consider any coordinate hyperplane {pr = 0} in P(/\lc C™) given by vanishing of a
Phicker coordinate p;. Then we have the equality of cycles

Znip=0t= ¥ #(1),
INETT AN
where T' runs over codimension 1 faces of A(k,n) (i.e. over I'F) not containing the vertex ey.

Proof: The lemma says that the order of vanishing of py on Z (T) equals Oife; € T and 1if ey ¢ T'. According
to the general rule (valid for any toric variety in an equivariant projective embedding [49]) this order equals
the distance from ej to the affine hyperplane spanned by T, the distance being measured in natural integer
units indiced by the lattice. In our case, if ey ¢ ', then the said distance equals one.
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(1.6.15.2) Corollary. Let Rz(l1,....,1,),}; € /\k(C"’)*, be the Chow form of a Lie complex Z. Let w1 be

the coordinate projection to the coordinate hyperplane Ker(pr) C /\k(C”). Then for any linear functionals
AL,y A1 € (Kerpr)* we have

RZ(pIaﬂ';Ala"':ﬂ';)‘n—l): H RZ(I‘)(AlaH-,An—l)
Ier¢l

where on the right hamd side stand Chow forms of subvarieties Z(T') C P(Kerpr).

(1.5.15.3) End of the proof that &;, b; are regular. Consider some facet of A(k,n), say, I‘;;" and let ey ¢ T
be some vertex (i.e., i € I). Consider the coordinate projection Kerpy — II} of coordinate subspaces in
/\k(C”). Here II is defined, as above, by vanishing of all p; with i € I. The projection of UP:e,-¢I‘ Z(T) to
I} is the component Z (T} we are interested in, plus the union of some coordinate (n — 2) - dimensional
subspaces (which are images of other components). Let p1, ..., gn—1 € (II})* be linear forms. Denote by ji;

the extension of yu; to all of Ker(pr) by means of the coordinate projection Kerp;y — II}. We obtain the
equality

H Rz, oy fon—1) = Rz(p:r)(/h, oy Pm—1)- prodsRs(pq, ..., pn—1)"%,
1":e1¢F

where S runs over coordinate (k — 1) -dimensional subspaces in 7r:’ , Rs is the Chow form of the subspace S
and vg are some exponents. From this equality we obtain that RZ(F+) can be obtained from the right hand

side by division to a fixed polynomial. Since the left hand side itself ‘depends polynomially on Rz, Theorem
(1.5.6) is completely proven.
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Chapter 2. PROJECTIVE CONFIGURATIONS AND THE
GELFAND-MACPHERSON ISOMORPHISM.

I.M.Gelfand and R.W.MacPherson have established in [20] an important correspondence between torus
orbits in G(k, n) and projective configurations i.e. GL(k)- orbits on (P*~1)". In this section shall show that
this correspondence extends to an isomorphism of Chow quotients.

(2.1) Projective configurations and their Chow quotient.

(2.1.1) Consider the (k— 1) -dimensional projective space P*~1. By a configuration we shall mean an ordered
collection M = (x1, ..., &) of n points in P¥~1. The general linear group GL(k) acts on P¥~! by projective
transformations. This induces an action on the space (P*¥~1) of configurations.

The study of orbits of this action is a classical problem of projective geometry. See [14] for investigations
from the standpoint of Mumford’s geometric invariant theory.

(2.1.2) The elements of a configuration M can also be visualized as hyperplanes (in the dual projective

space). This point of view will be useful later. In this subsection we shall just consider elements of M as
points.

(2.1.3) We will be interested in the Chow quotient (P*~1)*//GL(k). To apply Definition 0.1.7 it is first
desirable to know which configurations are ”generic enough”. The answer, of course, is the following,.

(2.1.4) A configuration M = (zy, ..., 2,) of points in P*¥~! will be said to be in general position if any i of
these points, ¢ < k, span a projective subspace of dimension exactly i — 1. The set of all such configurations
will be denoted by (P* ~1)pen- Orbits of configurations in general position will be referred to as generic orbits
in ( Pk—l)n.

(2.1.5) Generic GL(k) - orbits on (P*¥=1)" depend on continuous parameters only when n > k + 2. We shall
assume in the sequel that this condition holds. In this case generic orbits have dimension k2 — 1 since the
stabilizer of a generic configuration consists only of homotheties.

(2.1.6) For any 0 < m < k — 1 denote by [m] the 2m - dimensional homology class of P¥~! represented by
P™. By Kiinneth formula, the graded homology space of (P¥=1)" is the n -fold tensor power of the graded
homology space H,(P¥~1!). Therefore, the basis for the 2p -th homology group Hap((P¥~1)") is given by
tensor products [m;] @ ... ® [m,],Y " m; = p

(2.1.7) Proposition. The homology class of the closure of any generic GL(k) -orbit in (P*~1)* n > k+2,
is a variety of dimension k? — 1 and of homology class

6= > M) ® ... ® [my].

my4...fmp=k2_1
mi<k—1

The set of closures of generic orbits is a subvariety in the Chow variety Cya_1((P¥~1)», 6) isomorphic to the
quotient (P~ /GL(k).

Proof: Let Z = GL(k).M be the closure of any k% — 1 - dimensional orbit and 6 € Hog2—1)((PF-1)", Z)
-its homology class. The coefficient in § at [m;] ® ... ® [m,] can be calculated as follows. Take generic
projective subspaces L; C P¥~1 of codimension m;. OQur coefficient is just the intersection number of Z with
L1 x...x L. In other words, this is the number of projective transformations which take each point z; of our
configuration M = (&4, ...,z,) inside L;. The condition g(z;) C L; is a linear condition on matrix element
of a matrix g € GL(k) of codimension m;. Taking into account all L;, we obtain a system of k2 — 1 linear
equations on matrix elements of g. By Bertini’s theorem applied to Z, if (L1, ..., Ly) are generic enough, the
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intersection Z N (L3 X ... X Ly,) consists of finitely many points. For our linear system this implies that for
generic L; just one of two cases holds:

(2.1.7.1) The space of solutions of the system is 1-dimensional and consists of multiples of a non-degenerate
matrix.

(2.1.7.2) The space of solutions is contained in the variety of degenerate matrices.

In the first case the coefficient equals one, in the second it equals 0. We need to show that for zy, ..., z, in
general position, the case a) always holds.

(2.1.7.3) Consider the product of Grassmannians II = [] G(k —m, k) i.e. the variety of all tuples (Ly, ..., L)
as above. Let Iy C II be the subvariety of those tuples for which z; C L; for all 7.

(2.1.7.4) Lemma. Let Y = (z,...,2,) be any configuration with k> — 1 - dimensional orbit. Then the
truth of the case (2.1.7.2) above (or, equivalently, the vanishing of the coefficient at [mi] ® ... ® [m,]) is
equivalent to the following fact: For generic tuple of subspaces (L1, ..., L) C Iy its stabilizer in PGL(k-1)
has positive dimension.

Proof: Case (2.1.7.2) means that the union of GL(k) - orbits of points from IIy is not dense in II. The

codimension of Iy in II equals k2 — 1. Therefore case (2.1.7.2) means that for any Y € Iy its orbit has
dirnension smaller than k% — 1.

Now it is clear that if 21,...,z, are in general position then for any my, ..., mn summing to k? — 1 it
1s possible to choose codimension m; subspace L; through z; such that the whole collection (L1, ..., Ly) has
trivial stabilizer in PGL(k). Proposition 2.1.7 is proven. -

(2.1.8) Example. Consider the action of GL(2) in (P')*. The closure of the orbit of a 4-tuple of distinct
points 1s a 3-dimenisional variety. It contains four 2-dimenional orbits W; where W; is the set of points
(.,...,24) such that all three z; with j # i, coincide with each other but differ from z;. The closure of

each W; is isomorphic to P! x P!, These closure intersect along the 1-dimensional orbit which is the set of
coinciding tuples.

(2.1.9) We are interested in the Chow quotient (P*~1)"//GL(k). By definitions, points of this quotient
are certain algebraic cycles in (P*¥~1)” of dimension k% — 1 and homology class 6 given by Proposition
2.1.7. Moreover, since the stabilizer of a configuration can not be a unipotent subgroup in PGL(k), we can

apply Theorem 0.3.1 to conclude that components of any cycle from (P¥~1)*//GL(k) are closures of k2 — 1
-dimensional orbits.

(2.1.9) Example. For 4 distinct points on P! the only invariant is the cross-ratio which identifies
(PY)5en/GL(2) with P — {0,1,00}. Denote by Z, the closure of the orbit given by 4-tuples with cross-ratio
A. When A — 0,1, 00, the variety Z, degenerates into one of three cycles in (P')*. Namely, let A;; to be
the subset in (P1)* given by {z; = z;}. Then the three cycles in question are

Ars + Azs, A1z + Ags, Ay + Ass.

For example, suppose that our four points z; depends on a parameter ¢ and degenerate in such a way that
21(0) = 2(0) but 3(0) and z4(0) are different from them (see Fig. 2.1.10). Let Z(¥),? # 0 be the closure of
the orbit of M (t) = ((;(t)i=1,... .4a). Then, of course, the orbit of the limit position ((z;(0)), i.e. Z19, will be a
part of the cycle Z(0) = lim,_,0Z(t), but not the only part! Indeed, we can perform, for each ¢, a projective
transformation g(t) which stretches z,(t) and 2,(t) back to some fixed distance. This transformation shrinks

the remaining points z3(t) and z4(t) close to each other. The limit of the point g(t)Y will lie on the second
component Zzq4.
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(2.1.10)

(2.1.11) Similarly, if we have a degeneration M(t) = (z1(t), ..., #,(t)) of a family of n points on P! such that
just two points merge, e.g. £1(0) = z2(0) and all the other z;(0) remain distinct, then lim;_o GL(2)M(t) will
consist of two components. The first is the orbit of the limit configuration (z(0) = £5(0), 3(0), ..., z,,(0).
The second component is the set of (%1,...,%n) such that z3 = ... = ,, and 1,2, are arbitrary. We shall
see later (§4) that this phenomenon exactly corresponds to the degeneration of (P?, z1(1), ..., zn(t)) in the
Krudsen’s moduli space m of stable n -punctured curves of genus 0.

(2.2) The Gelfand-MacPherson correspondence.

(2.2.0) Let us recall the original idea of [20,40] how to construct a configuration from a point in Grassmannian.
It will be more convenient for us to speak in this section about configurations of hyperplanes instead of points.

(2.2.1) Let L C C™ be a k-dimensional subspace not lying in any coordinate hyperplane H; = {z; = 0}. Then
(LN H;) form a configuration of hyperplanes in L i.e. a point in (P(L*))*. If a subspace L' is obtained from
L by the action of a torus element, we shall obtain a projectively isomorphic configuration of hyperplanes in
L’. A class of projective isomorphism of configurations of n hyperplanes in (k — 1)- dimensional projective
spaces 1s the same as a GL(k)- orbit in the Cartesian power of a fixed projective space (P¥-1)*. Note that
now every configuration of hyperplanes can be obtained, up to an isomorphism, from L as above. To make
the assertion precise, denote by Gynaz(k,n) C G(k, n) the set of L such that dim(H.L) = n — 1. Similarly
denote by ((P*~1)")ar the set of configurations I = (IIy, ..., TI,) such that dim(GL(k).II) = k% — 1. The
Gelfand- MacPherson correspondence induces the bijection of orbit sets

(2.2.2) A Gaz(k,n)/H — ((PF"1)"),00/GL(k)
see [20].

(2.2.3) Note that sets in both sides of (2.2.2) are not, in general algebraic varieties since Gmaz(k,n) and

(P’h‘l)")m” contain unstable points. For comparison of Mumford’s quorients of both sides in (2.2.2) see
section (2.4) below.

The main result of this section is the following theorem

(2.2.4) Theorem. The Gelfand-MacPherson correspondence (2.2.2) extends to an isomorphism of Chow
quotients

(2.2.5) A:Gk,n)//H — (P*"1"//GL(k).

This fact permits one to apply the information about behaviour of (n — 1) - dimensional torus orbits
(which may be obtained by techniques of toric varieties and A- resultants [30]), to the study of (k% — 1)
dinensional orbits of GL(k) which are at first glance harder to understand.

(2.2.6) Corollary. Every cycle in (P*~1)"//GL(k) is a sum of closures of some (k? — 1) -dimensional orbits
with multiplicities 0 or 1.

Before starting to prove Theorem 2.2.5, let us give a simple matrix interpretation of the correspondence
in qquestion.

25



(2.2.7) Let M(k,n) be the vector space of all complex k by n matrices, Mo(k,n) C M(k,n) - the space of
matrices of rank k, and M’'(k,n) C M(k,n)- the space of matrices whose every row is a non-zero vector in
C*. The group GL(k) acts on M(k,n) form the right, and (C*)* C GL(n) - from the left and we have the
identifications

(2.28) GL(k)\Mo(k,n) = G(k,n), M'(k,n)/(C*)" = (P*1)".

The Gelfand- MacPherson correspondence comes from consideration of both types of orbits in (2.2.5) as
double (GL(k),(C*)") - orbits in Mat(k,n).

(2.2.9) Let us carry on these considerations for Chow quotients. Note that each

(GL(k),(C*)") -orbit in the vector space M(k,n) is invariant under multiplications by scalars (in this
vector space) and thus may be identified with a subvariety in the projectivization P(M(k,n)). Instead of
double orbits we can speak about left orbits of the product GL(k) x (C*)*. Consider the Chow quotient
P(M(k,n))//GL(k) x (C*)"*. To prove Theorem 2.2.4 it suffices to construct isomorphisms

(2.2.10) G(k,n)//(C*)* % P(M(k,n))//GL(k) x (C*)" £ (P*=H"//GL(k).

(2.2.11) The existence of these morphisms does not present any problem.

‘The morphism « associates to any cycle Z = Y ¢;Z; in G(k,n)//(C*)" the cycle 3 p=1(Z;) where
p: P(Mo(k,n)) — G(k,n)is the projection from (2.2.8) (The multiplicities ¢; all are equal to 1 by Proposition
1.2.15). Similarly, the morphism # associates to any cycle W = Y m;W; in (P*~1)"//GL(k) the cycle
>-mig=1(W;), where q : P(M’(k,n)) — (P*~1)" is the other projection arizing from (2.3). To show that o
and § thus defined are regular maps, it suffices to apply Barlet’s criterion of analytic dependence of a cycle

on a parameter [3]. Since a and 3 are both given by inverse images in fibrations, this criterion is trivially
applicable.

(2.2.12) Let us show that « is an isomorphism. To do this, note that any generic GL(k) x (C*)"- orbit in
P(M(k,n) has dimension (n - 1)(k* — 1). Each component of a cycle Z from P(M(k,n))//GL(k) x (C*)*
is the closure of a single orbit which therefore should be the inverse image of an orbit of maximal dimension
in Gi(k,n). The algebraic cycle W formed by these orbits lies clearly in the Chow quotient G(k,n)//(C*)"
and this is the unique element of this Chow quotient such that o(W) = Z. This proves that « is bijective on
C-points. Denote by ! the inverse map. To prove that « is indeed an isomorphism of algebraic varieties
we need to prove that o~! is regular too (which need not necessarily be the case if the varieties involved are
not normal). However, this again follows from Barlet’s criterion similarly to the proof of Theorem 1.4.12.
Similarly we prove that 3 is an isomorphism. Theorem 2.2.4 is proven.

(2.3) Duality (or association).

It 1s known classically (since A.B.Coble [11]) that projective equivalence classes of configurations of n
ordered points in P¥~1 are in bijection with projective equivalence classes of configurations of n points in
Pr=*-1_ This correspondence is known as the association [11,14] and was used in the context of matroid

theory (see [21], §2..3).
The most transparent way to define the association is via the Gelfand-MacPherson correspondence.

