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Background

-

A d-polytope P is the convex hull of a finite set of
points whose affine hull is R?. We denote the set of k-
faces of P by f¥(P); in particular, the vertices are fO(P)
and the facets are f4-1(P).

A d-polytope P is simple iff each vertex is incident to
exactly d facets; that is, each vertex-figure is a (d — 1)-
simplex.

We denote by (d,n) the set of all simple d-polytopes
with n facets.

Given z,y € fO(P), an edge-path of length k from z to
y is a sequence of k + 1 vertices

[z = vo,v1,...,y = vk

such that [v;_1,v;] € fY(P) fori=1,...,k.

The distance dp(z,y) is the minimum length of an
edge-path between x and y.

The diameter §( P) is the maximum of §p(z, y) over all
pairs of vertices z, y.

A(d,n) = max{§(P) : |[f4P)| =1, |f'(P)|=n}
= max{§(P) : P€ (d,n)}



The still open Hirsch conjecture asserts that
A(d,n) <n-d

for all n > d > 2, where A(d,n) denotes the maximum
edge-diameter of (convex) d-polytopes with n facets.

We add to the list of pairs (d,n) that are known to be
H-sharp in the sense that A(d,n) > n—d. In particular,
we prove that

A(d,n) >n—d for all n > d > 8.



Family of Hirsch conjectures

Hirsch conjecture

A(d,n) <n-—d A(8,n)>n—8

unbounded version (F)

Au(d,n) <n—d Au(4,8) =5

d-step conjecture

A(d,2d) = d A(5,10) = 5

strong d-step conjecture (F)

#d(d, 2d) — 9d-1 #d(d, 2d) < %24l_d/5j 9dmod5

monotone Hirsch conjecture (F)

Ap(d,n) <n-—d An(4,8) =5

strict monotone Hirsch conjecture

Agn(d,n) <n—d Agm(4,8) =4




Setting

(d,mn): the set of all simple d-polytopes with n facets.

S: the set of all H-sharp pairs (d,n).

A (d,n)-polytope P is H-sharp if and only if 6(P) >
n — d. The pair (d,n) is H-sharp (€ S) if and only if
A(d,n) > n—d (equivalently there is an H-sharp (d, n)-
polytope).

H -pair: subsets of vertices which are at distance > n—d.
X,Y C f°(P) are an H-pair if and only if dp(z,y) >
n — d for every pair (z,y) € X x Y.

(d,n : hy, hy): the set of all triples (P, X,Y) such that P
is an H-sharp (d, n)-polytope, (X,Y’) is an H-pair in P,
X holds an hj-face and Y holds an ho-face.

T the set of nonempty quadruples (d,n : hy, h2).



Essential Observations

e Membership in S is implied by membership in 7.

e Operations (truncation, wedging, blending, product)
act on polytopes, but we can view these as operations

on 7.

e On polytopes, these operations lead to natural im-
ages of faces (especially vertices, edges, and facets),
of short paths and of nonrevisiting paths.

o We work with the combinatorial description M (P)
of a simple polytope and not with imbedded descrip-
tions (HTV < (0)).



Membership in S and in T

= (d,n) €S

(PX,Y)e(dn:hk) = (d,n:hk)eT
= (d,n) €S

(dn)eS = (d,n:0,00eT
= 3(P,{z},{y}) € (d,n:0,0)



What we know about A(d, n)

A(2,n) = 3]

AGm) = |2%] -

A(4, )=n 4forn=5,...,9
A(4,10) =
A(5n)—n—5forn—-6 , 11
A(d,d+5) =5 foralld >4
A(d,2d) > d for all d

...and about T

(4,9 : 0,0)
(510 : 1,1) (5,11 :0,1) (5,12 : 0,0)

(6,11 : 2,2) (612 :1,2) (6,13 :[0,2)) (6,14 : 0,1) (6,15 : 0,0)

(712 : 33) (713 :23) (7,14 :[L3)) (715:[0,3) (7,06 : [0,2]) (7,17 : 0,1) (7,18 : 0,0)

(8,8+5k : 4,4)



Q4 € (4’ 9)

Of the 1142 simple 4-polytopes with 9 facets, exactly
one, Q4, has diameter 5; only one pair of the 27 vertices
in Q4 are at distance 5.
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Truncation (at a vertex)

(d,n) — (d,n + 1)



Truncation and H-sharpness

1. If h;y > 0, then
(d,n: hi he) = (d,n+1:hy — 1, hy).

2. If (d,’l’l, : hl,h2) & T,
then (d,n+ k) € S for 0 < k < hy + ho.



Wedging (over a facet)

(d,n) = (d+1,n+1)



Wedging and H-sharpness

I A - "
e

. If P is H-sharp, then wP is H-sharp.

If (d,n: hy, hy) € T with n > 2d,
then (d+1,n+12h1+l,hz+1)€T.

3. If (d,n) € S with n > 2d, theh (d% 1,n +3) € S.

i3 / , ) 5
I (d,2d : hy,hg) € T with by 4 hy 30,
then (d+k,2d+k : hi+K hy 3 k) & T for 4ll k 3 0.



Blending (at vertices)

(Pr,z1) X (Py, 22)
P1 > P2

long blends
fast-slow blends

13



Fast-slow Blending and H-sharpness

1. If hy + hg > d, then

(d7 np: hl) kl)

N .
(d,ng : hg, ko) } — (dmtny—d:hy, k)

)4



Operating on T

(4,9 : 0,0)

(510 : 1,1) (5,11 : 0,1) (5,12 : 0,0)

(6,11 :22) (6,12:12) (613 :[0,2) (614 :01) (615 : 0,0)

(702 : 3,3) (7,13 : 2,3) (7,4 : [1,3]) (7,15 : [0,3]) (7,16 : [0,2) (7,17 : 0,1) (7,18 : 0,0)
(8,13 : 4,4) = (8,18 : 4,4) =

* (Qq, {z}, {y}) € (4,9: 0,0).

o (wQq, {-’Eb,l‘t} , {yb,yt}) € (5,10 : 1, 1).
This is the (d, 2d : hy, hy) case with hy + hy > 1.

e Forallj >0
(WQq o’ {z}, 0w’ {y}) € (4+45,9+7:7,7).

o In particular, (w*Qq,w*{z},w*{y}) € (8,13 : 4,4),
and thus
(8,13 : 4,4) e T,

/S



All (8,n) are H-sharp

(8,13:4,4) € T

Blending these is like stringing beads!

(8.13:4,4) —> (8,18 :4,4) =5 ... =5 (8,1345k : 4,4) =

Truncations fill in the row d = 8.

The entire 8 row is H-sharp, and thereby every
subsequent row is entirely H-sharp.



b

Next steps and Wagers

L

. Find imbeddings for some of these’H-sharp 8-polytopes.

($50) Agn(8,16) > 9 and an example can be found
among the polytopes constructed by Holt and Klee.

. (850) A,m(10,20) > 11.

. Conjecture

SETTING For an edge [z, ] in a simple polytope P,
there is a unique facet F} incident to z and not to y
and a unique facet F, incident to y and not to z.

CONJECTURE For some (d,n), there exists

(P, {z,y},{2}) € (d,n: 1,0)
SllChthat/Fany*zﬂ Co

This implies a counterezample to thé Hirsch éonjecture!

fast-slow vertés blend = H-shdrpness
fast-slow edge blend = c‘ouhfe’re}éamplé



