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et pys....p, be points on the unit sphere, S. Denote by Hp,.....p,) the
polyhedron P which is the convex hull of the set (Prs-eos Pu}- Let C(P) be an
oriented complex whose vertices arc the vertices of P and whosc cdges are
edges of P and diagonals of faces of P, the diagonals chosen such that the faces
of C(P) are all triangles. Thus, if every face of P is triangular, there is only onc
such complex up to orientation, while there is more than one such complex
if P has a facc which is not triangular.
lLet K be a finite oriented complex all of whose faces are triangular and all
of whose vertices arc on 8. 1f p, g, r arc vertices of K which dctermine a face
of K and arc in an order determined by the orientation of K then the tetra-
hose vertices are p, g, r and the origin is a facial tetrahedron and its
volume is onc-sixth of the value of the determinant |p, ¢, r|. Then the volume
of K. rol(K). is the sum of the volumes of the facial tetrahedra of K. I
P H(py. .o p) et Fpas p,)=V(P) denote the volume of P. Note that for
any oriented complex C(, fvol (C(P)| = V(P).

If P is a polyhedron. with n vertices, let the valence of a vertex of C(P) te
the number of edges of C(P) incident with that vertex. By Luler's formula the
average of the valences is 6 — 12/n. 1f i is such that 6~ [2/n is an integer then
C(P) is medial if the valence of cach vertex is 6 — 12/n. 16— {2/n is not an
integer then C(P) 18 medial provided the valence of cach vertex is cither ma
ot 1 where m<6- 12in<m+1.P is said to be medial provided all faces o

aneular and C(P) is medial. When considering the isopcrimetri
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for m.:amg .:8: P is said to have property Z. By any usual definition of relati

maximum, if ¥ has a relative maximum at (p,, ..., p,) then P has propert Wn
If p; and p; are vertices of P, denote the line momao_# whose o:mwnwm:ﬂ mwmu .
and p; by s;; and its length by |s;|. Also, let n;=1/6 p, x p; wl : m:
the vector product in E*. Y Py where e denotes

. Lemma 1. Let P owith vertices py, ..., p, have property Z. Let C(P) be any
oriented complex associated with P such that vol AQAEVV.C Suppose s o
are all the edges of C(P) incident with p, and that p,, p5, p .Hv o : J A
are orders for fuces consistent with the orientation w\. _va Pl Pr b
; Then py=m/im] where m=n, 1y, + -+ + \.~
ity Furthermore, cach face of P is :;.E.::;E.. "

Proof. 1) From the definition of V.
/ Y
Vipis o coopd = BO Hpyepaapd b dppoa pl 34y = pym by

zs.ﬁo y is the sum of the volumes of the facial tetrahedra of C(P) for whicl
Py is not a vertex. Let ¢ == m/|m}. Supposc p, # ¢. Since P has property Z ::.r._
is an open sct U, containing p, as dcfined above. Let s be any co_mp :W\Q F"_n
,EH $+q>piq. Let Q be the oricnited complex with vertices s, p ) _<<m_“r__
is isomorphic to C(P) where the isomorphism is such that N.v.,mm, ro_mm_.ﬁ m~
o p,eC(P),i=2, ..., n, and the isomorphism preserves o:c_:w:o:. jﬁ%o: i

Vipy, ..op)=p-m+y<s-m+y=vol (Q)ZV(s,psy ... D) -

This implics p, =q.
: _ A v . alator: o 1 1
o V_o:w has a .n_:.:_:_q:r_.: Err then conclusion 1) applied to two different
w_xnv associated with P gives a contradiction and so ii) holds in this
special case, and the general case follows from this. ,

Note icina ple i
" M ,\. Ifp,.....p licina plane  then py is one of the two antipodal points
cre the planc tangent to the sphere is parallel to 7. Then

Ispal = sy o= =

Tofp 9 .5, :