(2.3.1) Let us identify the dual subspace to the coordinate space C” with C" by means of the standard
paring. By considering orthogonal complements to k -dimensional subspaces we obtain an isomorphism
G(k,n) = G(n — k,n). The torus H = (C*)" acts in both Grassmannians and the said isomorphism is H
-equivariant. Hence it induces the isomorphism of coset spaces G(k,n)/H — G(n — k,n)/H. Taking into
account the Gelfand - MacPherson isomorphism (2.2.2), we obtain the following isomorphism

(2.3.2) A (PE e /GL(K) — (P10 /G L(n ~ k)
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where the subscript "maz” means the set of points whose orbits have the maximal dimension. The isomor-
phism (2.3.2) will be called the association isomorphism. By construction, this system of isomorphisms is
involutive l.e. Agp o0 An_gn = Id.

(2.3.3) If (21, ..., Zn), (Y1, ---, Yn) are n - tuples of points in P*~! and P"~*~! respectively then we shall say
that (y;) is associated to (z;) (and vice versa) if their orbits under projective transformations have maximal
dimensions and are taken into each other by the association isomorphism.

(2.3.4) Explicitly the configuration associated to (z;) can be calculated as follows. Let x; € C* be vectors
whose projectivizations are z;. By definition, we have to find a k -dimensional subspace L C C" and an
isomorphism C*¥ — L* which takes x; into the restriction of the i -th coordinate function to L. Then the
vectors y; € C"/L defined as the projections of the standard basis vectors, will represent the associated
configuration. In other words, we have to find a complete (n — k) -dimensional system of linear relations
between x;, namely y;1x1+...4¥yjnXn, = 0,5 = 1, ...,n—k. Vectors y; representing the associated configuration
(yi) are given by columns of the matrix ||y;s||. This gives the following criterion.

(2.3.5) Proposition. Let x; € CF,y; € C"~* are n -tuples of vectors such that the corresponding config-
urations of points z; € P¥~1,y; € P"~%~1 have orbits of maximal dimension. Then (y;) is associated to (z;)
if and only if there is a unique, up to constant, linear relation in C* @ C?~*:

ZM (xi®yi)=0

which is such that all A; # 0.

'This can be reformulated as follows.

(2.3.6) Let P be some projective space and C C P be some finite subset. We shall say that C is a circust (in

the sense of matroid theory, see [21}) if C is projectively dependent but any its proper subset is projectively
independent.

(2.3.8) Reformulation. Let z = (1, ...,z,) € (P*™Y)" and y = (y1, ..., ) € (P*"*~1)" be two n -tuples
whose orbits with respect to projective transformations have maximal dimensions (i.e. k*—1 and (n—k)>—1).
Ccnsider the Segre embedding P*¥—! x Pn—k-1 , pk(n=k)=1  Thep y is associated to z if and only if the
points (z;, ) € PF(*=¥)=1 form a circuit. '

"Normally” one would expect that points (z;,y;) are projectively independent.

(2.3.9) For the case of 2k points in P¥~! the source and the target of the association isomorphism are the
saine, so it is possible to speak about a configuration being self-associated. The following characterization
of self-associated configurations due to A.Coble [11] is a corollary of Reformulation 2.3.8.

(2.3.10) Corollary. Let « = (z1,...,zor) € (P¥~1)2* be a 2k -tuple. Consider the 2-fold Veronese embed-
ding P¥=1 <5 P(S?CF¥). Then the configuration « is self-associated if and only if the images of of z; in the
Veronese embedding form a circuit.

(2.3.11) Example. Let k¥ = 2. The association induces an isomorphism between the set of projective
equivalence classes of n -tuples of distinct points on P! and the set of projective equivalence classes of n
-tuples of distinct points in P*~3. This correspondence can be seen geometrically as follows ([14], Ch.III,
§2, Proposition 2).

Given n points yi, ..., ¥, € P*~? in general position, there is a unique rational normal curve (Veronese
curve, for short) in P"~3 through these points. This curve is isomorphic to P! and hence y; represent on it
a configuration of n points in P!, which is the associated configuration to that of y; in P*—3. Conversely,
given n distinct points on P!, we consider the n — 3 -fold Veronese embedding of PL. It identifies P! with a
Veronese curve in P*~3. The images y; of z; in this embedding are in general position as it may be seen by

calculating the Vandermonde determinant. These points represent the configuration associated to that of z;
on P!
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(2.3.12) Example. Let z1, ..., x5 be a configuration of 6 points in P? in general position. Corollary 2.3.10
means in this case that the configuration (z;) is self associated if and only if the six points z; lie on a conic.
Further examples can be found in [11,14].

(2.3.13) Theorem 2.2.4 implies that the association isomorphism extends to the Chow quotients of the spaces
of projective configurations. In other words, we have the following fact.

(2.3.14) Corollary. There is an isomorphism of Chow quotients

(P*=1"//GL(k) — (P"~*"1)"//GL(n — k).

(2.4) Gelfand-MacPherson correspondence and Mumford’s quotients.

For completeness sake we include here the comparison of Mumford’s quotients of G{k, n) modulo torus
and of P*~! modulo projective transformations.

(2.4.1) First of all, the theory of Mumford is sensitive not only to the structure of orbits but also to the
choice of group generating these orbits. In order that things behave well, we should consider the subgroup
Hy ={(l1,...,ta) € (C*)™ : []t; = 1} acting on G(k, n) and the subgroup SL(k) C GL(k) acting on (Pr-1yn,

(2.4.2) Recall (see n.0.4) that to define Mumford’s quotient by any group G acting on any variety X we
should fix two things: an ample line bundle £ on X and a linearization i.e. an extension a of G- action to

L.

(2.4.3) First consider the H; -action on the Grassmannian G(k,n). The Picard group of G(k,n) is generated
by the sheaf O(1) in the Pliicker embedding. so there is essentially no freedom in choosing £. We set
L := O(1). For this choice of £ a linearization is given by an integral vector a = (ay, ..., a,) defined modulo
multiples of (1, ..., 1). Denote ¢t* = #{*...t2» the character of H; corresponding to a. The H; -action on C"
corresponding to a, has the form

(t1, ..., tn) — diag(t® 11, ...,1%,).

This action induces an H; -action on A” C™ which is the linearization corresponding to a.

(2.4.4) Denote by A(k,n) the coordinate ring of G(k,n) in the Plicker embedding. It is well-known [14]
that A(k,n) can be identified with the ring of polynomials ®(M) in entries of an indeterminate (k x n) -
matrix M = ||v;;|| which satisfy the condition $(gM) = &(M) for any g € SL(k). In particular, the Pliicker
coordinate py corresponds to the polynomial in v;; given by the (k x k) - minor of M on columns from I.

The Mumford quotient (G(k, n)/Hi1)o(1),q 18, by definition, the projective spectrum Proj(A(k,n)1) of
the invariant subring in A(k, n).

(2.4.5) Consider now the SL(k) -action on (P¥~1)". For any integral vector a = (a1, ..., ax) denote by
O(2) = O(ay, ..., a,) the line bundle on (P*~1)® whose local sections are functions multihomogeneous of
degrees (ai,...,ag). It is well-known [24,25] that bundles @(a) exhaust the Picard group of (P*¥~1)". For
any a € Z" the bundle O(a) has exactly one SL(k) - linearization since the center of SL(k) has dimension
0. This linearization will be denoted by A.

(2.4.6) The bundle O(a) is ample if and only if all a; > 0. Assuming that this is the case, let B(k,n,a) =
€, B(k,n,a)4 be the homogeneous coordinate ring of (P¥=1)" in the projective embedding given by O(a).
The degree d homogeneous component B(k,n,a)g of this ring consists of polynomials F(wy, ..., w,) in co-
ordinates on n vectors w; € C* such that F(tiwy, ..., taw,) = td“F(wl, ..y Wy) for any t; € C*. Writing
the vectors in coordinate form as columns w; = (v1i, -+, Vki)', we realize elements of B(k,n, a)g4 as polyno-
mials F(M) in entries of an indeterminate (k x n) - matrix M = ||vij|} such that F'(M.t) = t4@F(M). The
Mumford’s quotient ((Pk‘l)"/SL(k))o(a)’A is, by definition, the projective spectrum Proj(B(k,n, a)SLE))y,
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(2.4.7) Theorem. Let a = (ay,...,a,) € Z" be an integer vector. If at least one a; < 0 then the Grass-
mannian G(k,n) does not contain a -stable orbits. If all a; are positive then we have an isomorphism of
Mumford quotients

(G(k, m)/ HDo(ya) = (P ISL(E)o(aya-

Proof: Both varieties are projective spectra of the same ring R = @) Rq where R4 consists of polynomials
(M), M € Mat(k x n) such that

B(M.t) =t®(M),t € (C*)*,  @®(gM) = ®(M),g € SL(k).

(2.4.9) Remark. The algebra generated by k X k -minors of an indeterminate & x n matrix is known as
the bracket algebra. It traditionally makes its appearance in two seemingly different contexts. The first
appearance is as the coordinate ring of the Grassmannian G(k, n) in the Pliicker embedding. The other is in
the study in the (semi-) invariants of system of vectors by symbolic method (see [14]). However, the idea of
serious use of Grassmannians for the study of projective configurations appeared only fairly recently in the
papers of Gelfand and MacPherson.
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Chapter 3. VISIBLE CONTOURS OF (GENERALIZED)
LIE COMPLEXES AND VERONESE VARIETIES.

The Grassmannian point of view on projective configurations (i.e. the Gelfand- MacPherson isomor-
phism, see §3.2) simplifies considerably the study of the Chow quotient. Indeed, instead of working with
(k* — 1) -dimensional subvarieties on (P¥~1)" which are closures of PGL(k) - orbits, we have to deal with
Lie: complexes in G(k,n) which are (n — 1) -dimensional toric varieties.

(3.1) Visible contours and the logarithmic Gauss map.

(3.1.1) There is a classical method (see e.g., {2,24,27]) to analyze any complex of projective subspaces in
P"=!ie. an (n — 1) -dimensional subvariety Z C G(k,n). Namely, take any point p € P*~! and consider
the subvariety

Zy={LeZ:pe L}

of subspaces in Z which contain p. This subvariety will be called the visible contour of Z at p.
Let G(k—1,n—1), C G(k,n) be the variety of all (k— 1) - dimensional projective subspaces containing
p. It is clear that Z, = ZNG(k - 1,n—1),.

(3.1.2) Still another step towards a visualization of the complex Z at a point p is done as follows. Let
Pr=1 be the space of lines in P"~! through p. Then G(k — 1,n — 1), is identified with the variety of all
(k —2) -dimensional projective subspaces in Pz?"z. We define the visible sweep of Z at p to be the subvariety
Sup(Z) C P;‘Z which is the union of all the projective subspaces corresponding to elements of Zp.

(3.1.3) Remarks. a) If k = 2 then Z consists of lines in P*~'. The lines belonging to the complex Z can
be thought of as rays of light piercing the space, so Zy is the contour which is seen by an observer at a point
p- In this case the visible contour is the same as the visible sweep.

b) Although the consideration of the locus Zp is classical, there seems to be no good name in the
literature for it. The term ”complex cone” which is used sometimes [27] for the union of subspaces from Z,
(i.2. the cone over the visible sweep, in our terminology) is obviously unsuitable for modern usage.

¢) Dually, one can take any hyperplane I C P*~! and consider the locus of subspaces from Z which lie
in 11

(3.1.4) Since codimG(k — 1,n — 1), = n — k, we find that for any complex Z C G(k, n) and a generic p the

variety Z, will have dimension p — 1. Thus Z, will be a curve if Z consists of lines, a surface if Z consists
of planes etc.

(3.1.5) We shall use the approach of visible contours to study Lie complexes and, more generally, closures of
arbitrary (n — 1) -dimensional torus orbits in G(k,n) (such closures can be components of generalized Lie
complexes). Visible sweeps of Lie complexes will be studied in §(3.6).

(3.1.6) Let us realize our torus H = (C*)*/C* as an open subset in P! consisting of points with all
homogeneous coordinates non-zero. The point e = (1:...: 1) € P*~! becomes the unit in H. Denote by h
the Lie algebra of H. It is identified with the tangent space to P*~! at e. Explicitly, h = c*/{(a,...,a)}.
For any z € H let pz : H — H be the operator of multiplication by X.

Any subvariety L C P"~! not lying inside a coordinate hyperplane gives a subvariety L N H in the
algebraic group H.

(3.1.7) Definition. Let X C H be a p -dimensional algebraic subvariety. The logarithmic Gauss map of
X is the (rational) map vx : X — G(p,h) which takes a smooth point z € X to the p -dimensional subspace
d(17 ") (T X) C T.H = h — the translation to the unity of the tangent space T, X C T, H.

The name ”logarithmic” comes from the fact that explicit formula for yx involves logarithmic derivatives
(see below).

30



(3.1.8) Let L ¢ P*! be a (k — 1) -dimensional projective subspace not lying in a coordinate hyperplane.
The orbit closure H.L has dimension n — 1 i.e. this is a complex. Since this complex is H - invariant, its
visible contour (ﬁ)p at any point p € P*~! with all coordinates non-zero, will be isomorphic to the visible
contour at the point e = (1:...: 1). :
Before stating the next proposition let us note that the Grassmannian G(k —1,n — 1),, where visible

coatours lie, is canonically identified with G(k—1,h). (Correspondingly, the space P?~2 where visible sweeps
lie, is P(h).)

(3.1.9) Proposition. a) If the subspace L does not lie in a coordinate hyperplane then the visible contour
(H.L). coincides with the closure of the image of L N\ H under the logarithmic Gauss map. In particular,
this visible contour is a rational variety.

b) The intersection of H.L with the sub-Grassmannian G(k — 1,n — 1), is proper and transversal at its
generic point.

Proof: a) Neither the complex H.L nor the image of L N H under the logarithmic Gauss map will change
if ‘we translate L by the H -action. So we can (and will) assume that L contains the point e = (1 :...:1).
For h € H the translated subspace h=!L contains e if and only if A € L. Thus the variety (H.L), =
(H.L)NG(k ~1,n — 1), consists of subspaces h~'.L, h € L. In other words, (H.L. is the image of the map
LNOH — G(k—1,n~1), taking h € LN H to the subspace h~!.L. This map clearly coincides with the
logarithmic Gauss map.

b) If Z is any complex in G(k, n) then the assertion will be true for the intersection of Z with Gk~
1,2~ 1),, where p € P"~! is a generic point. In our case, due to the invariance under the torus action, the
situation at any (p = (p1 : ... : ps) with all p; # 0 is the same as at e.

(3.1.10) Theorem. Suppose that L C P"~lisa (k — 1) - dimensional subvariety belonging to the generic
stratum G°(k, n). Then the logarithmic Gauss map ypng extends to a regular embedding L — G(k—1,h) =
G(k—1,n—1).. In other words, the visible contour (H.L), is identified with L itself.

Proof: First let us show that the logarithmic Gauss map v extends to all of L as a regular map. This will
be done by calculation in coordinates which we shall also use on other occasions.

(3.1.11) Let z1,...,z, be homogeneous coordinates in P*~!. Let P=(¥1:...:Ys) € L be any point. Since
L lies in the generic stratum, there are 1 < 4, < ... < 454 < n such that y; # 0 for j ¢ {i1,...,5k_1}.
Af’er renumbering variables we can (and will) assume that yg, ..., y, are non-zero. Consider the affine space
L - {z, = 0} which contains our point p. Introduce in this space affine coordinates zi, ..., z;_; where

2 = @;/%,. We can set z, to be 1 on [ — {2zn = 0} and express all the other coordinates as affine-linear
functions in z; i.e.

k-1
zi=z,1=1,.,k—1, z; = fi(2) = Za,—,,z,, +ap,i=k,..,n—1.

v=1
We also set. fi(z) =z, fori=1,....,k— 1.

(3.1.12) We identify the torus H = (C*)"/C* C P"~! with the set {(t1, .., th-1,1) € (C*)*} i.e. with
(C*)*~1. Its Lie algebra is therefore identified with C"~1. In this notation the map v takes a point
z == (21, ..., zk-1) to the (k — 1) -dimensional subspace in C*~! spanned by the rows of (k — 1) by (n — 1)
-matrix ||Ologf;/0z;||,i=1,..,n—1,j=1,...k—1. We can multiply the j -th row by z; without changing
this subspace. After this the matrix takes the form ‘

1 0 .. g wyo -
0 1 .. Gz dnhiazn
f no1
(3.1.13) S e O
Grk—1Zk=1  GneyaenZret
0 0 . 1 Smma i
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This matrix is clearly regular near our point p since fr(p), ..., fn—1(p) are non-zero. The rank of the matrix
(3.1.13) being equal k, we deduce that v is regular at p. We have proven that 4 extends to a regular morphism
L-—Gk—1,n—-1).

