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1. Introduction

Lot V be aset of i distinet points (vertices) M, Ma. .o M,, in the plane. We
assume that no 3 points are collincar. 'This assumption s not essential (as long as
pot all the points are collinear); but simplities the explanations. Let E be the

famity of ntn 1) line segments (edges) joining the vertices of V.

Definition. A triangulation Tof Visa maximal subsctof 17 in which no two edges
cross cach other.

Clearly. in the planar araph determined by Voand T cach interior fa
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The weight sCEy ol a triangulation T is the sum of the length of the edges in T.

Definition. The wmininal weight wriangulation MWTE is a triangulation on V for
which s(I) is minimal

et MW/ T also denote the weight of this triangulation.

The problem of finding MW presents niiny intriguing aspecets:

(a) Several very fast algorithms were proposed and later proven wrong, tor
example, the Delaunay triangutation (which can be obtained in nlog n time) [3]
does not alwiys give the exact answer [

(b FFor the houristies in Yise. little information is available about therr crror |2

(¢) Better unalysed problems. like the minimal-spanning-tree and the minimal-
Familtonian cireuit problems do not give hetplul information, There are oxamples
(o show that the MWL necds not o contun (e mininl spanning tree or any
Hamiltonian cireuit {1

(d) There is some evidenee 1o suspect that the problem s NP-complete. but no
proof to date i available 11

To gan some insight of the seneral problem this paper proposes 10 solve d

variant of the intitial problem. as deseribed in the nest patapraph.
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2. Restricted minimal triangulations

Let S be a given subset of E where no two edges of S cross each other. Then
there exists some triangulation T such that S< T,

Definition. The restricted triangulation problem consists of finding a T of mini-
mal weight among those containing S.

It S is a connected spanning graph over the vertices of V. the problem is solved
using Algorithm B of Section 4.

Since any triangulation contains the convex hull C” of the graph (V. E). we can
start with §°=SUC". And hence the initial condition can be relaxed as: let
SUC” be connected and spanning. As S separates the plane into a number of
connected regions. we can apply Algorithm B to each simple domain and our
answer is the union of the individual triangulations.

Hence we have a rule of thumb to improve a given triangulation: select a set of
n edges of the given triangulation. These should contain all the edges of C" and
span V. In other words, grow a “‘spanning” tree from the convex hull to the
interior of V. A simple polynomial domain results, for which the best triangula-
tion can be obtained in O(n?) operations. The question of the selection of the

most appropriate spanning tree is still open. since this of course. would solve the
general problem.

3. Algorithm A—Triangulation of a convex polygon

Let M, M, ... . M, be the vertices (ordered clockwise) of a convex polvgon in
the plane. To emphasize this ordering we will use the name M, _, for the node M,
whenever M, is reached “the second time around the perimeter’.

The M.W.T. can be obtained using dynamic programming.

Let C(i.f). where ti<j). be the M.W.T. of the subgraph involving the nodes
MM, M Inwitively speaking. we cut off an area of the polvgon along the
segment WV?, and compute the M.W.T. of this piece.

Algorithm A

Step 1: For k=1.i=1.2...., noand j=i-k let Clij)=diM.M,). where
d(M,. M;) is the length of the segment MM,
Step 2: Letk=k+1.Fori=12.. ... nand j=i+k let p&

(+) Cli. jy=d(M. M)+ min [C(i, niT+ Clm. j)]. nG.

IR T

For cach pair (i, ¥ let [ = L(i, j) be the index where the minimum C(i i) in (=)
is achicved.
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Step 30 It L goto Step 2 otherwise the weight of MW T a8 Cllon).

Step 4 To find the edges involved in the MW.T. we should hdd\lrdcc along
the pointers L.

The edge ’\1 M, is in MW.T.

Siep 3: For cach MMeMW.T. with j>i+1 let [=LGj). then MM,e
MOW.T. and MM = MW T,

4. Triangulation of a simple polygon P domain. Algorithm B
et M AL Af, he the vertices of a simple polveonal domain D. the
vertices are numberd sequentially along the boundary. (Bv simple we mean that
D is simph connected.i As before we introduce the names M, ..
For cach scament MM (j>i—1) we need a decision. MM is interior to D if
the ling-segment A, \4 inot the straight line through M, and M) divides D in

evactly 2 components,

To find the MW T for the interior of D we modify the distance function as
forllows:
1 M. M)y i j=i+ 1 or if MM, s interior to D.

-~ otherwise.

d7 MM

Algorithm B is the same as Algorithm A but substitute d* for d in Step 2.

5. Running time analysis

In Algorithm A the longest executing stage is Step 2. It requires a constant
multiple of n >k operations for each k=1.2,...n Hence the total running time
of the algorithm is of order n'

In Algorithm B the er dluanon of d* which may be done paraliel to Step 2 orin
a set-up stage. needs again at most O(n?) operations.

For cach of the n>3n—1) segments MM; test for intersection with the O(N)
edees of the polvgonial domain D. If there is intersection. M;M; 1s not interior to

D. Otherwise MM, is interior to D provided it is interior to the angle
M. MM,
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