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Abstract. The d-step conjecture asserts that every d-polytope P with 2d facets has an
edge-path of at most d steps between any two of its vertices. Klee and Walkup showed that to
prove the d-step conjecture, it suffices to verify it for all Dantzig figures (P, w,, w,), which
are simple d-polytopes with 24 facets together with distinguished vertices w, and w, which
have no common facet, and to consider only paths between w; and w,. This paper counts the
number of d-step paths between w, and w, for certain Dantzig figures (P, w;, w) which
are extremal in the sense that P has the minimal and maximal vertices possible among
such d-polytopes with 24 facets, which are d? — d + 2 vertices (lower bound theorem) and
2(L%d—%)
14}
2¢-1 d-step paths.

) vertices (upper bound theorem), respectively. These Dantzig figures have exactly

1. Introduction

The (bounded) Hirsch conjecture asserts that the diameter of the graph of any d-polytope
having # facets is at most n — 4. Let A(d, n) denote the maximal diameter of any (d, n)-
polytope; the Hirsch conjecture asserts that

Ald,ny<n—-d forall n>d > 0.
The d-step conjecture is a special case of the Hirsch conjecture and asserts that
Ad,2d) =d forall d > 1.

Although seemingly less general, the d-step conjecture is known to be equivalent to the
Hirsch conjecture. Klee and Walkup [9, Theorem 2.8] showed that A(d, 2d) is attained

" The second author was supported in part by NSF Research Initiation Award and ONR Grant N-00014-
96-1-0281.
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by specifying which vertices are contained in each face. Two polytopes have the same
combinatorial type (or are combinatorially equivalent) if there is a one-to-one onto,
incidence-preserving mapping of faces of one to faces of the other. The combinatorial
type of a Dantzig figure (P, wy, w,) is defined similarly, except that incidence-preserving
mappings between Dantzig figures are required to take distinguished vertices of one
to distinguished vertices of the other. The truth of the strong d-step conjecture for a
particular Dantzig figure (P, w,, w,) depends only on its combinatorial type. Henceforth
in this paper the word “polytope” or “Dantzig figure” refers only to its combinatorial
type.

We describe the incidence structure of Dantzig figures using facets. Let H,, Hs, ...,
Haq denote the hyperplanes determined by the 24 facets of a Dantzig figure (P, w,, w»).

We address each vertex v of P by the indices of the facets determining it. The vertex
address

VZ=[i1,i2,...,id], i|<l'2<~‘-<id. (21)

means that v = H; N H,N..-NH,, withi; < iy < -+ < ig. A normalized Dantzig
ﬁgure is one in which W = H1 N H2 n---N Hd and Wy = Hd+1 N Hd+2 n--.N H2d,
so that

w =[12,....d] and wa=[d+1,d+2,...,2d]. (2.2)

A distinguished path in a Dantzig figure (P, w;, w,) is a d-step path between w,

and w, in the graph of P, We use the following simple characterization of distinguished
paths.

Lemma 2.1. Let (P, wy, W») be a normalized Danizig figure. The following are equiv-
alent:

(i) The set of vertices v = Wy, v, V2, ..., Vg = Wy is a d-step path in the graph
of P, i.e., a distinguished path.
(ii) The set of vertices vg = Wy, vy, ..., Va = Wy of P has the property that each

vertex address Vi, is obtained from v; by removing one facet index j with
| < j < d and adding one facet index j’ with d + 1 <j <2d.

Here (ii) implies that the vertex labels on any such distinguished path are lexicograph-

ically increasing. Based on (ii), we sometimes call the change of addresses from v; to
Vit1 amove of j to j/.

Proof. (i) = (ii). An edge deletes one facet, and a new vertex adds exactly one facet.
In going from w, to w, we must add the facets Hy.y, ..., Hy; and we must remove the
facets H, ..., Hy. Since there are only d-steps, (ii) follows.

(ii) = (i). We need only check that [v,, Vi+1]is anedge of P, i.e., is not interior to any
k-face of P for k > 2. However, (ii) shows that conv[v;, vi+1] lies in the intersection of
d — 1 facet hyperplanes given by the d — | common facet indices of v; and v; ;. Since
P is a simple polytope, any k-face for k > 1 is contained in exactly d — k facets, hence
[vi, viy1] is an edge of P. O
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