(3.1.14) Let us finish the proof of Theorem 3.1.10 by showing that the logarithmic Gauss map v is an
embedding. Consider the set of all (k—1) by (n — 1) matrices of which the first (k — 1) columns form the unit
(k —1) by (k — 1) matrix. The entries of the remaining (n — k) columns are independent affine coordinates
in the open Schubert cell Ck=1(n=%) G(k — 1,n — 1). Let us show that entries of any given column of
(3.1.13) whose number is greater that k, alone suffice to separate all points of L. Indeed, consider, say, the

p -th column, p > k and regard its entries as defining a transformation (zq, ..., 2k—1) v (81, ..., 5g—1) where
s = Z,ﬂ—"l‘z'~ This is a projective transformation corresponding to the k& by k matrix
T i
Gp1 0 0 0
0 ap2 0 0
(3.1.15) L=\ L
ap1  dp2 Gp3 ... Upk

Since our subspace L C P*~! belongs to the generic stratum, every entry of the matrix a;;,i = 1,...,k—1,5 =
1, ..,n— k, is non-zero. Hence the matrix (3.1.15) defines a non-degenerate projective transformation and
separates the points (as well as the tangent vectors). Theorem 3.1.10 is proven.

(3.2) Bundles of logarithmic forms on P*~! and visible contours.

(3.2.1) Tt is well known [24] that maps from any projective variety X to Grassmannians of the form
G(r,V),dim(V) > r, are in correspondence with rank r vector bundles on X. More precisely, given such a
bundle E' we consider the vector space V = H%(X, E)*. Suppose that E is generated by global sections and
let N be the dimension of V. Define a map ¢ : X — G(r,V) = G(N —r, H(X, E)) as follows. For a point
¢ € X the value ¢g(z) is the codimension r subspace in H%(X, E) consisting of all the section vanishing at
z. Conversely, suppose given a map ¢ : X — G(r,V). Let S be the tautological rank r bundle on G(r, V)
(whose fiber at a subspace L is L itself). Associate to ¢ the bundle ¢*S* on X.

The bundles on P*~! corresponding to visible contours of Lie complexes have the following description.

(3.2.2) Let M = (M, ..., M,) be a configuration of n hyperplanes in P¥~! which are in general position.
Tten M is a divisor with normal crossings and we can define the sheaf Q},k_l(logM ) of differential 1-forms
on P*-1 with logarithmic poles along M, see [13]. By definition, the space of sections of this sheaf near a
point x € P*~! is generated (over Opi-1 ;) by 1-forms regular at « and also by forms dlogf; where f; are
local equations of hyperplanes from M containing .

An important property of the sheaf Q},k_,(logM) is that it is locally free i.e. can be seen as a rank
(k — 1) vector bundle over P¥-1,

(3.2.3) Proposition. Let M = (M, ..., M,,) be a configuration of n hyperplanes in the projective space
L == P*~1 which are in general position. and let fi be a linear form defining M;. Then:
a) The space W = H°(L,Q} (logM)) has dimension n — 1 and consists of forms

Y aidlogf; = dlog [] f7,0: € €, ai = 0.

Higher cohomology groups of Q} (logM) vanish.

b) The vector bundle E = Q} (logM) defines a regular embedding ¢ : L < G(k—1,W*).

¢) Suppose that L is realized as a subspace in the coordinate P"~! so that M; is given by the vanishing of
the i -th coordinate. Then ¢g coincides with the (extension of) the logarithmic Gauss map yrnH, and the
tmage ¢g(L) coincides with the visible contour of the Lie complex H.L.
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(3.2.4) Proof of (3.2.3),a): The sheaf Q of regular 1-forms is dbviously a subsheaf of Q} (logM). To describe
the quotient, we shall, following P.Deligne [13], denote by M the disjoint union of hyperplanes in M and let

¢ : M — L be the natural map. Then we have the exact sequence

(3.2.5) 0— Q} — QL(logM) E2 6,045 — 0

where Res is the Poincaré residue morphism, see [13]. Consider the corresponding long exact sequence of
cohomology. The equality H%(L,€,0);) = C™ means that the residue of a global logarithmic form along
each M; is constant. The sum of the residues is given by the boundary map H°(L, &0gy)— HY(L,QY) =C
should be zero. Since the forms exhibited in the formulation are indeed global sections of our sheaf, we obtain

the statement about H°. The vanishing of higher H* follows from known information about the cohomology
of the sheaf @ on P*¥*~2 and Q' on P*-1,

(3.2.6) Proof of (3.2.3) b) and c): We can assume that M is given by the intersection of an embedded L =
P¥=1' ¢ PN=1 with coordinate hyperplanes {z; = 0}. Then, by n.a), the basis of H°(L,Q} (logM)) is given
by 1-forms dlog(z1/zn),i = 1,...,n — 1. We identify the space of section with C*~! by using this basis. Now
locking at explicit formula (3.1.12), we find that the map ¢g : L — G(k — 1,n — 1) is defiend by the formula
identical to that of the logarithmic Gauss map.

(3.2.7) Proposition. The Chern classes of E = Q3,,_, (log(M; + ... + my,)) have the form
n—k+i 2 pk—1
ci(E) = ; € H*(P"2,2)=1Z.

In particular, the determinant (= top exterior power) of E is isomorphic to Opx-1(n — k).

Proof: This follows at once from the exact sequence (3.2.5).

(3.2.8) Example. Consider a Lie complex in G(2,n), the Grassmannian of lines in P*~!. Let this complex
have the form Z = H.I, where [ is a line belonging to the generic stratum. The visible contour "Ze lies in the
projective space P?~2 of all lines in P*~! through the point e. Proposition 3.2.3 means that Z, is a rational
normal curve (Veronese curve, for short) in P?~2. More precisely, it is the embedding of { = P! defined by
the invertible sheaf Q] (log(my + ... + my)) = Oy(n — 2). - Here m; € I is the point of intersection of I with
the coordinate hyperplane {z; = 0}.

(8.3) Visible contour as a Veronese variety in the Grassmannian.
(3.3.1) Recall [24,25] the d -fold Veronese embedding
(3.3.2) P*-1 = p(CF) — P(59C*), z—zf

of P¥=1! into the projectivization of (S4C*), the space of homogeneous degree d polynomials in & variables.
This is the embedding corresponding to the line bundle O(d). We shall say that a (k — 1) -dimensional
subvariety X C PV is a d -fold Veronese variety if there is a projective equivalence PV = P(S4CF) taking
X into the image of (3.3.2). A Veronese curve in P is the same as a rational normal curve of degree N.

(3.3.3) The dimension of of the projective space P(S?C¥) of the d -fold Veronese embedding (3.3.2) equals
N = (d§f 1 1) ~ 1. Note that the same dimension is attained by the projective space of the Pliicker embedding
of the Grassmannian G(k — 1,d + k — 1). Therefore it makes sense to look for Veronese subvarieties in

PUES)=1 = p(AF=! C+k-1) which lie on the Grassmannian.

(3.3.4) We shall say that a (k — 1) -dimensional subvariety X C G(k — 1,d + k — 1) is a d -fold Veronese
variety if it becomes such after the Pliicker embedding of Glk—-1,d+k-1).
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(3.3.5) Proposition. Let M = (M, ..., My,) be a configuration of hyperplanes in P*~! in general position,
E = Q}._.(logM) -the corresponding logarithmic bundle and ¢ : P*=! — G(k —1,n — 1) - the embedding
corresponding to E. Then ¢g(P*~1) is an (n — k) -fold Veronese variety in G(k — 1,n — 1).

Proof: Let us construct an isomorphism of linear spaces A*~' C"~! — $"~*C* taking ¢z(P*~?) into the

standard Veronese variety. Let S be the tautological rank (k—1) bundle on G(k—1,n—1). Then E = ¢3(5*)
and hence

k-1 k=1
¢u(N\ S)= N\ E=0pr-r(n—k)
by Proposition 3.2.7. Thus we obtain a linear map of restriction

k-1

k-1 k-1
(3.3.6) A Ct=H Gk -1,n-1), A\ §*) -5 HUP*,g( N\ §*)) =
= HO(P*"1,0(n - k)) = S"7FCE.

(3 3.7) Let us show that the restriction map 7 in (3.3.6) is an isomorphism.

Since spaces in both sides have the same dimension, it suffices to show that r is injective i.e. that the
variety X = ¢g(P*"1) does not lie in any hyperplane in P(/\k_1 C"~1). Take an affine chart in P*~! in
which the last hyperplane M, is the infinite one. All the other hyperplanes M; are then defined by vanishing
of affine-linear functions f;,7 = 1,...,n— 1 on C*~! = P¥~1 _ M, . The fact that the variety X lies in
a hyperplane means that there is a collection of numbers a;, ;. ,, not all of them zero, such that the
meromorphic (k — 1) -form

Q= > @i, i, dlogfi, A ... Adlogfi,_,
1<i1<. .. <ix_1<n—1

on C¥~! vanishes identically. However, the coefficient a;,, . ;,_, can be read off Q as the residue at the
intersection point My, N ...N M;,_, so all the coefficients should be zero. Proposition 3.3.5. is proven.

(3.3.8) Let h be the quotient of C™ by the subspace of (a, ..., a), a € C. Note that this subspace is canonically
identified with the Lie algebra of the torus H and with the tangent space to P"~! at the point e = (1, ..., 1).
We shall denote, therefore, by G(k — 1,n — 1), the Grassmannian of (k — 1) -dimensional subspaces in h.

(3.3.9) Definition. By a special Veronese subvariety in G(k —1,n — 1), we shall mean a subvariety of the
form ¢g(P*~1), where:

a) E = Qp._.(logM) is the logarithmic bundle corresponding to some configuration M = (M, ..., My) of
hyperplanes in general position;

b) The space H°(E) is identified with {(a1, ...,a,) € C* : 3. a; = 0} as in Proposition 3.2.3, and its dual -
with h.

Thus the notion of a special Veronese variety makes an explicit appeal to a choice of coordinate system.

(3.3.10) Note that by Proposition 3.2.3 special Veronese varieties are precisely the visible contours of Lie
complexes in G(k,n). In particular, these variety define, around a generic point of G(k—1,n—1),, a foliation
with k — 1 - dimensional fibers which is just the intersection of G(k — 1,n — 1), with the foliation given by
the orbits of H. Let us note also the following corollary.

(3.3.11) Corollary. The set G°(k,n)/H = (P*=1)p,./GL(k) of projective equivalence
classes of configuration of n hyperplanes in P¥~! in general position is in one-to-one correspondence with

the set of special Veronese varieties in G(k — 1,n — 1),. This correspondence takes a configuration M =
(M, ..., My,) into the subvariety ¢g(P*~1), where E = Q' (logM).

(3.3.12) Clearly all special Veronese varieties in G(k — 1,n — 1), represent the same homology class A €
Hog-2(G(k — 1,n — 1),Z). A precise determination of A will be given in §3.9 below. By Corollary 3.3.11
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we obtain an embedding of G°(k,n)/H into the Chow variety Cx_1(G(k — 1,n — 1), A). Denote by V the
closure of G°(k,n)/H in this Chow variety. So it is the variety of cycles in Cx_,(G(k — 1,n — 1), A) which
are limit positions of special Veronese varieties.

(3 3.13) Similarly, all special Veronese varieties in G(k — 1,n — 1), form a flat family. Let H be the Hilbert
scheme parametrizing all subschemes in G(k — 1,n — 1), cf. (0.5.1). Define the variety W to be the closure
of G°(k,n)/H in the Hilbert scheme M. So it is the variety of subschemes in Cx_1(G(k —1,n — 1), A) which
are limit positions of special Veronese varieties.

Our next result shows that all the information about the Chow quotient G(k,n)//H is contained in
visible contours.

(3.3.14) Theorem. The correspondence Z +— Z. extends to an isomorphism of the variety G(k,n)//H
with V and W.

Proof: Since, by Proposition 3.1.9 b), every orbit closure H.L intersects the variety G(k—1,n —1), properly,
we can conclude, by using the result of Barlet [4] that the map Z — Z, = ZN G(k — 1,n — 1), defines a
regular morphism v : G(k,n)//H — V. Proposition 3.1.9 implies that % is set-theoretically a bijection. To
show that this is an isomorphism of algebraic varieties it suffices to apply once again the reasoning with

ncrmal vector fields on a generalized Lie complex Z used in the proof of Theorem 1.5.2. Similarly for the
Hilbert scheme compactification.

(3.3.15) Remark. A natural problem would be to study all Veronese subvarieties in Grassmannians. In
general, not every such variety is projectively equivalent to a special one. This is because there are rank
(k — 1) vector bundles on P¥~1 which have the same Chern classes as Q'(logM) but not having this form.
A study of bundles Q!(logM) from the point of view of stable vector bundles on projective spaces will be
undertaken in a subsequent paper of I.Dolgachev and the author.

(3.4) Properties of special Veronese varieties.

As has been recalled in §2, Lie complexes in G(k,n) correspond to projective equivalence classes of
configurations of n hyperplanes in P¥~! in general position. We have seen in the previous subsection that
the space P*~! can be recovered from the corresponding Lie complex Z as its visible contour Z,. Let us
rezover the configuration too.

(3.4.1) For any points z1,...,2,, € P*7!let < zy,...,2,, > denote their projective span. We shall define
also by Geg, .. z,.> the subvariety in G(k,n) formed by P*=1’s containing < i, ..., z,, >. As an abstract
variety, 1t is isomorphic to G(k — p,n — p), where p = dim < z1, ...,z > +1. Let e; € P! be the images
of the standard basis vectors of C™.

(3.4.2) Proposition. Let M = (M, ..., M,) bea configuration of n hyperplanes in P%-1in general position,
E = Qp._,(logM), and X = ¢5(P*~1) C G(k — 1,n — 1), -the corresponding special Veronese variety (ie.
the visible contour of the Lie complex corresponding to M). Then ¢g(M;)= X N Geere;>-

Proof: Let us give a coordinate description of ¢ which, unlike the description given in (3.1.11), is symmetric
with respect to permutation of hyperplanes.

(3.4.3) Let zy,...,z; be homogeneous coordinates in P*~! and g;(2) = ), a;jz; -the linear equations of
Mj,j=1,...,n. Let h denote, as before, the quotient C*/{(a,...,a)}. The map ¢g : P¥~! — G(k—1,h) =
Gk —1,n—1), is defined as follows.

(3.4.5) Let 2 = (21 : ... : zx) € P*~1 be generic. Consider the Jacobian (k x n) -matrix N(z) = ||Olog f; / 0z;|-
Due to the identity ) z; Q{.%g;& =1, Vi, the k -dimensional subspace spanned by rows of this matrix contains

the vector (1, ..., 1) and hence defines a (k — 1) -dimensional subspace in h which is precisely ¢ e(2). For any
subset I C {1,...,n},|I|=k, denote by p;(N(z)) the k x k -minor of N(z) on columns from I.
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(3.4.6) We can (and will) assume, by renumbering the coordinates, that the number j in the formulation of
Proposition 3.4.2 equals 1. The subspace generated by rows of N(z) lies in the sub-Grassmannian G¢, ¢, >
if and only if all minors py(N(z)),1 ¢ I, vanish. To eveluate the limit of this subspace for £ — M;, multiply
N{(z) by diag(fi(z), ..., fr(2)) from the left. Then any minor py of diag(fi(2), ..., fx(2)).-N(z) with 1 ¢ I, will
contain a row vanishing on M; and hence will vanish on M; itself. On the other hand, the minor p; 5 . of
diag(fi(z), ..., fr(z)).N(z) is constant. Since we can write instead of (f1, ..., fi) any (f1, fipy -, fir ), 1 < 2 <
... <1 < n, this proves that ¢g(M;) = ¢p(P¥~1) N G,ee,». Proposition 3.4.2 is proven.