:EM./_%W_ HJ .__m“r.__MA_nd_“_r_\_w \_Mi:,_c«z:_: ol the volumes of ,:_o facial tetrahedra for
el Py s . = 1/0}p, =P Py = P . From this it follows that
Plpa—ps and p, Lp;—ps. Then py lics on the great circles determined by the
planes which are the perpendicular bisectors of s, and s Cov e
_.wv\ a double n-pyramid, n =5, s meant a co_':on ,o,mm.w vertices with tw
wertices of valence n— 2 cach of which is connected by an edge to m.F.: Sf tl w
remaining i — 2 vertices, all of which have valence L Note that :Hc EWNE Hr_

ces of a double n-pyramid triangular A p ¢ P
‘ 0 o g ; { W m EA
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pyranid provided cach of ts faces is triangular and some C(P) s a double

Cpyramid.
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Proof. 1et p, , and p, be the valence n — 2 vertices. f n=6let p,_, and p, '
be any two vertices not incident with the same cdge. Suppose p; is a vertex of
alence 4 connected by edges 10 p. py s P and p. From Notc 2 it follows
that p, is cquidistant from p, and p, and that p, is cquidistant from p; and
p. Consequently. the valence 4 vertices form a regular {n — 2)-gon lying in the
planc which is the perpendicular bisector of s,y ,. It now follows from Note |
that p, and p, , arc antipodal. An elementary calculation gives the volume.

3. n 4,56, In this scction polyhedra of maximal volume are considered |
when n==4.5.0.

Vor =4 il P=H(p,.p,.ps. ps) has property Z then, by Note 1, the three
edpes incident with a vertex all have the samc length. Consequently, all six
edges have the same length and P is a regular tetrahedron. An clementary
calculation gives the volume as 8 _\w\m,\.

Vor n—5. let P=1{p,,....ps) have property Z. Then P is a double
S-pyramid. since the double S-pyramid is the only complex with five vertices.
Then. by Lemma 2, P is unigue up o congruence and the volume is _\W\N_

For =6 it is casily scen that if P is medial then P is a double 6-pyramid.
6P = H(p,.....p,) has property Z and is medial, then, by Lemima 2, P is unique
up to congrucnce. the volume of P is 4/3, and P is a rcgular octahedron. Itis
well known that if I is not a regular octahedron then its volume is less than 43
([4]. p. 204

Some of these results are summarized in the following theorem.

Theorem 1. For n=4, 5.6, if P=H(p,,....p,) is a medial polyhedron such
that V(p,. ....p,) is a relative maximum then P is uniquely determined up to con-
gruence and its rolume may be found. In each case such a medial polyhedron
exists and its volume is the absolute maxinum for V.

4. n—"1,8.Forn="7Bowen and Fisk [ 1] have shown that up to isomorphism
there is only one polyhedron with triangular faces having no vertices of valence
3 From Fuler's formula it follows that the average valence is 4 2/7. Hence the
medial complex is the double 7-pyramid with two valence 5 vertices and five
valence 4 vertices. I P =1 (p,,....p;) is a double 7-pyramid with property Z
then, by Lemma 2, P is unique up to congruence and the volume of P is
5/3 sin 27,5, which is approximately 1.58510.

re-=HtHp,... .. p-)is a double 7-pyramid such that Vip,, ..., p,) is a relative
maximum, then 77 is unique up to congruence.

Theorem 2. If P=H(p,. . .ps) is such that Vip,.....ps) is an absolute
maximunt then Pis the double T-pyramid with property 7 described in Lemmal

Proof Let Q= H(p,. ... p;). Supposc Q gives the absolute maximum for V.
s property 2, contains the origin, and has triangular faces

vertices none of which

Then @ is convex,

Sinee the doubie 7-pyramid is the only compl
has valence 3. assume O has a vertex of valence 3.say py. Then i IRUTTHYITAE
<how that the velume of @ is less than 5/3 sin2m/3. Let s, 5. 5 3. 514 be the edge

incident with p,. and let T be the triangle with vertices py. py. py. Smee ¢ ha
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Eono_.c\ Z, the line determined by py and the origin passes through the
arcumcenter of T. Since Q is convex, this circumceenter lics within 7. Then the
area of T is less than or equal to (3 —\,ﬂ\& (1 1/3 tan?(2r — 2)/6) ([4]. p. 267),
where o is the arca of (he central projection of T onto the sphere. Let 0 =4n —a.
The central projection of the seven facial tetrahedra not incident with p, has
total area 0. The total volumce of these seven tetrahedra is less than or equal to