(3.4.7) Corollary. Any special Veronese variety contains the (k’_’l) points

<e e, DEGk—1,n—1),1<i1 <...<f_1 < n.

(3.4.8) Proposition. The intersection ¢E(Pk”1)ﬂG<e,ej> is itself a special Veronese variety corresponding
to the projective space M; and the configuration of hyperplanes (M; N M;),i # j.

Proof: Straightforward. Left to the reader.

(3.4.9) Example. Consider the case k = 2 when G(k,n) consists of lines in P*~!. The variety of Lie
complexes in G(2,n) is, by §2, the same as the quotient ((P1)" — J{z: = z;})/GL(2) i.e. the set of
projective equivalence classes of n -tuples of distinct points on P!. As we have seen in Example 3.2.8 that
the visible contour of any Lie complex in G(2,n) is a Veronese curve in P?~2, the variety of lines in P!
throught e. Corollary 3.4.7 means that every special Veronese curve in P?~2 contains n points < e, e; >
which are in general position.

[t is a classical fact that for any points pi, ..., p, € P"~? in general position the set Vo(pi, -y pn) of all
Veronese curves through p; is in bijection with (P')7_ . /GL(2) (see [14], Ch.I1, §2, Proposition 3).

(3.4.10) Example (continued). As a transparent particular case, consider the case of 4 points py, ..., ps
in P2, Veronese curves in P? are just smooth conics. Conics through py, ..., ps form a 1-dimensional pencil
L = P!. There are exactly three degenerate conics in this pencil namely unions of lines

<pL,p2>U<L<pa,pa >, <p1,p3 > U< p2,psa>, <p1,ps > U< pa,ps >.

The set of cross-ratios of py, ..., ps regarded on conics from £ is in bijection with the set of non-degenerate
conics from £ i.e. with P! minus 3 points.

(3.5) Steiner constructions of Veronese varieties in Grassmannians.

Veronese curves in projective spaces posess a lot of remarkable properties, see [2,14,46]. Most of these
properties do not generalize to higher-dimensional Veronese varieties. It is our opinion that the ”right”
cless of ambient spaces for p -dimensional Veronese varieties is formed not by projective spaces but by
Grassmannians of the form G(p, V). In this section we shall show that (special) Veronese varieties admit a
“svnthetic” construction in the spirit of Steiner.

(3.5.1) Consider some projective space P™~!. Let L C P™~! be a projective subspace of codimension d.
Denote by ]L[ the space of all hyperplanes in P™~! containing L. We shall call it the star of L. This is a
projective space of dimension d — 1.

(3.5.2) We may like to have a parametrization of the star ]L[ i.e. an identification f : P91 —]L[ of |L[ with
the standard P9-1. Such an identification is the same as a linear operator E : C™ — C¢ whose kernel is
L, the linear subspace corresponding to L. Indeed, given such an E, we obtain a bijection II E-1(Im)
between hyperplanes in C% and hyperplanes in C™ containing L i.e. hyperplanes from 1L[.

In coordinate notation, we write E as a row of linear functions g; : C™ — C. Then to any ()1 : ... :
A4) € P41 we associate the hypleplane Ker(S> M\ig;) €]L[.
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(3.5.3) It will be convenient for us to view a parametrization f above as a linear form 3 A;9; on C™ whose

entries are linear forms in Ay, ..., A;. This is tantamount to viewing a linear operator E : C™ — C¢ as an
element of C¢ @ (C™)*.

(3.5.4) Recall Steiner’s construction of Veronese curves in P™ [24]. Take m projective subspaces of codi-
mension 2, L1, ..., Ly, C P™. The star |L;[ of each L; is just a pencil of hyperplanes i.e. it is isomorphic to
the projective line P!. Let us identify these pencils with each other, e.g. by choosing projective equivalence
fi : P! —]L;[. Consider the curve in P™ which is the image of P! under the map

t= (fit) N0 fn (1)

This is a Veronese curve. It depends on the choice of subspaces L; and of identifications f;.
In classical terminology, one would say that a Veronese curve can be obtained as the locus of intersections
of corresponding hyperplanes from m pencils in correspondence.

(3.5.5) Construction. (The Grassmannian Steiner construction.) Take n — k projective subspaces in
P"=2% say, Ly, ..., L,_x, of codimension k. Put the stars ]Li[ into 1-1 correspondence with each other, e.g.,
by choosing projective isomorphisms f; : P*~! —]L;[. Then consider the subvariety in G(k — 1,7 — 1) given
by the parametrization

t (@) NN faok(?)), t € P*L

This is a direct generalization of the construction in (3.5.4). Using the fact (3.5.3) that parametrized
stars are the same as linear forms with coefficentls linearly depending on parameters, we get the following
reformulation of the construction.

(3.5.6) Reformulation. Take a linear operator A : C¥ — Hom(C"~!,C"~¥) such that for any non-zero
z € CF the operator A(z) : C"~! — C"~* js surjective. The Grassmannian Steiner construction is the
subvariety in G(k — 1,n — 1) consisting of points KerA(z),z € C* — {0}.

(3.5.7) Theorem. Any special (k — 1) -dimensional Veronese variety in G(k — 1,n — 1) can be obtained by
the Grassmannian Steiner construction.

P1‘oof Let X be a special Veronese variety coming from a configuration (M, ..., M,) of hyperplanes in
P*~1in general position. As in (3.1. 11) we can assume that M, is the infinite hyperplane and choose affine
coordinates z1, ..., zg—1 in C¥~1 = P¥~1_ M, such that M; is given by the equation z; = 0fori = 1,...,k—1.

(3.5.8) Consider the coordinate space C"~! with coordinates y;, ..., yn. and basis vectors ey, ..., en—1 Decom-

pese it into the direct sum C¥~! @ C"~* where C¥~! is spanned by ey, ..., ex_; and C*=% - by ex, ..., en_1.

(3 5.9) By definition, the variety X C G(k —1,n — 1) has the rational parametrization z — v(z), where
Z P*!and~is the logarithmic Gauss map. Expllc1t formula (3.1.13) gives that for generic z € C*~1! the
subspace v(z) is the graph of the linear operator C*~! — C”~* given by the matrix

akx123 ag222 Gk, k—-12k—1
fr(2) fi(2) fi(2)
Gk41,171 Ap41,222 Gr41,,k—12k—~1
(3.5.10) B(z) = fk(l) fe(z) fk(l)
an—l 111 au-—l 222 Gn—1,k— 1zk 1
fr- l(z) fn—l(z) o fn— 1(2

where f;(z) = Z’If }a],,z,, + a;i is the equation of the hyperplane M;,j = k,...,n — 1. In other words, the
subspace y(z) is spanned by the (k — 1) vectors e; + Z;‘ kl %—;e] It is 1rnmediate to see that 4(z) is the
intersection of (n — k) hyperplanes given, in the standard coordinates y;, ..., ¥,_1, by linear equations

(3.5.11) fi(2)y; = (aj120)y1 — ... — (@ k—126-1)Pe-1=0, j=1,...,n— k.

The linear functions in (3.5.11), considered together, define a linear operator a(z) : C*~! — C" ¥ whose
matrix elements are affine functions of zy, ..., zx_1.
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Let us complete the affine coordinates zi, ..., 251 in C*¥*~! to homogeneous coordinates 21, ..., zx in P¥~1
so that the vanishing of z; defines the infinite hyperplane. Then affine-linear functions f;(zy, ..., 2¢—1) will
besome linear functions Fj(2) = Fj(z1,...,21) = S.°_, aj,2,. The (n — k) linear functions in (3.5.11) give
riss to a family of linear operators A(z1, ..., z;) : C*~! — C"~* given by the matrix

—Qak121 —ak229 —0k k—12k—-1 Fk(Z) 0 0
—a z —a z2 oo —QAk41 k—1%k~—1 0 Fk 1\2 0
(3.5.12) k+1,1%1 k+1,2 +1, +1(2)
—QGn_-1,1¢1 —0np_1222 ... —0p_1k-12k-1 0 0 Fn_l(z)

whose entries are linear functions in zy, ..., z;. Theorem 3.5.7 is proven.

(3.5.13) Remark. It is immediate to extract from the formula (3.5.11) the (n — k) subspaces L; C C*~!
whose stars | L;[ are identified (in the synthetic version (3.5.5) of the Grassmannian Steiner construction).
Namely, L;,i =k, k+1,...,n— 1 is the span of the vectors ey, ..., ex_1, €;.

We observe that the position of these subspaces is rather special. The identifications of the stars are
also very special. The extremely interesting question of possibility of Steiner construction of more general
Veronese varieties in Grassmannians will be treated elsewhere.

(3 5.14) Varieties in projective spaces defined by various generalizations of the Steiner’s construction (3.5.4)
were studied in detail in the book [46] by T.G.Room. To obtain such a generalization, one takes r subspaces
Li,...,L, C P! of codimension d, identifies all the stars ]L;[ with each other and considers the codimension
r subspaces in P™~! which are the intersections of corresponding hyperplanes from these stars. If d < r
thzn the union of these subspaces is a proper subvariety in P™~! which will be called a projectively generated
variety [46]. The fundamental remark of Room is that any projectively generated variety in P™~! can be
given by a system of equations of which each equation has the form of a determinant with entries - linear
forms on P™1,
We shall use this idea in the next section to get a better hold of Veronese varieties in Grassmannians.

(3.6) The sweep of a Veronese variety in Grassmannian.

(3 6.1) Let X be any subvariety in the Grassmannian G(k—1,n—1). So X is a family of (k —2) -dimensional
projective subspaces in P"~2. The sweep of X is, by definition, the subvariety Sw(X) C P"~2 defined as
th= union of the subspaces from X.

(3 6.2) We shall be mostly interested in the case when X C G(k—1,n—1) be a (k — 1 -dimensional) special
Veronese variety, see (3.3.9). In other words (3.3.10), X is the visible contour of a Lie complex Z = H.L
i.e. the locus of P*~"’s in P"~! which belong to the complex Z and contain the chosen point e = (1, ...,1).
The sweep of X is just what we called in (3.1.2) the visible sweep of the complex Z at e. So it is the

projectivization of the cone in P"~! with vertex e given by the union of all P¥~1’s from the complex Z
which contain e.

(3.6.3) Let h = C" /{(a, ...,a)} be the Lie algebra of the maximal torus H C PGL(n). Recall (3.1.8) that
the Grassmannian G(k — 1,7 — 1) in which the visible contours (and hence special Veronese varieties) lie, is
in fact G(k —1,h). Therefore the sweep of any special Veronese variety lies naturally in the projective space

Pih)

(3.6.4) Let 11, ..., t, be standard coordinate functions on C™. A linear form Y- ¢it; descends to a linear form
on hif 3" ¢; = 0. In particular, the roots i.e. the linear forms ¢; — t; are forms on h.

(3.6.5) The possibility of defining X by the Grassmannian Steiner construction (3.5.5) implies that Sw(X)
is always projectively generated variety in the sense of (3.5.14).

(3.6.6) Theorem. Suppose that k < n—k. Let z1, ..., 2, be homogeneous coordinates in P¥~'. Suppose
that a configuration M = (M, ..., My) of hyperplanes in P*=1 consists of k coordinate hyperplanes M; =
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{z:=0},i=1,...,k and (n — k) other hyperplanes M; = {Z:-c:l ajiz; = 0}. Then the sweep of the Veronese
variety in P"~2 = P(h) corresponding to M is given by vanishing of all k x k -minors of the following
k x (n — k) -matrix of linear forms on h:

(36.7) Aty ontn) = llajit; =t i=1, .k, j=k+1,..,n.

Proof: Let A : C* — Hom(C"~!,C"~F) be the linear system of linear operators such that X consists of
kernels of A(z),z € C* — {0}. An explicit formula for A is given in (3.5.12). Using partial dualization, let
us associate to A a linear operator

At . crl — Hom(Ck, k)
A point ¢ € C"! lies in the kernel of A(z) for some non-zero z € CF if and only if the linear operator
AY(t) : C* — C"~F has non-trivial kernel i.e. the rank of A!(t) is less than k. Thus the sweep Sw(X) is
defined by vanishing of all ¥ x k minors of the matrix A!(t) of linear forms on P*~2,
To see that A! has the claimed form, we use the formula (3.5.12). This formula was written with respect
to the non-symmetric system of coordinates yy, ..., y,—1 in h. In the language of (3.6.4) we have y; = t; — 1,,.

Substituting this to (3.5.12) and transposing the matrix, we arrive at the formula (3.6.7). Theorem 3.6.6 is
proven.

(3.6.8) Let us describe a more geometric construction for the sweep of the Veronese variety corresponding
to a projective configuration.

Let Mat(k,n — k) be the vector space of all k by (n — k) matrices and P(Mat(k,n ~ k)) be the
projectivization of this space. The projectivization of the set of matrices of rank 1 is just the Segre embedding
Pt x pr=k=1 C P(Mat(k,n — k)). Let V C P(Mat(k,n — k)) be the projectivization of the space of
matrices of rank < k. This is an algebraic subvariety of codimension n — 2k + 1.

(3.6.9) Let now (1, ...,2,) be a configuration of points in P¥~! in general position. (Recall that modulo
projective isomorphism, configurations of points give the same orbit space as configurations of hyperplanes.)
Let (y1, ..., yn) be the configuration of points in P*~#~1 associated to 21, ..., z, (see §2.3 about association).
By Reformulation (2.3.8), the points z; = (z;, %) C P¥~1 x P*~*~1 C P(Mat(k,n)) form a circuit i.e. span
a projective space, say, L whose dimension is n — 2 and are in general position as points of L. The space
P?~? = P(h) also comes with a circuit given by points &~ projectivizations of images of the basis vectors
¢; € C" in h = C"/C. Hence there is a unique projective transformation ¢ : I, — P(h) taking z; to &. We
shall be interested in the intersection V N L C L where V is the determinantal variety in (3.6.8).

(3.6.10) Proposition. The map ¢ identifies the subvariety VN L C L with the sweep Sw(X(z1,...,25)) C
P'h) of the Veronese variety corresponding to the configuration (z1, ..., z,,).

Proof: Denote the sweep Sw(X (4, ..., 2,)) shortly by S. Let My, ..., M, be the hyperplanes in the dual P*~—!
corresponding to z;. After choosing suitable homogeneous coordinates we can apply Theorem (3.6.6) which
gives a representation of .S as the inverse image of V under the linear embedding A' : h — Mat(k,n — k).
We regard A! as a map C" — Mat(k,n— k) using the isomorphism h = C"/C. Let ¢; € C™ be the standard
basis vectors. Proposition (3.6.10) is a consequence of the following statements:

3.6.11) The matrices At e;) lie in the Segre embedding Pk_le"”k‘l( P(Mat(k,n—k i.e.,ranch'r a;) =
g
1.

(3.6.12) The configuration of hyperplanes Ker(A'(e;)) C P*~! is projectively isomorphic to (My, ..., M)
ard the configuration of points Im(A'(e;)) C P*~*~1 is associated to (Mj, ..., My,).

Both these statements are immediate from the explicit form (3.6.7) of the matrix Af.

(3.6.14) Corollary. Let n = 2k. Then Veronese varieties corresponding to a configuration (Mj, ..., May) C
P*=1! and to the associated configuration, have the same sweep.

(3.6.15) Any determinantal variety i.e. variety defined by vanishing of monors of a matrix of linear forms,

bears two canonical families of projective subspaces, so-called a- and § - families [46]. Let us recall their
censtruction and explain their relevance to our situation.
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Let k <n—k and V C P(Mat(k,n—k)) denote, as before, the projectivization of the space of matrices
of rank < k. For any 1-dimensional subspace A C C* set

(3.6.16) O, =P{M:C* = C*. MM =0})C V.

This is a projective subspace in V of codimension k — 1. Thus we get a family of projective subspaces in V
(called o -subspaces) of codimension k — 1, parametrized by P*~! = P(C*).
Similarly, for any hyperplane A C C*~* set

(3.6.17) Os(A) = P({M :C*F - C"* . Im(M) c A}) C V.

This is a projective subspace in V of codimension n — k — 1. We get a family of projective subspaces in V
(called B -subspaces) of codimension n — k — 1 parametrized by P"~*~1 = P((C"~¥)*).

(3.6.18) Let L C P(Mat(k,n — k)) be a projective subspace of dimension n — 2. Consider the variety
5 = LNV. It contains projective subspaces [4(A) N L whose dimension is at least n — k — 1 (they will be
ca.led the o -subspaces in S) and subspaces II5(A) N L whose dimension is at least k — 1 (they will be called
8 -subspaces in S). The role of this subspaces in our situation is as follows.

(3.6.19) Proposition. Let (z,, ..., z,) be a configuration of points in P*~! in general position and (w1, i
- the associated configuration in P*~*=1, Let X C G(k—1,n—1), X’ C G(n —k,n — 1) be the Veronese
varieties corresponding to (x;) and (y;) (their dimensions equal, respectively, k — 1 and n — k — 1). Let
S,8" C P}~? = P(h) be the sweeps of these varieties. Then S = S' and the subspaces from X (resp. from
X') lying on S = S’ are precisely the - (resp. a-) subspaces on S defined in (3.6.18).

Proof: This is a reformulation of Theorem 3.5.7 about Steiner construction of X.

(3.7) An example: Visible contours and sweeps of Lie complexes in G(3,6).

[n this section we study in detail the construction of §3.6 in the particular case corresponding to con-
figuration of 6 points on P2. In other words, we consider the case k = 3,n=26.

(3.7.1) To any sextuple (z1,..., %) € (P?)5,, a Veronese surface X(z1, ..., 26) C G(2,5) is associated. Its
sweep, denoted S(z1, ..., z¢) C P* is a cubic hypersurface since by Theorem 3.6.6 it is given by vanishing of
the determinant of a 3 by 3 matrix of linear forms. We shall study such hypersurfaces.

(3.7.2) We are interested in configurations modulo projective isomorphism. So we can consider eQually well
the sixtuple of lines M; C P? dual to z;. This sextuple represents the same element of (P%HS/GL(3).

(3.7.3) We can always assume that lines M; have the particular form considered in Theorem 3.6.6: for 1=1,2,3
the line M; is given by the equation z; = 0 and M; for j = 4,5,6 is given by the equation 3 a;;2; = 0. The
3 % 3 matrix ||a;;|| is defined by a projective isomorphism class of (M, ..., Mg) not uniquely but only up to
multiplication of rows and columns by non-zero scalars. Generic position of lines L, implies that all a;; # 0.
Hence by multiplication of rows and columns by scalars we can take ||a;;|| into a unique matrix of the form

1 1 1
(3.7.4) 1 a b4.
1 ¢ d

In this way the quotient (P?)3,,/GL(3) becomes identified with the space of (a,b,c, d) such that all the
minors of the matrix (3.7.4) are non-zero.

(3.7.5) Proposition. The points 1, ..., zg lie on a conic (or, equivalently, the lines My, ..., Mg are tangent to

a conic) if and only if the matrix elements a, b, ¢, d of the matrix (3.7.4) satisfy the equation ¥(a,b,c,d) =0,
where

: a(l—c) b1-d
(3 7.6) U(a,b,c,d) = det (c((l _ a; d((l _ b;) = ad — bc + abc + bed — acd — abd.
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Proof: This is Proposition 2.13.1 of [41].

(3 7.7) The Veronese variety X = X (&1, ..., z¢) lies in G(2,5), the space of lines in P* = P(h),h = C°/C.
Let p; € P* i = 1,...,6 be the point corresponding to the standard basis vector e; € C® (In the realization
of P* as the space of lines in P5 through e = (1, ...,1), the point p; corresponds to the line < e,e; >. By
corollary 3.4.7, the variety X contains all the lines < p;, p; >. This implies that points p; are singular points
of the sweep S = S(z1, ..., 26) of X. Indeed, the tangent directions at any p; to lines < p;,p; >,j # 7, span
the whole tangent space T,, P* which will therefore coincide with the Zariski tangent space of S at p;.

A more detailed information about the singularities of S is given in the next proposition which is the
main result of this section.

(3.7.8) Proposition. a) If z1,...,z¢ € P? are in general position and do not lie on a conic then the sweep
S(zy, ..., ) has only 6 singular points namely p; and these points are simple quadratic singularities.

b) If x+, ..., z¢ are in general position and lie on a conic K C P? then S(z, ..., z¢) has a curve C of singular
points which is a Veronese curve in P* containing py, ..., ps. In this case the configuration of z; on K = P!
is isomorphic to that of p; on C. The variety S(z1, ..., z¢) Is the union of all chords of C.

Proof: Consider the varieties
(3.7.9) P?x P2 C V C P®= P(Mat(3,3))

where V consists of degenerate matrices and P? x P? - of matrices of rank 1. It is well-known that P2 x P2 =
Sing(V). '

Assume that the configuration (M, ..., M) of lines dual to z; has the form spacified in Theorem 3.6.6
with the 3 x 3 matrix ||a;;]| given in the normal form (3.7.4). Let A! : P* = P(h) — P(Mat(3,3)) be the
embedding given by formula (3.6.7). In other words (taking into account the normal form of |a;;]|) we have

tl—t4 tl—t5 tl_tﬁ
(3710) AT(tl, ...,ts) = tg - t4 a(tz - t5) b(tz - ts)
i3 — 14 C(t3 - t5) d(t3 — te)

Theorem 3.6.6 implies that our sweep S equals (AT)~1(V). .

(3.7.11) Let L C P(Mat(3,3)) be the image of Af. 1t is immediate to check that the degree of Segre variety
P? x P? C P® equals 6. On the other hand, the subspace L C P* already intersects P? x P2 in 6 points
¢ = Al(e;),i=1,...,6. Hence there remains one of two possibilities:

Case 1. L intersects P? x P? transversally in 6 points ¢; = Af(e;).

Case 2. The intersection L N (P? x P2?) contains a component of positive dimension.
Part a) of Proposition 3.7.8 will follow from the next two lemmas.

(2.7.12) Lemma. Ifzy,...,z¢ are in general position and do not lie on a conic then for L = At(P(h)) the
Case 1 holds.

(8.7.13) Lemma. Iffor L the Case 1 holds then LNV has ¢; as the only singular points and the singularities
at q; are simple quadratic.

(3.7.14) Proof of Lemma 3.7.13: The only possibility which we have to exclude is that there is a point
g € LNV which is smooth on V (i.e. rank(q) = 2) and such that T,L C T,V. Do rule out this possibility,
les A € P? be the point corresponding to Ker(q) and let I = I, ()) be the corresponding a- subspace i.e.
the projectivization of the space of all 3 x 3 matrices annihilating A. Then dim(Il) = 5. Since L is connected
in the embedded tangent space to V at ¢ (which is 7-dimensional), we have dim(L N1I) > 2. However, by
Proposition 3.6.19, the intersection of L with all « - subspaces should be 1-dimensional.

(3.7.15) Proof of Lemma 3.7.12: It suffices to show that each g¢; is a isolated singular point of the intersection
LN(P?x P?). To this end, we prove that the tangent spaces T}, L, T;, (P2 x P2) C T,, P® intersect only in 0.
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Since the roles of ¢; are symmetric, it is enough to consider i = 1. The point q; = A'(e;) is given, in virtue
of the normal form (3.6.27) of AT, by the matrix

111
0 00
0 00

The tangent space at g; to the locus of rank 1 matrices is easily seen to consist of matrices of the form

A A2 A3
DYEED VD VI
As Az As

Therefore the intersection Ty, LN Ty, (P? x P?) is obtained from the space of solutions (1, ..., ts) of the linear
system

(3 716) tz - t4 = a(t2 - ts) = b(tz - ts), t3 - t4 = C(t3 - t5) = d(t3 - ta)

by factorization by the 2-dimensional subspace spanned by e; = (1,0, ..,0)and (1,1,...,1). Hence we are
reduced to the following statement:

(3.7.18) Lemma. If z; do not lie on a conic (i.e. if the polynomial ¥(a,b,c,d) given by (3.7.6) does not
vanish) then the linear system (3.7.16) has 2-dimensional space of solutions.

Proof: This is a system of four equations on 6 variables whose matrix of coefficients has the form

0 1—a 0 -1
0 1-% 0 -1
0 0 l—-¢ -1
0 0 1—-d -1

o0 o8
/RO oo

Let us disregard the first column, then move the column with (—1)’s to the left and then subtract the first
row from all the other rows. We obtain the matrix

-1 1-a 0 a 0
0 a—2b 0 —a b
0 —-1+a 1—¢c c—a 0
0 -14a 1-d -a d

It is immediate to see that all 4 by 4 minors of this matrix have the form +¥(a,b,c,d).
We have proven part a) of Proposition 3.7.8.

(3 7.19) Let us prove part b) of Proposition 3.7.8. So assume that &1,...,2¢ € P? are points in general
position lying on a conic K. Consider the 2-fold Veronese embedding

(3 7.20) vy : P? — P = P(S*(C?)) C P(Mat(3,3))

where P(52(C%)) is embedded into P(Mat(3,3)) as the space of symmetric matrices. Let L C P(S?%(C?))
be the projective envelope of vy(z;). Let also Veym C P(S%(C?)) be the space of degererate quadratic forms
le. Voym = VN P(S?(C?)). Note that P? = Sing(V,ym) has codimension 2 in V.

Since x; lie on a conic, their configuration is self-associated (Example 2.3.12). Now the interpretation
of S(z1, ..., z¢) given in (3.6.9), (3.6.10) implies that S(z,,...,z¢) = LN Veym.

The conic K is equal to v3 ' (LNva(P?)). Since z; are in general position, K is smooth. Now since P2 =
Sing(Vgym), we find that C = vy(K) = Sing(LNV ,ym) is the singular curve of L0V ,ym = S(z1, ..., x¢). This
1s clearly a Veronese curve in L = P*. The Veronese embedding v, indetifies k with C and points z; € K
with our distinguished points p; € C. Finally, V,ym, is the union of chords of vo(P?) (every degenerate
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quadratic form in 3 variables is a sum of two quadratic forms of rank 1). Hence S(zi, ..., z¢) contains the
union of chords of C'. Since the latter is also a 3-dimensional variety, the two varieties in question coincide.
Proposition 3.7.8 is completely proven.

(3 7.21) Fix 6 points p1, ..., ps € P* in general position. Any two choices of p; can be taken to each other by
a unique projective isomorphism. Let £ C P(S3(C®)) be the linear system of all cubic hypersurfaces in P*
which contain p; as singular points. It is clear by dimension count that £ has dimension 4. On the other
hand, taking p; to be the standard points (images of e; in P(h) we have constructed a 4-dimensional family
of sweeps S(x1, ..., ze) which all belong to £. Hence we have the following corollary.

(3.7.22) Corollary. Let py, ..., pg € P* be points in general position. A generic cubic hypersurface S C P*
for which p; are singular points, is projectively equivalent to the visible sweep of some Lie complex in
G(3,6). In particular, S can be realized as P*NV for a suitable embedding P* C P(Mat(3,3)). The variety
S contains two families of lines (o and (- families, in the determinantal realization), whose parameter spaces
P, P’ are isomorphic to P2. These families give rise to two Veronese surfaces in G(2,5) which correspond to
a pair of associated configurations (M, ..., Ms) C P,(M{, ..., M§) C P’ of lines. Explicitly, M; C P (resp.
M] C P') is the locus of all lines from the first (resp. second) family which contain the point p;.

3.7.23) Remarks. a) Any generic intersection PNV C P(Mat(3, 3)) intersects the Segre variety P2x P2 =
g

Sing(V) in 6 points (since 6 = deg(P? x P?)) and hence is a cubic hypersurface of the form studied in the
above corollary.

b) The correspondence
(1,...,2¢) mod PGL(3) +— S(:cl,..,,xf;)

is two-to-one. Hence it defines a two-sheeted covering of fourfolds 7 : (P?)5,,/GL(3) — L. This covering is
well-known classically, see [14,41]. 1t extends to a map of the Mumford quotient ((P2)/GL(3))mums — £
which is a double cover ramified along a hypersurface W C £ of degree 2. This hypersurface is called the
modular variety of level 2 (see [14]) The projective dual W C £ is a so-called Segre cubic threefold i.e. a

cubic hypersurface with 10 ordinary singular points. (It is known that all such threefolds are projectively
isomorphic.) ' ‘

(3.8) Chordal varieties of Veronese curves.

(38.1) Let C' C P" be a Veronese curve. An s — 1 - dimensional projective subspace L C PT is called chordal
to C'if it intersects C' in s points (counted with multiplicities). Denote by Ch;.1(C) the variety of all
chordal (s — 1) -dimensional subspaces of C. Clearly Ch,_1(C) is isomorphic to the s -fold symmetric power
of C 2 P! i.e. to the projective space P*. We obtain therefore a special class of embeddings P* C G(s,r+1).

It turns out that these embeddings give particular cases of Veronese varieties in Grassmannians considered
in §3.3 above.

(3.8.2) Proposition. The chordal variety of any Veronese curve is a Veronese variety in the Grassmannian.

This proposition is classical and due to L.M.Brown [9]. In modern language it is a consequence (or,
rasher, a reformulation) of the following fact.

(3.8.3) Proposition. There is a unique isomorphism of GL(2)- modules

k 2
& /\(S"(C2)) — Sn-—k—l(Sk(Cz))® (/\(Cz))@)k(k—l)/z

such that for any Iy, ..., 1, € C2?,

EIT AN

It

(L) e [ AL). <
i<j
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(3.8.4) Put now s = k — 1,7 = n — 2 so that we obtain Veronese varieties in G(k — 1,n — 1) i.e., are in the
setting of sections (3.3) and (3.4). Recall that special Veronese varieties in G(k~1,n — 1), (i.e. in the space
of P*~Vs in P"~1 through e = (1,...,1)) are in bijection with the set of projective equivalence classes of n
-tuples of points in P*~1 in general position. Let us clarify the place in this picture of chordal varieties of
Veronese curves.

Suppose that n distinct points 1, ..., £, € P¥~! happen to lie on a Veronese curve D (of degree k —1)
in P*~1 Then they are in general position in P¥~1, as it follows from the calculation of the Vandermonde
determinant. Thus they represent an element of (Pk"l);‘en /GL(k). Such element, by Corollary 3.3.11, is
represented by a unique special Veronese variety X (z1,...,2n) C G(k—1,n — 1), of dimension k¥ — 1. On the
other hand, the curve D being isomorphic to P!, the points z; represent an element from (P! yen/GL(2). The
latter set, as we have seen in Example 3.4.9, is identified with the set of Veronese curves in P7*~2? = G(1,n—1),

through n points < e, e; >. Let C(z1, ..., &,) be the special Veronese curve representing the configuration of
x; on D.

(3.8.5) Theorem. The special Veronese variety X(z1,...,z,) coincides with the chordal variety of the
Veronese curve C(zy, ..., 2p).

Using the language of hyperplane configurations, this can be reformulated as follows.

(3.8.6) Reformulation. Let D be a Veronese curve in P¥~1, M = (Mq, ..., M,) C P*¥-! _a configuration
of hyperplanes which are osculating to D (i.e. each M; intersects D in just one point x; with muptiplicity
(k—1)). Then the embedding ¢ : P*~' < G(k — 1,n— 1) defined by the vector bundle E = QL, _, (logM)
maps P*~! isomorphically to the chordal variety of some other Veronese curve C C P*~!. The curve C is
the image of D in the projective embedding defined by the line bundle Q},(log(z1 + ... + z,)).

Proof: An easy calculation in coordinates shows that the restriction of 1-forms defines an isomorphism
H(P*1, Qb1 (logM)) — HO(D, Qh (log(21 + ... + z,,)). (3.8.7)

Denote for short the bundle Q4,,_, (logM) on P*~! by E and the bundle O} (log(z; + ...+ z,) on D - by F.
Let ¢ and ¢F be the corresponding maps to the Grassmannian and the proejctive space respectively. We
shall show that under the identification (3.8.7) the image of ¢ is the chordal variety of the image of ¢p.
By definition of ¢, ¢ (see section (3.2) above) this is equivalent to part a) the following statement:

(3.8.8) Lemma. Let p € P*~! be a generic point. Then there are (k — 1) points yi(p), ..., yk—1(p) € D
such that a form w € H°(P*~1  E) vanishes at p (as a section of E') if and only if the restriction of w to D
(as a 1-form) vanishes at all y;.

b) Explicitly, points y;(p) are precisely the points of osculation of the k — 1 osculating hyperplanes to D
passing through p

Note that through any generic point p € P*¥~1 there pass exactly k — 1 osculating hyperplanes to D.
(Since osculating hyperplanes to D form a Veronese curve D in the dual projective space, this just means
that the degree of D is also k — 1).