2n - 0/7 —
7/4 tan =0y /3 tan? Rr—01)
6 6
(107 4 o) (107 4 o)
=T7/4 S — /3 tan? * o)
/4 tan 42 I —1/3tan i2
where
I —
| — 1/3 tan? (r—o)
6
(107 +a) (107 + =)

+ 7/4 tan - |- 13 an? ——,

42
A direct calculation shows that [ is concave and that its maximum is less than
S3sin2r/S. Hence, @ does not give the absolute maximum for V.

For n=28, by Buler's formula, the average valence is 4 1,2, Bowen and sk
have shown that there exist only two non-isomorphic complexcs which have
no vertices of valence 3. One of these is the double 8-pyramid. which by Lemima 2
has maximal volume [/3. The other has four valence 4 vertices and four

e 5 overtices, as e §oand therefore it s the

com X

) . . 14754 297145
guely determined up to congruence and its volume is | b _ |
_ “
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Proof. Let the vertices of P be py, ..., pg so that the labelling is consistent ’

with that in the figure. It is assumed that the vertices are distinct. From

Lemma |t follows that
Pu= ¢ (Mys + Nsg g+ Mg+ 71g5)
Pa = Calitgg + Ngq -+ g + Nes +1153)
Do == Cslgy + Mg+ Nyy 4134 +1146)

i

where ¢;> 0. i= 1.4, 5. The vector product of p, with the above cxpression for *

P, gives

(P Ps =Dy PRYP2 Py Do — Py P Ps+ (P pr— P Ps) Pe (0
APy Py =Py P Py (Prpr— Py Py Py =0

Similarly. from the expression for py, it follows that

(Pa Py—Pa P P3+ D3 Pa—Pa- Pe) Ps+ Py Ps—DPa D7) Po o
+(Pa-Po— P Pe) D7+ Pa-Pr—P3 Pa) Pg=0.

I'rom Note 2 it follows thatpy - py =py - pa=p3-paand ps-pe=pe - p7 =1
The perpendicular bisector of 55, contains p, and p;, and the perpendicular
of 5,4 contains p, and p,. Conscquently, p;-ps=py-pg. P3P

biscctor
Py Pa=Ds-Pe- and py - p;=py-p,. Adding (1) and (2) and using

=Py Py
these cqualitics gives
(P Ps =Py PR P2+ (pa- P —Pa-Ps) P3 a
F(paPs=Dy Ps) P+ Py Ps—Pa-Pa)Pr=0.

If none of the cocfficients in (3) is zero then p,., p3. pe. and p; lie in a plane.«
since the sum of the cocfficients is zero. If none of py, py. ps, Py is on one sid
of 7 then cither s, or s,- is an edge, a contradiction. If onc of py, pa, ps. Px
without loss of generality say py, is on one side of 7 then 544 is an edge, a con
tradiction. Since o is notan edge. ps and pg arc on opposite sides of 7. Similarl
p, and py arc on opposite sides of m. Supposc py and pg arc on the same sid
of . Then p, and p, must be opposite vertices of the quadrilateral p, pspoj
since otherwise cither s, 5 or 5,4 would be an edge. Suppose p; and py lie of
the smaller of the two caps of the sphere determined by . From this and ti
fact that p, - py=p, - py it follows that [s, o Z{s¢sk 80 pp-pg 2 py - ps. If the cap
pheres this same result still holds. Then the cocfficient of p, in (3
negative. Since s,- is a diagonal of the quadrilateral p,p;p;p,. the coefficien
of p- must alse be negative. Thus py-pg 2 py- Pse Since po - pa=ps-pa!