We shall verify Lemma 3.8.8 in coordinates.

(3.8.9) Let us regard the affine space C* as the space of polynomials f(t) = Zf:ol a;t' of degree < k —1in
ore variable. The hyperplanes M; have the form M; = {f : f(z;) = 0}, where z; € C are distinct numbers.
The equation of M; is, therefore, the evaluation map f +— f(z;). Any point p € P¥~1 is represented as a
polynomial f(t). If a; are the roots of f(t) then the points y;(p) are the polynomials (t — a;)*~!. We can
normalize any polynomial f to have the form f(t) = [](t — a;).

A section of the bundle F is given as the logarithmic differential of the function

n k-1 n
o) =T 1@ -, Y=o
j=1 i=1j=1
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Our assertion means that this function has a critical point at a given f if and only if the function [](t - xj)’\i
has a critical value at each ¢ = ;. But this follows from the equality

0 4 0 , Aj
B;lOgH(t - ZL'J'))‘J li=a; = ——6—&~log H(.’L‘j - ai))‘f = E J
i T 7 J

a,-—tj'

Lemma 3.8.8 and hence Theorem 3.8.5 are proven.

(3.8.10) Examples. a) Consider the case of 5 points in P? i.e. k = 3,n = 5. Such configurations lead to
Veronese surfaces in G(2,4) C PS5, Since every 5 points in P? lie on a unique conic, any special Veronese
surface in G(2,4) will be the chordal variety of a Veronese curve (twisted cubic) in P3.

b) Similarly, the case of n points in P"~3 leads to Veronese (n — 3) -folds in G(n — 3,n — 1) which are
chordal varieties of Veronese curves in P*~2. Note that G°(k,n)/H = G°(n — k,n)/H by duality and hence
the case of n points in P2 is equivalent to that of n points on P! (see section (2.3)). Any n points in
P™=3 in general position lie on a unique Veronese curve which provides the dual configuration.

¢) For the case k = 3,n = 6 (six points in P?) we associate to sextuples (z1,...,25) € (P®)5en
Veronese surfaces X(z1,...,z6) in G(2,5), the space of lines in P*. When &, ...,z¢ lie on a conic, the
surface X (&1, ..., z6) is the chordal surface of a Veronese curve in P*. We have seen this is proposition 3.7.8.

(3.8.11) Remark. It is a remarkable fact that chordal varieties of Veronese curves (regarded as subvarieties
in Grassmannians) posess deformations which do not come from Veronese curves at all (and represent general
projective configurations).

(3.9) The homology class of a (special) Veronese variety in Grassmannian.

We have associated to each isomorphism class of generic configurations of n points in P*~! a certain
embedding of P¥~1 into the Grassmannian G(k—1,n—1) — the Veronese variety. For instance, configurations
of points on P! correspond to Veronese curves in P2 through a fixed set of n generic points. In this section
we calculate the homology class A represented by these Veronese varieties in G(k — 1,n — 1). It turns out
that the coefficients of the expansion of A in the basis of Schubert cycles are exactly the dimensions of
irreducible representations of the group GL(n — k).

(39.1) Let us review the homology theory of the Grassmannian G(p, ¢) = G(p, C?) (see [24] for more details).
Let & = (1 > ... > ap > 0), 05 < ¢ — p, be a decreasing sequence of non-negative integers. We visualize
as a Young diagram in which ; are the lengths of rows. Because of inequalities o; < g — p the diagram «
lies inside the rectangle [0, ¢ — p] x [0,p] C R2:

(3.9.2)

We define |a] = " a; to be the number of cells in o.

(3.9.3) To each Young diagram « as above we associate the lattice path A(a) C [0, ¢ — p] x [0, p] going from
the points (0, 0) to the point (¢ — p,p). This path is just the boundary of «, see Fig. (3.9.2). Tt consists
of exactly ¢ edges Ej, ..., E;, which are horizontal or vertical segments of the lattice. We write E; in such
order that Ej begins at (0,0) and E, ends at (¢ — p,p). The number of vertical edges is p and a path is
completely determined by specifying which of the E; are vertical. So the numbers of possible lattice paths
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in [0.¢ — p] x [0, p] equals (Iq,) The same will be the number of all Young diagrams in [0, ¢ — p] x [0, p], if we
count also the ”empty” diagram (0, ...,0).

(3.9.4) Let o C [0,9 — p] x [0, p] be a Young diagram and A(a) = (E\, ..., Ey) be the corresponding lattice
path. Associate to o the sequence ht(a) = (0 < hty(a) < ... < hty(a) = p by setting ht;(«) to be equal the
ordinate (height) of the end of the edge E;.

(3.9.5) Let V. = (Vi C Va C ... C Vg1 C V; = CY) be a complete flag of linear subspaces in C?¢ so
that dim(V;) = i. Let also o C [0,¢ — p] X [0,p] be a Young diagram. We define the Schubert variety
Sa(V') C G(p,q) to be the locus of subspaces L C C?,dim(L) = p such that dim(L NV;) > ht;(a) where
ht, (o) was defined in (3.9.4).

It is well-known [24] that S, (V) is an irreducible variety of complex dimension |a|. The homology class
in Hy)a|(G(p, q),Z) represented by S,(V.) is independent on V.. This class is denoted by ¢4 and called the
Schubert cycle.

It is known that the homology group Ha,((G(p, ¢), Z) is freely generated by cycles o, where a runs over
all Young diagrams with r cells contained in the retangle [0, ¢ — p] x [0, p].

(3.9.6) Any Young diagram a (not necessarily contained in a given rectangle) defines the Schur functor £*
on the category of vector spaces [38]. By definition, for a vector space V the space ¥*(V) is the space of
irreducible representation of the group GL(V') with the highest weight a. It can be defined, e.g., as the lmage
of the Young symmetrizer h, in the tensor space V®l¢l. In particular, for & = (m, 0....,0) (a horizontal strip
of length m) the functor £ is the symmetric power S™. For a vertical strip o = (1™) = (1, ..., 1,0, ..., 0) (
m units) the functor £ is the exterior power A\™.

(3.9.7) For a Young diagram a we denote by a* the dual (or transposed) Young diagram defined by o} =
Card{j : aj > i}. The rows on o* correspond to columns of « and vice versa.
Now we can formulate the main result of this section.

(3.9.8) Theorem. Let X C G(k— 1,n — 1) be a special (k — 1) -dimensional Veronese variety and A €

Hzk-2(G(k —1,n—1),Z) be the homology class of X. Then the decomposition of A in the basis of Scubert
cy-les has the form

A= Z My .Oq, where m, = dim (EOI'(Cn—k) ).
la|=k—1

(3.9.9) To prove Theorem 3.9.8, we first take X to be the variety of (k— 2) -dimensional chords of a Veronese
curve C' C P"~2 which is a particular case of Veronese varieties , see section (3.8). Then we degenerate C
into a union of lines.

More precisely, let ey, ...,en_1 € P"~2 be the points corresponding to standard basis vectors of C?~1,

Ccnsider the reducible curve D = Dy U...U D,,_, where D; is the line < ei,ei+1 >. Since D can be obtained
as a limit position of Veronese curves, we find that A is equal to the homology class of the chordal variety
Chr_2(D), see (3.8.1) for the notation.
(3.9.10) The variety Chy_o(D) is reducible and splits into (;c‘:f) components X;, ;. _, which correspond
to sequences 1 < 43 < ... < 4y € n — 2. The component Xi,,...ix_, 1s the locus of chordal subspaces
< Zj,, ..., i,_, > where z;, lies on the line < e;,,€;,41 >C D. Therefore our homology class A is the sum
of homology classes [X;, . i, _,] of all the components of Chy_a(D).

(3.9.11) Let us introduce a different, more suitable for our purposes, combinatorial labeling of components
of Chk_z(D).

Denote by W(n—k, k — 1) the set of all (not necessarily decreasing) sequences A = (Ay, ..., An_z) € A
of non-negative integers such that 3 ; = k — 1. We shall call elements of W(n — k,k — 1) weighis (in the
sense of representation theory) in n — k variables and of degree k — 1.

To any sequence 1 < i1 < ... < i3 < n — 2 we associate a weight A, o tk=1) = (A1, ooy Ani) €
W(n —k,k — 1) as follows. Let ji, ..., jn—g—1 be all elements of the set {1,....n— 2} — {11, ..., 1x—1}, written
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in the increasing order. Set also j,_; = n — 1. Now define
(3912) /\(il, -'-,ik—l) = (Al, veey /\n—k), Where /\,, = j,, ‘—ju—l - 1.

‘The numbers A, are just the lengths of arithmetic progressions with increment one into which the sequence
(ii}, ceey ik—l) splits.

The correspondence (44, ..., ig—1) — A(iy, ..., ix—1) establishes a bijection between the set of all (k—1)-
element subsets in {1,...,n — 2} and the set W(n — k, k — 1). This bijection is the labeling we need.

We shall denote by X(A),A € W(n — k,k — 1), the component X(4y, ...,iz_1) C Chr—o(D) where
)\((:1, ceey ik—l) = A

Now Theorem 3.9.8 will be a consequence of the following fact.

(3.9.13) Theorem. Let o, |a|=k—1, be a Young diagram in the rectangle [0,n— k — 1] x [0, k — 1] and
let A € W(n — k,k — 1) be any weight. Then the homology class of the component X(A) CGk-1,n-1)
has the form

X = Y Kneoow

|a|=k— 1
where K o+ Is the multiplicity of weight X in the irreducible representation £ (C"=*) (the Kostka number).

We shall concentrate on the proof of Theorem 3.9.13.

(3.9.14) Proposition. Let A = (A1,...,A\s—z) € W(n — k, k — 1) be a weight. The component X()\) is
iscmorphic to the product of projective spaces [1P*. It is embedded into the Grassmannian as the image
of the direct sum map

®:[[PY =160 % +1) =G-8, + 1) =Gk —1,n—1).

Proof: Let 1 <4y < ..,i¢_1 < n — 2 be sequence of integers to which X is associated, see (3.9.10). The
component X(A) consists of chords which join points of lines < €i,,¢i,4+1 >. Let us split the sequence
(41, ..., ik—1) into segments which are arithmetic progressions with increment 1. Then ), are precisely lengths
of these segments. Now let ¢,i +1,....,i+ A, be any such segment. The (A, — 1) -dimensional chords of
the subcurve < e;, 6,41 > U < €it+1,€i42 > U...U < eiyn,,€i4a,41 > are just arbitrary hyperplanes in
the projective subspace < €5y €i41, s €i4a,+1 >. Any k — 2 - dimensional chord from our component

Xiy,.ik-, = X(A) is therefore the projective span of hyperplanes in the independent projective subspaces
P* = P(C*+1) as required.

(3.9.15) Proposition. The coefficient at the Schubert cycle oo in the decomposition of the class [X ()]
equals the multiplicity of the irreducible representation X*C"~* in the tensor product /\'\‘(C""k) ®..®
N (C"~*¥) of exterior powers.

The proof is based on the following (known) fact.

(3.9.16) Lemma. For three Young diagrams «, 3, such that Iyl = || + || let cyp be the multiplicity of
Y7 in ©* @ XP (the Littlewood - Richardson number). Then:
a) The image of the cycle 04 ® 05 under the direct sum map

¢ : G(p1, V1) x G(p2, V2) = G(p1 + p2, Vi ® V2)
equals 3°_ ¢} ;0.

b) If A and B are finite- dimensional vector spaces then for any Young diagram v we have the isomorphism
of GL(A) x GL(B) -modules

LTA®B)= P %4 0T’ (B)
lal+181=l]
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Proof of (3.9.16): In part a) it suffices to treat the ”stable” case when V; have infinite dimension. We shall
assume that it is so.

Let H'(G(p,00),Z) be the cohomology ring of G(p, 00) and let Rep(GL(p)) be the Grothendieck ring of

polynomial representations of GL(p). Let also A, = Z[z1, ..., z,]°» denote the ring of symmetric polynomials
in p variables 1, ..., &,. There are isomorphisms of rings

Ap = H(G(p, ), Z) = Rep(GL(p)),

which take the elementary symmetric function ej € A, into the j -th Chern class of the tautological bundle
on G(p, o) and into the representation A\’(CP) € Rep(GL(p)).

For any Young diagram « denote by s4 (21, ..., z,) € A, the Schur polynomial (see [38]). Tt corresponds
to the following elements of the two above rings:

o The cocycle ® € H*(G(p, ), Z)) dual to the Schubert cycle o, (ie. (0%,08) = bap).
» The irreducible representation £®CP of which s, is the character.
Consider the tensor product A,, ®Ap,. It can be regarded as a ring of polynomials f(x1, ..., zp,, y1, ..., Upy)
symmetric with respect to z; and with respect to y;. Therefore we have an embedding

§: Apripy — Ap, ® Ay,

(it is a part of Hopf algebra structure on the limit A = limA,, see [38]).

The homology space of G(p, o0) is dual to Ap. The map ¢., induced on homology by the direct sum
map ¢ from part a) of the lemma, is known to be dual to §.

Similarly, if we assume in part b) of the lemma that dim(A) = p,, dim(B) = p, then the restriction
map

Rep(GL(p1 + p2)) — Rep(GL(p1)) ® Rep(GL(p3))

1s 1dentified with §.

Thus in part a) we have to find the matrix elements of the dual map 6* : A* ® A* — A* in the basis

dual to that of s,. In part b) we have to find matrix elements of & in the basis of 5. So both parts follow
from the equality

Sy (Z1y s Epyy Y1y ey Ypo) = Z CapSal(T1, oy 8p)Sa(YL, o Yps ),
lal+|Bl=|v

which is a reformulation of ([38], formula 5.9. Ch.I).

(3.9.17) Proof of Proposition 3.9.15: Note that the fundamental class of the projective space P* considered
as G(A;, C**1) is the Schubert cycle corresponding to the Young diagram (1*¢) i.e. to the vertical strip of

lenght A;. The Schur functor corresponding to this diagram is the exterior power. Now the result follows
from Lemma 3.9.14.

(3.9.18) Proof of Theorem 3.9.13: By Lemma 3.9.15, ¢ suffices to show that the weight multiplicity Ky o0
equals the multiplicity of ¥¢ in /\)“(C""‘) ®..® /\’\""‘(C”‘k). By Young duality this is equivalent to
the saying that K, ,, for any a, is equal to the multiplicity of X in the product of symmetric powers
SA(CP R @ ... @ SHn-k(CPF),

To see the truth of this latter statement, decompose C"™* into a sum of 1-dimensional subspaces
L1 @ ... ® Ln_g. Then decomposition of £%(C"~*) as a GL(L1) X ... x GL(Lp—g) -module is just the
weight decomposition. On the other hand, applying repeatedly Lemma 3.9.16 b) we find that K Ao Le. the
multiplicity of $*1(L1)®S*~* (Lp—t) in S%(L;1 ... Ln_) equals the multiplicity of £% in SM ®...@ 5 -k,

Theorems 3.9.13 and 3.9.8 are completely proven.

(3.9.19) Remark. A different expression for the coefficients m, in Theorem 3.9.8 can be obtained from
Klyachko’s formula (Proposition 1.1.8) for the homology class of the whole Lie complex Z ¢ G(k,n). Our
Veronese variety is just the visible contour of Z i.e., the intersection Z N G(k—1,n—1),, see (3.1.1). The
intersection map

Ho(G(k,n),Z — Hy_nyi (Glk — 1,0~ 1),, Z)

48



1s easy to describe. It takes a Schubert cell 6ps,...0: 0 08, . g, if 1 =n—k and to 0 otherwise. This leads
to the formula

2

i=0

my = zk:(—l)‘ (") dim(Tn ke er-y(CF ),

According to Theorem 3.9.8 this expression equals just dimZ*" (C"~*) but we do not know a straightforward
proof of this fact.

(3.9.20) Remark. Let @ = (a1, ..., ax-1), |a| = k—1, be a Young diagram in the rectangle [0, n—k]x[0, k—-1].
Denote by &@ = (n — k — a_1,...,n—k — 1) the diagram complementary to « in this rectangle. It is known
[24] that for any Young diagram 8 with || = (k—1)(n—k—1) the intersection index ¢ -ogequals lif # = &
and to 0 otherwise. Hence the coefficient m, in the expansion, by Shubert cycles, of the cycle represented
by the Veronese variety S C G(k — 1,n — 1), equals S.04. E

Let us tealize o5 as the class of the Schubert variety S5(V) for a generic flag V.. Let us take the Veronese
variety S to be the chordal variety of Veronese curve. We obtain the following restatement of Theorem 3.9.8:

The number of chordal (k — 1) - dimensional subspaces of a Veronese curve in P™~2 satisfying any
given Schubert condition, equals the dimension of some irreducible representation of GL(n — k)! The
dimension of any representation can be realized in this way.

It would be interesting to find a conceptual explanation of this fact e.g., define a GL(n — k) -action on the
vector space freely generated by points from S N Sz(V). Let us also point out to a series of papers of A.N.
Kirillov and N.Yu. Reshetikhin (see [33,34] and references therein) on new combinatorial formulas for weight
multiplicities K o. Their construction is based on an interpretation of any K o as the number of solutions
of some special system of algebraic equations (the equations of Bethe - Ansatz). This interpretation seems
to be connected with the one given above.

(3.9.21) Example. It is well known that the number of nodes of a plane rational curve of degree d equals
(d —1)(d — 2)/2. We can obtain this as a particular case of Theorem 3.9.8. Let ¢ C P? be a Veronese
curve, L C P? - a projective subspace of dimension d — 8 and 7 : P4 — L — P? _ the projection with
center L. Nodes of the plane curve n(C) correspond to 1-dimensional chords of C' intersecting L. Let

X = Chy(C) C G(2,d + 1) be the surface of chordal lines of C. By Theorem 3.9.8, its homology class has
the form

2
[X] = dim(S°C1) - 011 + dim(\ C41) - 0y 0.

The coefficient at o3 ¢ equals the intersection index of S with the Schubert cycle
0d-1..,d-1,d-3. The corresponding Schubert variety is the locus of all lines intersecting a given (d — 3)

-dimensional subspace in P4, for example, L. So we find the number of nodes of 7(C) to be clim(/\2 ci-1 =
(d—1)(d—2)/2.

(3.9.22) Example. The number of 4-secant lines of a spatial rational curve X C P3 of degree d can be
found by reasoning similar to the above example. This number equals

(3.9.23) dim(T*?C%3) = (d — 2)(d — 3)%(d — 4)/12.

The right hand side of (3.9.23) is a well-known formula for the number of quadrisecants, see e.g. [24, Ch.2,
§5].

(3.9.24) Example. The number of trisecant lines of a rational curve of degree d in P* equals

3

(3.9.25) dim(/\ C"=2) = (n — 2)(n — 3)(n — 4)/6.
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Chapter 4. CHOW QUOTIENT OF G(2,n)
AND GROTHENDIECK - KNUDSEN MODULI SPACE Mg -

In this section we study in detail the Chow quotient G(2,n)//H of the Grassmannian G(2,n) of lines
in P"~!. We establish the isomorphism of this Chow quotients with the moduli space Mo, of stable n
-punctured curves of genus 0 introduced by A.Grothendieck [12] and later by F.Knudsen [37]. In particular,
G(2,n)//H is a smooth variety and the complement to the open stratum is a divisor with normal crossing.
The relation of the space -MO_,n to the Grassmannian permits us to represent this space as an iterated blow-up
of the projective space PV—3.

(4.1) The space G(2,n)//H and stable curves.
(4.1.1) According to Theorem 2.2.4, we have an isomorphism
G(2,n)//H = (P')"/|GL(2).

In other words, our Chow quotient compactifies the space
Mo = (P | J{z: = 2;})/GL(2)

of projective equivalence classes of n -tuples of distinct points on P!. The space My, can be considered as
the moduli space of systems (C, 2y, ..., ,) where C is a smooth curve of genus 0 and z; are distinct points
on C.

(4.1.2) There is a well-known compactification of My »n by means of so-called stable n - pointed curves of
genus 0 introduced by Grothendieck and Knudsen [12][37]. Let us recall the definitions.

(4.1.3) Definition. A stable n -pointed curve of genus 0 is a connected (but possibly reducible) curve C

over k together with n smooth distinct points z1, ..., z, € C, satisfying the following conditions:
(1) C has only ordinary double points and every irreducible component of C' is isomorphic to the projective
line P!,

(2) The arithmetic genus of C is equal to 0.

(3) On each component of C there are at least three points which are either marked or double.
Points of C' which are either marked or double will be called special.

The condition (2) is equivalent to saying that the graph formed by components of C is a tree. We shall
prefer the following ”dual” point of view on this tree.

(4.1.4) Definition. Let (C,z,,...,z,) be a stable n -pointed curve of genus 0. Its tree T(C, 2, ..., z,) has
the following vertices:

(1) Endpoints (1-valent vertices) Ay, ..., A, corresponding to zy, ..., zy,.
(2) Vertices corresponding to all the components of C.

Two vertices of type (2) are joined by an edge if the corresponding components intersect. An endpoint

A; is joined by a new edge to the vertex of type (2) corresponding to the unique component containing
the point z;.

Definition 4.1.4 is illustrated on Fig. 4.1.5.
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(4.1.5)

Thus edges of T(C, x4, ..., z,) correspond to special points of C.

(4.1.6) F.Knudsen has constructed in [37] the moduli space My, of stable n-pointed curves and proved that
it is a smooth compact algebraic variety. To formulate Knudsen’s result more precisely, let us introduce a
notion of a stable n-pointed curve over an arbitrary base scheme S. By definition, it is a flat proper morphism
m: C' — S together with n distinguished sections sy, ..., s, : S — C such that for any geometric point s € S
the fiber Cs = 77'(s) is a reduced (i.e. without nilpotents) algebraic curve and (Cs,81(8), -, 8n(8)) 1s a
stable n-pointed curve of genus 0. An isomorphism between two such objects (7 : C' — S,s4,...,5,) and
(m :C"— S, s, ...,s),) over the same base S is just an isomorphism f : C — C’ commuting with projections
and taking s; to s].

(4.1.7) Theorem. [37] There exists a smooth projective complex algebraic variety My ,, such that for any

scheme S over C the set of isomorphism classes of stable n-pointed curves of genus 0 over S is naturally
identified with Hom(S, Mo »,).

An open subset My, in My, is formed by n - pointed curves (C,z1, ..., 2,) such that C is smooth i.e.
C =P
Now we can formulate the complete description of the Chow quotient of G(2,n).

(4.1.8) Theorem. The Chow quotients G(2,n)//H and (PY)*//GL(2) are isomorphic to the moduli space
My,

To prove Theorem 4.1.8 note that Theorem 3.3.14 together with Corollary 3.4.9 implies the following
description of G(2,n)//H.

(4.1.9) Corollary. Taken points p,, ..., p, in P"~2 in general position. Let Vy(p1, ..., pn) be the space of all
Veronese curves in P*~?% through p;. Denote by V(p1, ..., Pn) the closure of Vo(p1, ..., pn) in the Chow variety
and by W(p1, ..., ps) -the closure in the Hilbert scheme. Then V(p1,...,pn) = W(py, ..., pn) 2 G(2,n)//H.

It was proven in [29] (Theorem 0.1) that V(py, ..., p,) and W(p,, .+ Pn) are isomorphic to My ,. More
precisely, any subscheme from W(py, ..., Pn) is in fact reduced and being regarded together with p;, is a stable
n -pointed curve of genus 0. Theorem 4.1.8 is proven.

(4.1.10) Remark. It seems to be difficult to prove directly that the Chow quotient (P1)™//GL(2) coincides
with My ,. However, the Grassmannian picture (i.e. the Gelfand- MacPherson isomorphism, see §2) leads
to stable curves very naturally: these curves are just visible contours of generalized Lie complexes.

(4.1.11) We can now give a translation to the language of stable curves of general constructions of §1.

The combinatorial invariant of a stable n -pointed curve (C,z1,...,2n) € My, isits tree T(C) (Definition
4.2.) For each tree T bounding the endpoints 1, ..., n we define the stratum M (T) C My, consisting of stable
C' curves with 7(C) = 7. In particular, to a 1-vertex tree corresponds the open stratum M, ,, C m.

The combinatorial invariant of a generalized Lie complex Z C G(k,n)//H is the corresponding matroid
decomposition of the hypersimplex A(k,n) (Proposition 1.9). The Chow strata in G(k,n)//H were defined
(Definition 1.2.16) as the loci of Z for which the corresponding matroid decomposition is fixed.

It was proven in section 1.3 that matroid decomposition of the hypersimplex A(2,n) correspond exactly
to trees bounding n endpoints Ay, ..., 4,, see Theorem 1.3.6. Thus we obtain the following corollary.

51



(4.1.12) Corollary. All matroid decompositions of the hypersimplex A(2,n) are realizable i.e. come from
non-empty Chow strata in G(2,n)//H. These Chow strata have the form M(T) C M,,. The stratum
M(T) is isomorpic to the product [1 Mo ev), where e runs over v of T and e(v) is the number of edges
containing v.

(4.1.13) Forgetting i-th point on any stable n-pointed curve (C, z;, s Zp) € Mo, gives a new n-pointed
curve. This curve might be unstable i.e. the condition d) of Definition 4.1.3 might be violated. Clearly,
this happens in the case when the component of C containing #; contains only two other double or marked
points). Blowing down this component defines a stable curve m;(C) pointed with images of z;, j # i, see [37].
It was shown in [37] that n; defines a morphism Mon — Mo -1 which identifies My ,, with the universal
family of curves over Mp,,_;.

It was shown in [29] that m; corresponds to geometric projection of (degenerate) Veronese curves from
V(p1, ..., pn) (Corollary 4.5) from the point p;. In terms of generalized Lie complexes (= points of G(2,n)//H)
the projection m; is described as follows.

(4.1.14) Proposition. Let Z C G(2,n) be a generalized Lie complex. Let G(2,n ~1)! be the space of lines
in P"~! which in fact lie in the (n — 2)- dimensional projective subspace spanned by basis vectors ej,j# 1.
Then Z N (G,2,n — 1) is a generalized Lie complex in G(2,n — 1);. The operation of intersection with
G(2,n — 1)* corresponds, under the identification of Theorem 4.1.8, to the projection ; :m:—» Mo n_1.

(4.2) The birational maps ¢; : My, — P"~3,

(4.2.1) The Grothendieck - Knudsen space W,n can be seen as a "high-brow” compactification of the space
My, of projective equivalence classes of n -tuples of distinct points on P!, see (4.1.1). On the other hand,
every three distinct points on P! can be brought to the points 0,1, 00 by a unique projective transformation.
Dcing this with the first three points of any n -tuple, we find that

Mo n = {(24,...,2,) € C" 3 . ; #0,1, Vi and z;# zj, Vi#jh

So My, as an open subset in C*~3, This suggests a “naive” compactification of My, which is just the
projective space P"~3 compactifying C*~3. One expects then that M, ,, being the finer compactification,
maps to P?~3 by means of a regular birational map.

(4.2.2) As shown in [29], the regular map Mp,, — P"~3 can be constructed as follows. Realize Mo, as the
space V(p1,...,p,) of limit position of Veronese curves in P2 containing given generic points py, ..., py,.
For any curve C € V(py, ..., pn) all p; are smooth points of C. Fix some i and consider the projective space
Pi"_3 of all lines in P*~2 through p;. By assoclating to any curve C € V(py, ..., p,) its embedded tangent
linz 7},,C one gets a regular map

. n-3
o; M(),n — R .

It ‘was demonstrated in [29] that P/~ is exactly the ”naive” compactification of Mj ;, mentioned in (4.2.1).
It dependence on ¢ is easy to explain: we need to specify which point of an n -tuple is set to be co. So the
construction of (4.2.1) corresponds to i = 3.

Here we are going to study the maps o; in more detail.

(4.2.3) Let L;,¢ = 1,...,n, be the line bundle on Moy, whose fiber at a pointed curve (C,z1, ..., z,) is T;.C,
the cotangent space to C' at z;. Clearly L; 2 ¢7(Opn-3(1)) The following fact was proven in [29].

(4.2.4) Proposition. For anyi € {1,...,n} the space H°(Mo n, L;) has dimension n—2. The corresponding
morphism vy,; is everywhere regular, birational and, moreover, one-to one outside the subvariety in Pi"‘3
formed by lines which lie an a hyperplane spanned by p;. In the Veronese picture the space P(H°(Mg ,,, L;)*)
is identified with P}~ and 7L, s identified with o;.
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(4.2.5) Let us give a description of maps ¢; on the language of generalized Lie complexes. So we start with
the standard coordinatized projective space P*~! = P(C"). For any point & € P"~! we shall denote by
P"=%(z) C G(2,n) the space of lines in P*~! meeting z. Let ¢; € P"~! be the i-th basis vector.

(4.2.6) Proposition. Any Lie complex (and hence any generalized Lie complex) in G(2,n) contains each
projective space P"~%(e;).

Proof: Let Z be a Lie complex. The intersection Z N Pg:‘2 contains the closure of a generic torus orbit in
P"*(e;). Since this generic orbit is dense in P*~2(e;), the assertion follows.

(4.2.7) Note that the dimension of a (generalized) Lie complex Z is just by one greater then that of
P™=%(e;). Hence at a generic point [ of P"%(¢;) the tangent space TjZ represents a line in the normal
space Ni(Z/G(2,n)) = T1G(2,n)/TiZ. In the construction of the Veronese curve corresponding to Z (as the
visible contour, see §(3.1)) we considered the set of all lines in Z meeting a given point u or, in other words,
the intersection Z N P"~%(u). More precisely, we specialized to u = e = (1,...,1).

(4.2.8) Proposition. The space Pz."_‘?‘ is naturally identified with the projectivization of the normal space
to P*~2(e;) in G(2,n) at the point p; =< e;,u >. The map o; is identified to the map taking any generalized
Lie complex Z to the line in the above normal space given by the subspace T;Z.

Proof: The subvarieties P"~%(e;) and P"~%(u) in G(2, n) are of middle dimension and intersect transversely
in the point p; =< e;,u >. Therefore the normal space in question is naturally identified with the tangent

space at p; to P"~2(u). Since o; is defined by considering the tangent line to Z NP"~%(u) at p;, the assertion
follows.

(4.2.9) The advantage of the description in (4.1.20) is that it clearly states the dependence on the choice of
a point u. It also shows how to obtain a more invariant description of o;. To do this, one should by consider
all the 1-dimensional subspaces in the normal spaces to P"=2(e;) in G(2,n) at all the generic points or, in
other words, the corresponding subbundle in the normal bundle. Let us describe these bundles.

(4.2.10) Proposition. Let ¢ € P*~! be any point. Then the normal bundle of the subvariety P"~%(z) C
(/(2,n) is naturally isomorphic to the twisted tangent bundle Tpu-2(2) ® OPn—-Z(z)('-l)

Proof: Let I € P}~2 be any line in P"~! containing « and let N = Niypn-1 be the normal bundle of I. The
tangent space T;((2,n) is identified (by Kodaira-Spencer) with the space H O(L, N) i.e. with the space of
normal vector fields on [. The subspace T;P?~2 C TyG(2,n) consists of those fields v which vanish at z i.e.
v(z) = 0. Hence we have a linear map

(NP"—ﬁ(z')/G(Z,n))I — (NI/Pn—l )z, vV U(l’).

It is immediate to check that this map is in fact an isomorphism. Let now E be the vector bundle on
P"=2(z) whose fiber over a line [ is the normal space (Nypn-1);. We have proven that Npn—z2(z)/G(2,n) 18
isomorphic to £. Let us regard P?~? as the projectivisation of the vector space W = T P*~!. Then we
have the following description of the bundle E on P(W): the fiber of £ at a 1-dimensional linear subspace

A C W is W/A. This is the standard description of Tpw) ® Opwy(—1), the so-called Euler sequence, see
[45].