ol < 154l But then py - pg S py - Py @ contradiction. Tk
ps gives a similar co”

are hemis
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_i:o: contradicts the fact that they are distinct. Suppose only two coefficient

M_” zero. If the wOan_.c_:z of p, and p,, arc zcro then p2 and p, arc m::.cﬁ_aﬂ_m

zanm%wl:\_w..g mw:r”o‘_.,._lw_ = [523]. a contradiction. If the n:cEQo..:m of p, and p,

! no::m&n:g\ _O\:ml\u .m; =Pa- Pg. It then follows from (3) that P3=Pe,

L enad O ter cascs are similar. If three coefficients are zero then so
e rth. Thus,

Py Ps=p; .ﬁm“ﬁ&.vm”ﬁ&.wf S0 _m:_“_.n_m_“_m&m_”_m&m_.

Now let
py=(sin3¢, 0, cos 3g) ps=1(0. —sin33, — cos30).
P2 =(sme, 0, cose). Pe=(0, —sind, —cosd),
p3=(=sing,0, cosy), p7=1(0,sind, — cosd),

Pa=(=sin3¢.0, cos3¢p), Ps =1(0,8in36, — cos35),
where 0 < @, § < /3. Substituting into (1) gives

(cos2¢ + c0s 3¢ cos ) sin 35 — ¢os3¢ sind (cos35 — cosd) =0

3cos3¢sin2d+2cos2¢ sin35=0.

)J ¢ :m:o: a -~_ S 1 _ 11 _U.. U a :3& :A:: the ¢ C O. (o)} n
‘ ﬁ_ nd CWOC, O A v nma oobtai
v\ Tn« XUH. SS10n h, va a Q

3cos30sin2¢p + 2 cos24 sin 3p=0.
Kewriting in terms of functions of single angles gives

3 cosp(4 cos® ¢ — 3) cos S + (2 cos2p — 1) (4 cos2S — =0
3¢c0s0(4 cos?3 — 3) cos ¢ + (2 cos?d — D(dcos’p—1)=0 @)

Subtracting and factoring yiclds
(2cosp cosd+ 1) (cos?p — cos?§) =0 .
then &= ¢, so substituting into (4) and solving gives
Ccosgp = [(15+]/145)40] 2

this de mmes P ¢
determines P and the volume now may be found.
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Proof. Let Q= H(p,. ..., py). Suppose Q gives the absolute maximum g, |
Then Q is convex, has property Z, contains the origin, and has triangular face
Since the medial complex and the double 8-pyramid are the only COmpIc\‘.
with 8 vertices, none of which has valence 3, assume Q has a vertex of valem,_?
say p;. Using an argument similar to that in the proof of Theorem 2 it ¢y, X
shown that

—

V( <F(2)= V3 1 ! tan? 27—«
pl"”ﬂPB): 1)“ 4 3 6

9 o LTt
Tytan—pgg

1 tan? l4n+ 4
3 54
A direct calculation shows that F is concave and that its maximum is less (b

[(475+29]/145)/250]" ?

5. Concluding Remarks. In this paper it has been shown that if P is a douby
n-pyramid, a tetrahedron. or medial with 8 vertices and if P has propern ;
then P is uniquely determined. This raises the question: For which types ¢
polyhedra does property Z determine a unique polyhedron. More generalh
for each isomorphism class of polyhedra is there one and only one polyhedro
(up to congruence) which gives a relative maximum for V?

For n=4,...,7 the duals of the polyhedra of maximum volume are Jus
those polyhedra with n faces circumscribed about the unit sphere of minimur
volume, i.e., the solutions to the well known isoperimetric problem. For n=!
the dual of the polyhedron described in Theorem 4 is the best known solutia:

to the isoperimetric problem for polyhedra with 8 faces. The question naturalt
arises: Is this true in general?
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