(4.2.11) Proposition 4.2.10 implies that the projectivization of the normal bundle

Npn-2(zy/G(2,n) is the same as that of the tangent bundle Tpn-2(z)- So any (generalized) Lie complex defines
a |- dimensional subbundle in the tangent bundle of P"~2(e;) (this subbundle can be defined only over
generic points; over some special points of P"~?(¢;) it may have singularities i.e. become a non- locally free
coherent sheaf). In other words, we have a field of directions in P*~2(¢;). Let us denote this field by %i(2)
in PP~%(e;). Let H; be the coordinate hyperplane in P*~! opposite to e;. The projection from e; identifies
H; with P"~2(e;) so we can consider the direction field ¥i(Z) as being defined on H;. It can be regarded as
the choice - free materialization of ¢;(C') where C is the stable curve corresponding to Z.

(4.2.12) Let us describe the direction field ¥;(Z) geometrically. Note that since Z is H- invariant the visible

contour Z, does not change, up to isomorphism, for points p lying in one torus orbit. We shall look how
does Z, split when p goes to a point on H; not lying on other H;.
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(4.2.13) Proposition. The field of directions %;(Z) is well defined at any point of H; not lying on coordinate
hyperplanes. For such a point x the visible cone Z, = Z N P*~%(z) splits into a stable curve (family of lines)
in P*~2(z), all whose lines lie in H; and a plane pencil of lines containing < z,e; >. The direction Li(Z2)(x)
1s given by the unique line of this pencil lying in H;.

Proof: Let C be the visible contour of Z at the point e = (1,...,1). Let K be the union of all lines from C.
This is a cone with vertex e containing all the lines < e,e; >. All points of < ¢,¢; > except e are smooth
points of K. Let L be the embedded tangent (2-) plane to K along < e,¢; >. The L lies in P*~2(e;) and is,
by definition, equal to 0;(C). To prove the proposition, it suffices to consider the case when z € H; is the
barycenter of the coordinate simplex i.e. all homogeneous coordinates of z are equal to 1 except the 7 -th
which is equal to 0. Consider the transformation y(t) = (1, ...,,1,¢,1, ..., 1)€ (C*)* (t is on the i -th place).
Then we have z = lim;_o7y(t) - e. Hence the visible cone at z of the (torus - invariant) complex Z equals
lim_,oy(t)- K. But the latter limit will be the union of the 2-plane L (which is preserved under all ¥(t) and
some other part which will lie inside H;. It remains to show that the intersection L N H; is precisely the line
in H; whose direction is the value at z of the direction field 3;(Z). This checking is left to the reader.

(4.3) Representation of the space M, = G(2,n)//H as a blow-up.

In the previous sections we have constructed regular birational morphisms o; from My, =G(2,n)//H
to projective spaces. When such a morphism is found, it is always desirable to decompose it to simpler ones.
Standard examples of ”simplest” regular birational morphisms are provided by blow- ups.

(4.3.1) Recall [24,25] that the blow-up (or monoidal transformation, or sigma- process) Bly X is defined for
any smooth closed subvariety Y (which is called the center) in a smooth variety X . This is a new smooth
variety equpped with a canonical morphism p to X. The morphism p is one-to one outside Y and for any
y € Y the preimage p~!(y) is canonically identified with the projectivization of the normal space T, X/ 1,Y.
If Z C X is another submanifold not contained in Y then the strict preimage (or proper transform) of Z is
the closure Z of p~ Y (Z—Y)in Bly X. The subvariety Y C Bly X can be, in its turn blown up, thus giving
an iterated blow-up which is abusively denoted BlzBly X. This blow-up does not, in general, coincide with

Bly Blz(X) (it does, if Y and Z are disjoint). Similar construction can be performed for several subvarieties
Yi,.., Y.

(4.3.2) Our aim in this section is to decompose the morphism o; into a sequence of monoidal transformations
and therefore to give a ” constructive” definition of m = G(2,n)//H as a iterated blow- up of a projective
space. Proposition 4.10 suggests that in order to obtain Mo, we should blow up n — 1 generic points
41, .., qn~1 in P*73 and all projective subspaces spanned by them. However, an iterated blow- up depends
on the ordering of the centers, so the question is delicate.

(4.3.3) Theorem. Choose n — 1 generic points 91, ., qn—1 in P"~3 The variety Mo, can be obtained from
P"=3 by a series of blow ups of all the projective spaces spanned by ¢;. The order of these blow-ups can be
taken as follows :

1) Points q1, ..., qn—3 and all the projective subspaces spanned by them in order of the increasing dimension;
2) The point q,_1 , all the lines < q,qp_1 >, ..., < 4n-3,qn—-1 > and subspaces spanned by them in order of
the increasing dimension; 5

3)The line < qn_3,qn_1 >, the planes < ¢;, qn—2, qn_1 >,1 # n — 3 and all subspaces spanned by them in
order of the increasing dimension.

etc. etc

(4.3.4) Remark. A representation of Wm as an iterated blow-up of the Cartesian power (P13 was given
by S.Keel. Still another representation of My ., as a blow-up of P*~3, different from the one given here, can
be deduced from a more general construction of W.Fulton and R.MacPherson [15]. In Fulton-MacPherson
construction all the centers of blow-ups have codimension 2.
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{4.3.5) The rest of this section will be devoted to the proof of Theorem 4.3.3.

[n Proposition 1.4.12 we have constructed some regular birational morphisms fr of general Chow quotient
of Grassmannian G(k,n) to the ”secondary variety” of the product of two simplices A¥~1 x A®—%-1 We
want now to analyze these morphisms for the Chow quotient of G(2,n) which is Wm in order to use them
as a halfway approximation to a required sequence of blow-ups.

(4.3.6) Recall that for every two-element subset I = {i,j} C {1,...,n} the coordinate subspace C! =
Ce; @ Ce; C C" is a fixed point for the torus action on G(2,n) and hence our torus H acts in the tangent
space Tt = TcrG(2,n) and on its projectivization. To each H- orbit in G(2,n) whose closure contaiiCI
is therefore associated an H - orbit in the projective space P(Ty). The map fr from G(2,n)//H = My, to
P(Ty)//H is induced by this correspondence.

(4.3.7) As we explained in §0.2, the Chow quotient of a projective space by a torus H is a toric variety

corresponding to the secondary polytope of the point configuration given by the characters of H defining

the action. In our case the space Ty is identified with the space of 2 by n — 2 matrices llaijll,i € 1,5 € I and

the action of a torus element (¢1,...,2,) on such a matrix gives a new matrix |[t] 't;a;;||,4 € I,j € I. The

H- characters are therefore identified with vectors e; — ¢;,i € I,j € I of Z". These vectors are vertices of

the simplicial prism A! x A"~3 which we shall also denote A! x AT to emphasize the dependence on I.
For the case of simplicial prisms A! x A* triangulations have a complete and simple description.

(4.3.8) Note that the symmetric group Si4; acts on Al x A¥ by permuting the vertices of the second factor
and hence acts on the triangulations of Al x A¥.

Let us describe the standard triangulation of A' x A* used in combinatorial topology [16]. It depends
on the numberings of the vertices of factors. To fix these numberings denote the vertices of our prism by
pairs (a,b) where 0 < a < 1,0 < b < k. The triangulation T, consists of the simplices A;,0< i <k, where
A, 1s the convex hull of (0,7),j < k and (1,j),j > k. The characteristic function of this triangulation (i-e.
the corresponding vertex of the secondary polytope, see §(0.2)) equals ¢,.(7,7) = j + 1.

(4.3.9) Proposition. There exist exactly (k + 1)! regular triangulations of the prism Al x A¥. All they
can be obtained from the standard one by action of Sgy1.

In fact, all the triangulation of the prism are regular, but we do not need this.
Proof: Let ¥ be the secondary polytope of Al x AF. Its vertices are functions ér(4,5),i=0,1;7=0,..k
where T' runs over all the regular triangulations. Let us use the original interpretation of the secondary
polytope as the Newton polytope of the principal determinant [22,23]. In our situation this means the
following.

Consider a 2 x (k + 1) -matrix

A= <aoo apr ... GOk)
a0 @11 ... Gk

with indeterminate entries. Consider the polynomial E(A) = (I, ; @ps) - H0<i<j5k D;;(A) where D;;(A) =
@0i@1j — @ojay; is the minor o f A on i -th and j - th column. Then, as shown in [23], & is the Newton
polytope of E i.e. the convex hull in Mat(2x (k+1),R) of integral points w = ||wy;|| € Mat(2 x (k+ 1),Z4)
such that the monomial [, ; a,?’ enters E(A) with non-zero coefficient. On the other hand, E(A) can be

J
found explicitly by means of the Vandermonde determinant:

k k k
aOO a01 aOk
k—1 k-1 k-1
Qgpp @10 Qqg; @11 ... Qg G1k
k-2 _2 k-2 2 k-2 _2
E(A) = (H apj) - det | %oo %10 @01 @13 .- Ggp GY
P : : : :
k k k
alo au vee alk

"The exponent vector of any monomial of this polynomial is obtained from the vector ¢,; described in (4.3.8),
by a permutation of columns. Proposition is proven.
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(4.3.10) Corollary. The secondary polytope of A' x A* is linearly isomorphic to the convex hull of the
Sk+1 -orbit of the point (1,2, ...,k + 1) € ZF+1,

This polytope is known as the k- dimensional permutohedron and denoted Py. It is a particular case of
so-called general hypersimplices associated to homogeneous spaces G/P by I.M.Gelfand and V.V.Serganova
[21].

(4.3.11) The toric variety corresponding to Py will be called the k- dimensional permutohedral space and
denoted TI¥. Here is one of the description of this space which generalizes to arbitrary G/P- hypersimplices.

(4.3.12) Proposition. [21] The permutohedral space II* is isomorphic to the closure of a generic orbit
of torus (C*)**! on the space of complete flags of linear subspaces of CF+1.

We will be interested in a slightly different point of view on II* realizing it as an explicit blow-up of a
projective space P¥.

(4.3.13) Proposition. The permutohedral space II* can be obtain from the projective space P¥ by the
following sequence of blow-ups. First blow up k + 1 generic points (the projectivizations of basis vectors)

then blow up the strict preimages of all coordinate lines joining them, then the strict preimages of coordinate
planes etc.

Proof: Let F; be the space of (1,2, ...,7)- flags in C¥+1. Let X = X}, be the closure of a generic orbit of (C*)*
in Fy and X;- the projection of X to F;. Then X| is the projective space Fy = P Tt is straightforward to
see that each projection X; — X;_; realizes X; as the blow-up of strict preimages of all (i — 1)- dimensional
projective subspace spanned by basis vectors of C¥+1,

(4.3.14) Remarks. a)Note that the orbit closure II¥ = X C F, can be mapped as well to the projective
space of hyperplanes in C¥**1. Considering the decomposition of this projection through spaces of (3,1 +
1, .., k)- flags we find that X is represented as the blow- up of the dual projective space P¥ gimilar to that
of Proposition 4.3.13. The corresponding birational map from P* to P*V is the standard Cremona inversion
[24]. Thus the permutohedral space provides an explicit decomposition of the Cremona inversion to sigma-
processes and their inverses.

b) In the correspondence between convex polytopes and toric varieties blowing up the closure of an orbit
corresponds to chiseling of the face corresponding to this orbit, see [49]. Proposition 4.3.13 amounts to the
following construction of permutohedron from the simplex. First cut out all vertices, then all edges etc.

(4.3.15) Let us relate the regular birational morphisms o; : My, — P!? and fi; : Mo, — H?j“a.
(4.3.16) Proposition. There exist regular birational morphisms 7;; : H?j*a’ — Pi"_3 such that the com-

. . —— fij —3 Tij - . .
posite morphisms My ,, = 1 3 2 pr3 coincide with ;.

Proof: The choice of coordinates identifies the tangent space to G(2,n) at the fixed point < e€i,e; > with
the open Schubert cell in G(2, n) consisting of all lines not intersecting the span of points e,,,m # 1,j. For
a generalized Lie complex Z the point 0;(Z) can be, by considerations of §4, be read off from the normal
spaces to Z at a generic point of P"‘z(ei). Such a generic point can be contracted, by the action of the

torus H, to the point < e;,e; >. Therefore, our normal space in question can be recovered from the part of
Z which can be contracted to this fixed point i.e. from fij(2).

(4.3.17) Proposition. The space Mo » coincides with the closure of the open stratum Mo » in the inverse
limit of I};™% and P~2.

Proof: First let us show that the natural map of My, into the said inverse limit is injective. This means
that if two generalized Lie complexes Z, Z' induce the same algebraic cycles in the projectivizations of all
the tangent spaces Tc,, ;> G(2,n) then they coincide. This is obvious since any H- orbit has in its closure
some fixed point.

Hence we have a regular morphism (denote it 1) of Mo, to the inverse limit in question which is bijective
on C -points. To show that 1 is in fact an isomorphism of algebraic varieties, it suffices to show that the
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differential of 1 does not annihilate non -zero tangent vectors to My,. This is done similarly to the proof

of Theorem 3.3.14.

(4.3.18) Proposition. The map
f,'j X m; : MO,n — H:}—s X MO,n-—l

is an embedding of algebraic varieties.

Proof: We shall check only the injectivity on C -points leaving the injectivity on tangent vectors to the
reader. Let 7 be a tree bounding the endpoints 1,...,n and M(7) be the corresponding stratum of My
or, what is the same, the corresponding Chow stratum in G(2,n)//H. Let Z be a generalized Lie complex
from M(T) and C = Z, be the corresponding stable n-pointed curve of genus 0.

The value of f;;(Z) depends only of the components of Z containing the fixed point < e;, e; >. The
components correspond to vertices of 7 lying on the path [ij] -the shortest edge path joining i-th and j-th
endpoints. Denote these vertices, in natural order of movement from i to j, by v;,...,v.. Let s, be the
number of edges meeting v,. To, the chain of vertices v, corresponds a chain of irreducible components
Ch,...,Cy of C' and on each C, we have s, marked points. The projective configurations of these groups of
points are precisely what is taken into account by the map f;; on the curve from M(7). Now our assertion
means that the isomorphism class of the stable n- pointed curve C can be recovered from two groups of data:

a) The isomorphism class of the stable (n — 1)-pointed curve m;(C) ;

b) The isomorphism class of the stable curve C' = C,U...UC, C C pointed by z;, z; and all the marked
and double points of C lying on C’.

This is obvious and Proposition 4.3.18 is proven.

(4.3.19) Let us now connect the spaces My ,—; and - =3, We view the latter space at the blow-up of P*~ -3
at all vertices, edges etc of the coordinate simplex formed by points ¢, m # j. Projecting these points from

; gives a circuit in the space P"" of lines in P*~3 meeting q;- The space Pj;~ ~*is in the same relation to
Mo n—1= m(Mo ) as P"’ =3 was to Mo - In particular, we have the regular blratlonal morphism Cifi from

My, n—1 to P" ~%. On the other hand, consider the blow-up Bl H" 3. 1t also posesses a projection to P,']‘ 4,
Proposmon 4 3. 18 implies the followmg corollary:

(4.3.20) Corollary The space Mg ,, n coincides with the closure of My ,, in the fiber product of My ,,_1 n—1 and
Bl,, H 3 over P”

This corollary can be reformulated as follows. Suppose we knew the way of constructing m as an
iterated blow-up of the projective space P[]‘ ~* whose centers are proper transforms of smooth subvarieties
Y1,..,Y;. Then we have in Bl, P” =3 the varieties Y, which are blow-ups of cones over Y,, with apex p;. The
corollary means that if we perforrn the sequence of blow-ups of Bl, II" =3 with centers in proper transforms
of Y, then we obtain Mo n

In other words, the problem of recovering MO n from the partial blow-up BI, H" =3 is equivalen t to the

problem of recovering Mg ,,_; n—1 from the projective space. This gives an inductive proof of Theorem 4.3.3.
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